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PREFACE 


The present collection of articles is the result of many years 
of research conducted by our team into various aspects of designing 
and building the component base of promising high-speed comput¬ 
ational systems. The articles deal with the following topics: 

(a) the optimal design and functioning of parallel computational 
systems, (b) the optimal recognition of optical and acoustic fields 
in synthesizing an optimal dynamic analyzer, and (c) the modeling 
of nonlinear transfer processes in the component base of a computer. 

We discuss new mathematical methods that can be applied in 
solving specific problems arising in the construction of mathematical 
models for handling the above-mentioned three topics. Although 
various countries have developed devices and technological processes 
for creating new generations of computers, there is still no general 
theoretical approach. In this respect the present collection fills an 
important gap in the literature on the subject. 

All results set forth in this collection are new and obtained only 
recently. Here we give a brief survey. 

The article written by S. M. Avdoshin, Y. V. Belov, V. P. Maslov, 
and A. M. Chebotarev is devoted to constructing a theory of the 
optimization problems that emerge in the development of the archi¬ 
tecture, the organization of parallel computations, and the design 
of flexible manufacturing systems for homogeneous multiprocessor 
computational systems. The following concept lies at the base of the 
suggested approach: all the optimization problems considered here 
are linear in a space of functions with values in semirings. Depending 
on the choice of the semimodule, for instance, the Hamilton-Jacobi 
equation and the Bellman equation prove to be linear in the new 
sense. For these equations analogs of the Duhamel principle and 
the Fredholm alternatives prove valid. This concept leads to a new 
definition of an integral corresponding to the semigroup operation 
of the “sum” type, the concept of a measure additive in this new 
sense, and an analog of the scalar product (say, (<p L , ip 2 ) = 
min [ip, (x) + cp 2 (»)1 or (<p A , (p 2 ) = max [min cp, (x), q> 2 (a:)]), which 

X XX 

makes it possible to go over to adjoint operators and define functions 
“generalized” in the new sense. On the basis of the “linearity” concept 
and the notion of generalized convergence in optimization problems 
dealing with homogeneous computational systems, we consider the 
passage to the limit in a natural large parameter proportional to the 
number of elementary processors in the computational system. For 
a broad class of problems the solutions to the limiting equations can 
he set up on the basis of Pontryagin’s maximum principle. 

The article by V. P. Belavkin and V. P. Maslov has a direct 
bearing on the problem of mathematical synthesis of an optimal 



8 


Preface 


dynamic analyzer, a device intended for automatic sound recognition. 
As is known, establishing a verbal link between man and computer 
is one of the key problems in the design of fifth-generation com¬ 
putational systems. The article provides a systematic exposition 
of the wave theory of representations and measurements, the theory 
that is based on similarities with quantum mechanics and used to 
solve problems of detection, separation, identification, and estima¬ 
tion of the parameters of acoustic and visual images within the frame¬ 
work of the noncommutative theory of wave hypothesis testing. The 
idea of applying quantum mechanics to the problem of recognizing 
wave images emerged at the beginning of the 1970s, when a seminar 
devoted to quantum mechanics and image recognition was opened 
in the Physics Department of Moscow State University under the 
direction of Yu. P. Pyt’ev and this author. 

The article by V. G. Danilov, V. P. Maslov, and K. A. Volosov 
is directly related to the key issue of creating the component base 
of computers, namely, the calculation and design of new technological 
methods for the various stages of designing integrated circuits and 
other computer elements. Mathematical modeling in this case is 
a preliminary stage. Most of the modeling problems can be reduced 
to a quasilinear parabolic equation or a system of such equations. 

The article suggests new methods for building asymptotic equa¬ 
tions to quasilinear parabolic equations. From the mathematical 
view the class of problems considered is characterized by two effects: 
localization of a perturbation and the finiteness of the speed with 
which the perturbation travels. In other words, the support of the 
solution is a compact set or a semibounded set, and the boundary 
of the support propagates with a certain speed. At the support 
boundary the solution undergoes a weak discontinuity; hence, along 
with the problem of constructing the asymptotics in a small param¬ 
eter there emerges the problem of the propagation of the singularity 
(the weak discontinuity). The theory developed in the article is 
applied to calculating such processes as diffusion, heat conduction, 
turbulent filtration, adsorption (desorption), epitaxy, and film flow. 
Application of the findings to the various stages of the technological 
processes reduces designing time and production costs. 

The abundance of basically new material, that is, new methods, 
notions, definitions, etc., must have posed certain difficulties in 
preparing the manuscript for print. For this reason I would like to 
express my sincere gratitude to Mir Publishers for undertaking to 
introduce the foreign reader to the achievements in this field of 
knowledge. In particular, I would like to thank the staff of the 
mathematics editorial office for preparing the Russian version of the 
manuscript for translation and the English physics and mathematics 
editorial office for the expert translation. 

January 1S8S Academician F. P. Maslov 
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Design of Computational Media: 
Mathematical Aspects 


S. M. Avdoshin, V. V. Belov, V. P. Maslov , 
and A. M. Chehotarev 


1.0 A Brief Survey 

In the present article we aim at a solution of certain 
problems associated with the architecture and analysis of parallel 
programs and flexible manufacturing systems (FMS) for homogeneous 
multiprocessor computational systems (CS), which are characteristic 
of fifth-generation computers. 

These problems constitute examples of optimization problems 
containing a natural large parameter proportional to N, the number 
of elementary processors in the CS. As a rule, the complexity of the 
solution algorithms for these problems increases rapidly with N 
(at least like N 2 ). This brings us to the problem of the limiting tran¬ 
sition as N -*-oo, that is, a limit problem whose solution does not 
depend on N and approximates the solution of the initial problem 
all the better as N increases. In some important specific cases this 
limit problem can be associated with the Bellman equation (1.1]. 
As a rule, however, even for smooth initial data the limit equation 
has no differentiable solutions (except for a small number of extremely 
special problems). Hence, the classical statement of the Cauchy 
problem for this equation usually has no meaning. More than that, 
the Bellman equation does not even have generalized solutions in the 
usual sense. Hence only Pontryagin’s maximum principle applied 
to such cases has a clearly defined mathematical meaning. This 
principle has been used in solving the corresponding optimization 
problems [1.2]. 

The general approach suggested in this paper to solving optimiza¬ 
tion problems related to multiprocessor computers can also be applied 
to optimization problems of an entirely different nature. This ap¬ 
proach is based on the fact that all optimization problems considered 
here are “linear” in function spaces whose elements have values in 
certain semi-rings. Here is what this means. Let us consider a func¬ 
tion space in which the common operations of addition and multi¬ 
plication by numbers are replaced with other semi-group operations, 
® and 0, related through the distributivity law. For instance, 
instead of the sum of two functions we take their supremum, and 
instead of the product of a function by a number we take the infimum. 
The linearity of equations in such spaces means that, if y, (x) and 
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y t (x), x £ Y, are solutions, then sup (y, (x), y t (x)) and inf (j/, (x), X) 

*? A' x€ A' 

or inf {y 2 (x), X). a -= const, are also solutions. Next we introduce 

.vc.Y 

the concept of an “integral" corresponding to a semi-group operation 
of the “sum'’ type, the concept of measure that is additive in this 
new sense, and an analog of the scalar product, which makes it 
possible to introduce conjugate operators and define functions that 
are “generalized” in the new sense. For example, the scalar product 
in a space of functions with values in a semi-ring A where the sum 
is replaced with min and the product with the common sum, -f-, 
has the form 

def 

<cf 1 , Cf 4 > = min (cp, (x) + <p* (x)) = 

A* 

In tliis space, for ti e Hamillon-Jacobi equation 

ifr + H { T ’ W’ 0 =o <•> 

we have the superposition principle for solutions, that is, if p, and 
y 2 are solutions, then X, © (/, © X 2 © y 2 , with X,- = const (i = 1,2), 
are also solutions. This leads to a formula that represents a solution 
of the equation in terms of a source, or 

u(x, t) - j* A- (x, £, t)Qu 0 (Z)dZ 

= min (A (x, £, f)+u 0 (£)), (1.0.1) 

te-v 

where k (x, £, 0) = 6 (x — £), and 6 (x — £) is understood to be 
the functional min (6 (x — £) + <P (£)) = <P (x), sav, 6 (x — £) = 
l£X 

lim l(x — Z)' 1 . e]. It is easy to see that k (x, £, t) — min \ X dt, 
£-•11 ' 
where X is the Lagrangian, and formula (1.0.1) proves to be the well- 
known representation of a solution to the Hamilton-Jacobi equation 
(*) in the small in terms of a generating function. 

The “Fourier transform” in a space of functions with the values 
in a semi ring .1 is the eigenfunction expansion of the translation (or 
shift) operator 7\. that is. 7\tp (x) = ip (x 4- A); the eigenfunctions 
ij' M |x) of 7 S have the form px: F^px - p (x ~ Ax) pA — px — 
pA © px. and the corresponding eigenvalues are pA. The “Fourier 

transform" of a function q (x) has the form | »f ( , (x) 0 cp (x) dx — 
min (px <| (.<)) and in the case al hand coincides with the Legendre 

x i X 

transform, which is “linear" in this space. It has been established 
that if II (/>. x. /) is a function homogeneous of degree one in p. 


\ cp,(x)©(fj(x)dx. 
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then the Cauchy problem for equation (*) is also “linear” in the 
space of functions with the values in the semi-ring A: © = min, 
© = max. The Cauchy problem for the Bellman equation also proves 
to be “linear” in appropriate function spaces of functions with values 
in a semi-ring A. 

The general differential equation in spaces of functions of a con¬ 
tinuous argument that generalizes both the Bellman equation and 
the Hamilton-Jacobi equation is an equation for which the resolving 
operator is linear in function spaces with values in the appropriate 
semi-rings and whose solution is generalized in the above-mentioned 
new sense (that is, is a “linear” continuous functional with respect 
to the new “scalar product”). We will call this equation the gener¬ 
alized Hamilton-Jacobi equation and in the discrete case the gener¬ 
alized Bellman equation. For such equations there exists an analog 
of Fredholm alternative theorems. For a broad class of problems the 
solutions of these equations can be constructed using Pontryagin’s 
maximum principle as a basis. 

The concept described above makes it possible to determine the 
limiting values when N —>-oo and overcome the difficulty that arises 
from the fact that usually the solutions of such problems assume only 
two values, 0 and 1. For the sake of comparison we first turn to the 
linear case, where the discrete problem converges to a continuous 
one. 

Example 1. Suppose a discrete problem is described by the differ¬ 
ence scheme 

a h n +l = La k n , n£l, fc(=Z + , (1.0.2) 

where L is a linear difference operator with constant coefficients on 
an integer lattice, with the initial value a", a nonzero constant (say, c) 
for n ^ 0 and zero for n < 0. This problem has no limit in the ordin¬ 
ary sense of the word as k —*-oo. Nevertheless, the concept of a gen¬ 
eralized solution introduced by S. L. Sobolev makes it possible to 
find the weak limit of the solution to this problem. To this end we 
take a family of functions of continuous independent variables, 
v h (t, x), t £ [0, T 1, T = const, x £ R 1 , that depends on parameter 
h £ (0, 1] and is such that 

v h (kh, nh) = a*. 

With the initial problem (1.0.2) we associate the problem for 
v h (f, x): 

v h (t + h, x) = L h v h (t , x), U/,|i= 0 = (x), t = kh. (1.0.2') 

Here L h is the natural continuation of L on functions of a continuous 
independent variable. For example, if La'‘ = V. , then 
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L h i'h (f, x) = __ (/, x -f- ih). The condition A: -► oo is equivalent 

i 

to h — >-0, since kh ^ T. Let us assume that on smooth functions 

the operator (/./,)' converges to the operator e tL » as l — >-oo, Ih -*-t, 
where L 0 is a linear differential operator that, as h — >-0, is approxi¬ 
mate on smooth functions by the operator I L h — l]//i. Then, if the 
initial value v° ( x) is a smooth function, the family of functions 
v h (lh, x) converges (in C (/?i)) to the solution v ( t , x) of the differen¬ 
tial equation 


~=L 0 v, y|, =0 = i’ 0 (^). (1.0.3) 

If r ,(0) ( x ) is a discontinuous function, the solution to the difference 
problem converges to a solution of the differential equation in the 
sense of generalized functions. Indeed, for any smooth finite function 
<p we have 

(”h (lh, x), <?) = ((L h yv°, <p) = (u°, (£*)'<p) 

* dcf 

r»„(» 0 p e iL o cp) = (e IL °v°, q>) = (n(t, x), <p) 

dcf 

= \ (p (x) v (t, x) dx, 

where v (f, x) is a generalized solution to problem (1.0.3). 

We have therefore found that the weak limit of the solution to 
a difference problem is a generalized solution to the respective limit¬ 
ing equation, to which the initial difference equation converges only 
on smooth functions. 

Let us now study the analogy between the example just considered 
and the solution to the respective discrete optimization problem. 

Example 2. Consider the process {a' 1 , k = 0. 1, . . .} with a 
discrete space of slates Z X Z, Z \ Z —>R l , and satisfying 
the Bellman equation 

fl’’ 41 ( m , n) = min {a* (m — 1, n), a k (m, n — 1)}, 
n, m £ Z, k = 0, 1, . . ., (1.0.4) 


and the initial data of the form 


<t n (in, 


0 if n — 0, m ^ 0 or m — 0, n ^ 0, 
4- oo otherwise. 


(1.0.5) 


Note that this equation is linear in the space of functions with dis¬ 
crete arguments with values in the semi-ring /I = - (7C (J (i<»), 
© min, 0 ). where j 0 and J • oo. We may re¬ 

write it in a form quite similar to the one discussed in Example I: 

a h 41 (;u, ii) -- L y a k (m, n), (1.0.6) 
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where the “linear” operator L v is given by the formula 

L v a k (m, n)= © (m — i, n—j), 

(1.3) £ v 


c u =11—0, V = {(0, +1), (-1-1, 0)}, 


and the initial value is 


a 0 (m, n) 


1 1 if re — 0, m ^ 0 or m = 0, re ^ 0, 
I'O otherwise. 


Just as in the linear case, this problem has no limit if we send k 
to oo. Nevertheless, the concept of “generalized” solutions makes 
it possible, as in the linear case, to obtain the weak limit of problem 
(1.0.6), (1.0.7). With problem (1.0.6), (1.0.7) we associate the follow¬ 
ing problem for functions of continuous arguments (x, y) £ R 2 U 
{+oo }, t £ [0, T 1, T = const > 0: 


«h(0, x, y) = w° (x, y) -- 


u h (t + h, x, y) = L hiV u h (t, x, y), t = kh, k£l, (1.0.6') 

if x = 0, y ^ 0 or y -= 0, x^0, 
(J if x 0 or y =£ 0, 

(1.0.7') 

in such a manner that u h ( kh , mh , nh) = a k (in , re). 

The operator L h<v in the given case acts according to the formula 


L h , v u h (L x, y) = min (u h (t, x—h,y), u h (t, x, y—h)). 

( 1 . 0 . 8 ) 

At t = kh the solution to problem (1.0.6'), (1.0.7') assumes the form 
u h (t, x, y) = (L htV ) h u a (x, y). 


Allowing for (1.0.8), we can calculate the right-hand side of this 
equation explicitly: 


u h (t, x, y)-= min {u°(x — y — hQ). 

i, + t,=k 

1 = 1 , 2 


Let us introduce the “scalar product” for A-valued functions assuming 
that 


<<P. W©= j <p(z, J/)©^*, y) dx dy 


def 

= inf {ip (x, y) + i|>(x, y). 
x,y 


(1.0.9) 


Now we wish to calculate the weak limit, as h ->-0, of the solution 
to problem (1.0.6'), (1.0.7') on smooth functions with respect to the 
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“scalar product” introduced above (this, as noted earlier, is equiv¬ 
alent to finding the limit as k tends to oo). Suppose k -*■ oo, kh 
<o 6 I®* T]. Then for every smooth function ip (x, y) we have 

(' *h(t 0 , x, y), ip(x, y))& = ((L ht y) h u° (x, y), <p(x, y)> 9 

= <«°(*. y), (LJ, v )*cp(x, y)>®, 

where operator L^,v is the conjugate of L h v with respect to the 
scalar product ( , )© introduced above. 

It can easily be verified that 

(Lh,v) h q> (*. y)= rnin {<p(x + /iS„ y-rht, 2 )). 

Hence 

(MV x, y), <p(x, y))® 

^<u°(x, y), min {<p (x + hl t , y = ht, 2 ) })® 


We denote by u 0 (t 0 , x, y) the weak limit of the solution to problem 
(1.0.6'), (1.6.7'): u„ (f„, x, y) = s — lim u h (t 0 , x, y), where s is 

A -»0 

a fixed vector function whose meaning will be defined later on. 
Sending h to 0 and kh to t B in the last equation, we get 

<MV x < y). <P(*. y)>© 

= lim (<„, x, y), <p(x, y)>© 

h-> 0 

= <u°(x, y), min {<p (x+ q„ y + t] 2 )}>. (1.0.10) 

We will call the generalized function u 0 (t 0 , x, y) defined by (1.0.10) 
a generalized solution to the limiting generalized Hamilton-Jacobi 
equation to which Eq. (1.0.6') converges on smooth functions. This 
limiting equation has the form 

du ( du du \ 

__^ nun {__, - —j. 

The solution to this equation can be obtained by employing Pontrya- 
gin’s maximum principle [1.2. 1 H|. 

In contrast to the linear case, the statement of smooth initial 
data for discrete optimization problems has no meaning, as a rule. 
For this reason a study of the limiting equation of an optimization 
problem is justified oniv in constructing generalized solutions to this 
equation in the above sense. 
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The example of the discrete optimization problem (1.0.4), (1.0.5) 
is closely related to an analysis of the activity of homogeneous 
multiprocessor computational systems (see Sec. 1.2). When the 
number of processors, N, in such a system grows, that is, N —>■ oo 
(h ~ 1 IN —>-0), the support of the generalized solution (1.0.10) 
to the limiting Hamilton-Jacobi equation determines, at each 
moment t > 0, the set of processors carrying out calculations at 
time t. 

The suggested approach enables considering generalized solutions 
for general optimization problems, too. But here we will give a brief 
description of the properties of discrete optimization problems that 
arise when the operation of homogeneous computational systems is 
analyzed. 

It appears that all such problems can be studied using solutions 
(generalized solutions in the limiting case of N —>-oo) to the gener¬ 
alized Hamilton-Jacobi equation in the space of functions with 
values in semi-rings. It has also been found that in problems related 
to the architecture of multiprocessor homogeneous CS, the range of 
the sought functions has the structure of a crystal lattice with certain 
symmetry properties. For instance, in the simplest case of a matrix 
processor, a draft of which was proposed in 1982 by a group of US 
scientists [1.4-1.7], the common Bravais lattice [1.8] serves as such 
a range. 

For optimization problems connected with the estimation of the 
effectiveness of parallel programs, a discrete lattice with nontrivial 
symmetry groups (a nonempty set of nonelementary translations) 
serves as a natural range of independent variables of the functions 
involved in the problems. The symmetry of such lattices is uniquely 
determined by the text of the program, while the execution time of 
the program operators is determined by the values of the coefficients 
of the appropriate system of generalized Hamilton-Jacobi equations 
(systems of discrete generalized Bellman equations). 

In optimization problems related to the operation of CS, these 
equations are usually nonhomogeneous steady-state equations (the 
right-hand side of the equations describes the interaction of the set 
of processors in a CS with the external memory of the system). The 
solution to these equations is found as the limit, as X ->-oo, of the 
solutions of appropriate evolutionary nonhomogeneous equations. 
Solving the latter can be reduced to solving homogeneous equations, 
using an analog of Duhamel’s principle. 

The difference between this case and the common linear case lies 
in the following: although for a steady-state problem there is no 
limiting generalized Hamilton-Jacobi equation, in the limit the 
corresponding nonstationary problem can be reduced to the evolu¬ 
tionary generalized Hamilton-Jacobi equation. This makes it pos¬ 
sible, by means of Duhamel’s principle, to write the limiting problem 



16 


ii. M. Avdoshin ft al. 


in terms of generalized solutions of a certain Cauchy problem for the 
generalized Hamilton-Jacobi equation. We call such a problem a 
stabilization one. Thus, a generalized solution of a stabilization 
Cauchy problem is the limit (in the new sense of the word), as t -v oo, 
of the solution to the Cauchy problem for the generalized Hamilton- 
Jacobi equation. 

Let us illustrate the aforesaid with two examples. In the first 
example we will consider a nonhomogeneous steady-state scalar 
equation on a simple one-dimensional lattice, so as to demonstrate 
how Duhamel's principle can be employed. In the second example 
we will study an optimization problem on a two-dimensional discrete 
lattice with a nontrivial symmetry group. 

Example 3. Let us consider the simplest one-dimensional “tracing” 
problem, the problem of finding the shortest route [1.9-1.111 on a 
discrete lattice Q e — {r x n = ree. re = 0, ±1, . . .} with spacing 
e, where e is a positive parameter. The following relation exists for 
the length s E (re) of the shortest route at point re: 

s e (re) ----- min {s E (re — 1) + ec„ s e (re + 2) 

4- ec 2 , ,F e (re)}, re £ Z, (1.0.11) 

where c l and c 2 are constants, and & e (re) = g (ne), with g ( x ), 
x £ R l , a continuous function bounded below. 

Problem (1.0.11) is a steady-state problem with a right-hand side 
equal to & t (re) and is linear in the space of functions with values 
in the semi-ring 

^ = {/?‘U{±oo}, ® = min, ©=+}, 

where 9 = +oo, and D = 0. We rewrite it in the form 
s e (re) = L E s e (re) ® J~ e (re) 
where operator L e acts according to the rule 
L c s c (re) = ® c e (re) © .? E (n — v), 

vi V 

with F ={(,-, = 1, v t = —2}, c t (re,) = ec,, and c E (v 2 ) = ec 2 . 

With this problem we associate the following problem for the 
family of functions of a continuous variable u c (x), x £ R l , e 6 (0, 11: 

u t (*) = (x) © g (x), ( 1 . 0 . 11 ') 

where operator l t is defined as follows: 

L e u e (x) = min {u e (x — e) + ec u u c (x + 2t) 4 - er a }. 

Obviously, re E (ret) is the solution to the initial discrete problem 
(1.0.11). The solution to problem (1.0.11') is the limit, as t —*- oo, 
of the solution to the evolutionary nonhomogeneous equation 

le(t + e, x) --- L e f (t, x) © g(x ), t = Ae, /.' = 0, 1. 

(1.0.12) 
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with the initial data 

ft (0, x) = O = +oo. 

Just as in the linear case, by virtue of Duhamel’s principle (see 
Sec. 1.1), solution / c ( t , x) is the integral (in the sense of 0) of 
solution W e (f, t, x) of the Cauchy problem 

W t ( t + e, t, x) = L t W z (t, t, x), t > x, 

W t (t, t, x) | (=t = g (x). 

In the case at hand, 

[0,0 

ft (*. x ) = j (f, t, x) dr 

© 

def 

= min W t (t, t, x). (1.0.13) 

Similar to the solution to problem (1.0.6'), (1.0.7') in Example 2, 
we can calculate 


W e (t, t, z) = min {ec,£j + ec. 2 t, 2 + g (x— e£ 1 + 2e£.,)} 1 

ti +;.=*-1 

(1.0.14) 

where t = ke and t = le, k ^ l, k, l 6 Z + . 

Hence, from (1.0.13) and (1.0.14) it follows that 

def 

/e (t, X) = R t ( t ) g (X) 

= min min {ec,^+ec 2 ^ 2 + g (x— e£ 1 + 2e£ 2 )} 

O^ea^f eCi+e^*=ea 
£ f €Z + 

(1.0.15) 


where we have introduced the notation k — l = a, a ^ Z + . If we 
now send t to oo, we find the solution n e ( x) to Eq. (1.0.11'): 

u t ( x ) — lim ft (t< x)= inf {ec,£j + ec 2 £ 2 

t,ez + 

+ g(x-e? 1 +2ey>. (1.0.16) 


We denote by u (x) the strong limit of the solution to problem 

( 1 . 0 . 11 '): 

u (x) = lim u, (x), x£R l . 

e-0 

Sending e to 0 in this equation, we obviously arrive at 
u(x)= inf {cjTij 0 c 2 r) 2 g(x — i) t + 2r) a )}. 


2-0105 
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Now suppose that g ( x) in Eq. (1.0.11') is a discontinuous function 
that assumes only two values, say 

11 if x ^ 0 , 

= jo if x< 0 . 


The concept of generalized solutions (in the new sense of the word) 
makes it possible to calculate in this case the weak limit of problem 
( 1 . 0 . 11 ') with respect to the “scalar product” for A-valued functions 
(for the meaning of the “scalar product” see Eq. (1.0.9)). This limit 
is the generalized solution of the stabilization Cauchy problem for 
the limiting generalized Ilamilton-Jacobi equation, to which Eq. 
(1.0.12) is reduced on smooth functions. The stabilization Cauchy 
problem for the limiting equation has the following form: 


du f du , r, du 1 

~dt = min |c, jj -1 ** + 2-^}, 


«lf=os —limu (f, x) = H (j). 

t -*■ oc 


(1.0.17) 


Let us find the generalized solution \V (x) to problem (1.0.17) 
using the explicit form of the resolving operator R e (() of problem 
(1.0.12) defined in (1.0.15). As in Example 2, it is easy to verify that 
if* (f) is the conjugate of i? e (t) with respect to the scalar product 
( , >0 and operates according to the rule 

i??((H'(-r)= m‘ n -r ec .£ 2 + '!'(* + e£i—■ 


Combining this with (1.0.15) and (1.0.16), we find that for every 
smooth finite function ip (x), 

<i.f 

<lK(j'),(p(x)) $ = Jim (u t (a), q (a))© lim lim </? e (f) g(j), <r (a))© 

E —0 £— 0 < —oo 

=- lim lim (g (x), R* (/) <( (j )>© 

E —0 / —oc 

— lim lim (g (,r), min min {ec,^, -fee.,?., — fp {x -f- e£, — 2 kE s ))© 

f-n i-oo ii<e«<i£;,+f*,i=ci 

- <g(.r), inf {c,i|, c 2 l|, ~-(p(.r- t],— 2 q,)}>©. (1.0.18) 

The generalized function IF (a) defined by (1.0.18) is the weak 
limit of the initial optimization steady-stale problem ( 1 . 0 . 11 ). 

Exumple 1. Let us now take a discrete optimization problem related 
to the choice (design) of the architecture of a homogeneous multi¬ 
processor CS optimal from the viewpoint of effectiveness of parallel 
programs in such CS (see Section 1.2.8). For instance, for a parallel 
program P,\ n for multiplying two square matrices this problem 
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can be reduced to solving, on the discrete lattice 
Q = U = (P. ?). P = «i + 1/2- q = n 2 + 1/2} 

U {r = (p, q), P = + 1/3, q = n 2 + 1/4}, n, 6 Z, i = 1, 2, 

the equation of the following form: 

u («! + 1/2, n 2 + 1/2) = max {.f x ( n t , n 2 ), u (ra x + 1/2 — 1, 

/i 2 + 1/2) + t 0 , u («i + 1/3 — 1, /t 2 + 1/4 — 1) -f- fo} (1.0.19) 

at a point r £ and 

u (n x + 1/3, n 2 -f- 1/4) = max {.f 2 (« x , ;t 2 ), 
tt («i + 1/2, « 2 + 1/2) + t 0 , u (n 1 + 1/3, n 2 + 1/4 — 1) + t 0 ] 

at a point r £ Q 2 . Here (« lt n 2 ) are the coordinates of the elementary 
processors of which the CS consists, t 0 = const > 0 is the time of 
execution of interprocessor data exchange operations inthe/’ AXJJ 
program, and the given functions .f t («,, n z ) > 0, i=l,2 are deter¬ 
mined by the “loading” times of local subprograms (see p. 92). The 
value of the function u(r), r £ Q, is the completion time of exe¬ 
cution of the P AX b program on the n — (n 2 , n 2 ) processor. Note 
that this equation is linear in the space of functions of discrete argu¬ 
ments with values in the semi-ring A = ( R 1 (J {+oo}, © = max, 
© = +), where J = —oo and 1 — 0, while the range of definition 
for the sought functions is the lattice Q in R- with an additive group 
of elementary translations generated by the shifts T al and T a2 
by vectors a. 1 = (1, 0) and a 2 = (0, 1) and with a set of nonelement¬ 
ary translations generated by shifts by the basis vectors = (1/2, 
1/2) and p 2 = (1/3, 1/4). 

Let us find tire weak limit of Eq. (1.0.19). With Eq. (1.0.19) we 
associate an equation for the family of functions of continuous argu¬ 
ments, v h ( x ), x 6 R 2 , the family depending on parameter h £ (0 1], or 

Vh (x) = Lh (x) Vh (x) © (x), (1.0.19') 

in such a manner that v h ( nh ) = u (n), n = (u t , n 2 ), 

* , J ©A (nh) = jb\ («) if » + P,€Qi, 

A ” ~ i©?L (nh) — .f 2 (n) if 72 + |3 2 £Q 2 

where ©/} (x), i = 1,2, are families of continuous functions, with 
©* (x) -+©j (*) as h ->0, and {? a = (1/2, 1/2), |3 2 = (1/3, 1/4). 

The linear operator L h (x ) depends on the point x where the result 
of its action on function v h is calculated and is determined by the 
following formulas: 

(Zft (x) v h ( x) = max {© ft (x), v h (x+ ftp, — hv,) -j- ht 0 , 
v h ( x + hfi 2 — hv k ) + ht 0 } 
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for x£ fl t , and 

fth (x) v h ) (x) = max {O a (x), v k (x + ftp,) + ht 0 , 
v h (x-f /?p 2 — hv 3 ) + ht 0 ) (1.0.20) 

for x 6 Q 2 , where v 2 = (1, 0), v 3 = (0, 1), and o K = (1, 1). 

Since the scalar operator L h (x) is not a regular function of x 
and h, even on smooth functions it possesses no limit as h -*-0, and, 
hence, the corresponding stabilization Cauchy problem has no limit 
either. A similar situation emerges in the linear case when we wish 
to study the vibrations of atoms in a crystal lattice with a nonempty 
set of nonelementary translations [1.121. 

To overcome this difficulty, instead of the scalar equation (1.0.20) 
we consider an equivalent system of equations for a family of A-val- 
ued vector functions s tl : fi 2 A X A. We assume that s h = 
(s k , W, with s' h (x) = v h (x + ftp,), si (x) = v h (x + fcp 2 ), and 
the superscript T standing for “transposition”, and define A-valued 
2-by-2 matrices thus: 


— 1 

0 

0 


■ 11 0 ■ 

© 

© 


ron 

[1 0. 

1 O’ 2 

0 0 

11 

1- 

O 

■=3 

1 _ 

, a 4 = 

-1 

O 

O 
_1 


The system of equations for the family s h corresponding to (1.0.20) 
assumes the form 


s h = L h , v s h (B® h , <5* = (0>J, <DJDT, (1.0.22) 

where the matrix operator L h<v is defined thus: 

(Lh.vS h )(x) = (ht 0 )O( © a(v)s h (x — vh)). (1.0.23) 

t) 6 V 

Here V is the set of vectors {v v = (0, 0), v 2 = (1, 0), v 3 = (0,1)» 

* def 

v t = (1, 1)}, and a (v,) = a,, i = 1, 2, 3, 4. 

We will denote the “scalar product” for A-valned vector functions 
by (•, • )a', assuming all along that 

- def 

(ip, !)•>©= I (<p (x), ^(x))*. dx = © © <p' (*)0 (x) 

i 1 J=1 ' 2 

= max max { 9 '(x) + \J:'(x)}. 

1 j=i ,2 

We can easily see that LJJ.y, the conjugate of operator (1.0.23) with 
respect to the scalar product we have just introduced, is defined thus: 

(A.,:,v 9 )(x) (ht 0 )©( © a(v) $(x + vh)). 

v tv 
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By virtue of Duhamel’s principle, the solution to system (1.0.22) 
is the limit, as t —>-oo, of the integral (in the sense of ©) 


fo.M 


R h (f) <tV (z) = ^ W h (t, t, x)dx 

ffi 
KM] 

= \ (L h , v y- l $ h (x)dx= max W h (t, x, x), 

j OsEisS! 


where W h (t , t, x) is the solution to the Cauchy problem on the 
segment x 6 [ 0 , f], x = Ih , for the homogeneous equation 

W h (t + h, T, X)=L h , v W h (t, T, x), W h (t , T, z)|, =T =®ft(z), 

(1.0.24) 

corresponding to (1.0.22). The function f h (t, x) = R h ( t) <t> h (x) 
satisfies the equation 

fh (t + h, x) = L ft>v /ft (t , z) ® 5>h (z), (0, z) = O. 

(1.0.25) 


Employing the obvious commutation relations for the ^-valued 
a;-matrices, namely, 

a\ = al = 6, dj = o 3 , o 2 = o 2 , 

do, = 6 , (i, /) 6 {(1, 3), (2, 1), (2, 3), (3, 2), (3, 4), (4, 2)}, 

o x a t ~ a lf a 4 a 3 = o 4 , (7204 = o 3 , = (74, (730^ = Qj, (74(7! = (7 2 » 

where O is the “null” matrix, O = [ 6 j; ], 6 i; - = 0 ), and the operator 
methods developed in [1.13] and, in particular, the formulas of 

[1.14] and [1.15], both (L hx v . ) ,_1 and R h (t) can be calculated. The 
following equation holds true 


R h (t) V (z) = htt 0 

( max maxfif 1 (z — /i(£,-t- 1) v 2 —h£ 2 v 3 ),\ 

if 2 (x — hv k — hl, i v 2 — ht,.i_v 3 )} 

I max max {if‘(a:—7i£,i > 2 — hZ,„v 3 ), 
t f ez + 

t V (x— h^v 2 — h (£ 2 +1) i> 4 )} , 


+ max 


(1.0.26) 


where t = kh, k — 0, k, l £ Z+, and = (if 1 , if 2 ) T . 



22 


S. M. Avdoshin et al. 


We denote by s (x ) the generalized solution to the stabilization 
Cauchy problem for the limiting generalized Hamilton-Jacobi equ¬ 
ation to which (1.0.25) converges on smooth functions: 

s (x) — s —limu(x, t), m (x, t) = (u l , u 2 ) T , 

t — oo 

here u (x, t) is the solution to the equation 

d /u,\ /max{f 0 — du'/dx, t 0 — du 2 /dx—du 2 /dy}\ 
dt Vu.j \ma.x {t 0 — u', t 0 — du 2 ldy) ) 

with the initial data u (x, t) | (=0 = fl ) 0 (x) = (<JT (x), (x)) T . 

As in Example 3, formula (1.0.25) combined with k -»-ao, kh —*-t, 
and t -*-oo implies that for every smooth A-valued vector function 
q> (x) = (q ; 1 (x), cp 2 (x)) we have 

(s(x), q(x)) e = lim lim <p h (x), q> (x)>$ 

/i-0 l-cc 

=- lim <q> ft (x). flh(f) q’(x)> = <(f 0 W, £ 0 (1-0.27) 

A -*0 /-*■(» 


where 





i 

;t 0 + sup 

(to ( T h + T l2) + max {<P 1 

(x + q,^ 

T 'Tj l 3) • 






f?o ( x ) 


T 2 

i]i<V 

f i)>e 3 )}) 

/„ + sup 

(M>h + 1 l-.)Tmax{q l 

(x + I) t V 2 

+ ’hf 3 ). 


<p 2 (x + r),i; 2 + tj,i- 3 )}) | 


Formula (1.0.27) defines, for any light-hand side (f>„ - ((I>^, <I>J) T , 
the generalized function that is the limit, as h ->-0 (in the above 
sense), of the initial discrete optimization problem (1.0.19). 


1.1 The Theory of Linear Equations 
in Semi-modules 

One of the main difficulties in solving optimization prob¬ 
lems stems from the fact that these problems usually lead to non¬ 
linear differential equations. However, it bas been established that 
if we take function spaces with values in certain semi-rings and intro¬ 
duce definite nonarithinclie operations, many nonlinear equations 
important for applications become linear. This fact suggests the 
need for a thorough investigation of the corresponding axioms. This 
is done in the present chapter and is illustrated by numerous exam¬ 
ples. 
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The approach developed here enables setting up and evaluating 
integrals of a special type. We prove the theorem that the integral 
of a function semi-measurable below is independent of the choice 
of the continuation of the idempotent measure. For the generalized 
Hamilton-Jacobi and Bellman equations (i.e. generalized in the new 
sense) considered in this chapter, we find the analogs of Duhamel’s 
principle and the Fredholm alternative theorems. 


1.1.1 Introduction 


In this section we employ the examples of nonlinear Burgers and 
Hamilton-Jacobi equations to introduce the nonarithmetic operations of ad¬ 
dition and multiplication with respect to which the resolving operators of the 
equations prove to be linear. 


Let us start with the heat equation 


du 

dt 


h d 2 u 

2 " ~xT ’ 


x£ R l , t >0, 


( 1 . 1 . 1 . 1 ) 


where h is a positive parameter. The linear combination 

u -- XjU, + /..,u 2 (1.1.1.2) 


of solutions ttj and u 2 to Eq. (1.1.1.1) is also a solution to this equa¬ 
tion. 

Next we introduce 


w = exp{— w(x, t)lh} 

in Eq. (1.1.1.1) and arrive at a nonlinear equation: 
dw 1 / dw \ 2 h d 2 w _q 

IT + T l nr ) ~ TT^~ u ’ 


(1.1.1.3) 

(1.1.1.4) 


which is known as Burgers’s equation. 1 Obviously, solution tz ( 
(t = 1, 2) to Eq. (1.1.1.1) corresponds to solution = — h In tt ; 

(i = 1, 2) to Eq. (1.1.1.4). Then solution (1.1.1.2) to Eq. (1.1.1.1) 
corresponds to the following solution to Eq. (1.1.1.4): 

w - -/z In (exp {(— w { + p,)//i} + exp {(— w 2 + p,)//i}), 

where p f = —h In X,- (i = 1, 2). 

This implies that Eq. (1.1.1.4) is also linear; however, it is linear 
in the function space where semi-group operations have been intro¬ 
duced, namely, the “sum” 

a ® b — —h In (exp {— a/h} + exp {— b/li}) 
and the “product” 

» 0 1 = a (- 1. 


1 Ordinarily, this name is given to the equation obtained from 
Eq. (1.1.1.4) by differentiating with respect to x and substituting v for dw/Sx. 
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The substitution w = —h In u maps zero into oo and identity into 
zero. Thus, the semi-group zero in this new space is oo, or 0 = oo, 
and the semi-group identity is the common zero, or II = 0. The 
function space with the operations ® and © and the added zero 0 
and identity 1 is isomorphic to the common function space with 
common multiplication and addition. 

We can therefore assume that we have become accustomed to the 
new operations © and © and that Eq. (1.1.1.4) is linear. 

This example is quite simple, and we need not learn the new arith¬ 
metic operations since by substitution of functions we can transform 
from Eq. (1.1.1.4) to Eq. (1.1.1.5), which is linear in the common 
sense. However, it may so happen that equations interpreted in the 
sense of the new operations of addition and multiplication cannot 
be reduced by a substitution to the common linear case. It then be¬ 
comes expedient to consider shifting the methods developed for 
linear equations to Eq. (1.1.1.4). 

In the space of functions with values in the ring 

a © b = —h (exp {— a/h} + exp {—b/h}), X © b = X + b, 

we introduce the scalar product as follows: 

(w t , w. 2 ) = —h In j exp {— (m, + w.,)/h} dx, 

which, as we will show, is bilinear in this space, that is, 

(a © b, c) = (a, c) © (b, c), (X © a, c) = X © (a, c). 

Indeed, 

(a©6, c) = — h In ^ ^ exp { — (1 Ih) ( — h In (exp { — a/h} 

+ exp { — b'h} -f c)]} dx j 

= —h In | j (exp { — a/h} ©exp { —b/h}) exp {— clh} d.r j 
= — h In | j exp { — (« 4- c)/h) dx 
f j exp{— (6 + c)/h}t/x) =(a, c)©(fo, c), 

(X S)<‘, c)= — h In ^ ^ exp (— (a r t.)ih} exp {— c, h) dx^j 
= — h In | exp {— Xlh} j exp { — (a -f- c)/h} dx j 
- /. ; -In f exp {— (a -j- c)//i} dx—X@(a, c). 
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An example of a hermitian (or self-adjoint) operator in this space 
is the operator 

L: w -+w © (—h In (( w') 2 /h 2 — ( u>")/h)). 

Let us check the hermiticity of this operator. We have 
(w v Lw 2 ) = —h In j exp { — (w, -\-Lw 2 )/h} dx 

= — frln^ exp{ — (l//i)(w,-f w 2 —h In ((w'^lh 2 — w"Jh))}dx 

= — h In j exp {— wjh) exp {— w 2 /h} [(iv' 2 ) z /h ?— w"Jh\ dx 

I d 2 
exp { — ivjh) -j-j- exp { — w 2 /h} dx 

= —filnj |exp {— uijh}^ exp{— wjh}dx 

— — /tin ^ exp{ — wjh} [(u>') 2 //i 2 — wjh] exp {— w 2 lh } dx 
= (Lw it w 2 ). 

We can also easily verify the linearity of operator L in the sense of 
operations © and ©. 

Let us construct the resolving operator of the Burgers equation, 
X t : iv 0 -+w, where w is the solution to Eqs. (1.1.1.4) satisfying 
the initial data w | (=0 = w 0 . The solution to Eq. (1.1.1.1.) satisfying 
the initial condition u | i= o = u 0 has the form 

u( x , t) = ~y=- ^ exp{—(z —£) 2 /(2 th)}u 0 (Q d%. 

Allowing for the fact that u = exp {—wlh}, w = — h In u, we obtain 
the resolving operator X t for the Burgers equation: 

X t w 0 = —h In ^~yL==- j exp {—( x — Q 2 l2th-\-w 0 (t)/h) tfg). 

Let us show that formally X t is hermitian with respect to the new 
scalar product. Indeed, 

(w lt X,w 2 ) = — h In ( J exp { -1( - h In ( 

xJ(^x P {-M- 2 + ^)}))}d,) 

= - Un (li'I eXP {“^( U,l(X) 

+ h In |exp |ht exp {— w 2 (x)//i}j | J rfx) 
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= ~ hln (rhi\ ( ex v{ ht -&) 

:, exp {— w 2 (x)/h) j dx j 

= - hla (vhi ! exp {-^w //i i 

X exp { — u\ ( x)/h } j dx ) 

= ~ ,tln (yfarl bxp {-x(^w 

- ,l,n (iirI 4 exp H j£ S !1 

If we send h to zero, the Burgers equation 2 w t 4- (w x ) 2 — hw xx = 0 
transforms into the Hamilton-Jacobi equation 



Tlie operation of “addition” a © b = —h (In (exp {— aih) 4- 
exp { — bih})) transforms, as h J 0, into a © b = min (a, b). The 
“product” (or the operation of “multiplication") does not depend 
on li. Hence, we again have a Q X — a — X. The two operations are 
distributive, that is, (a ® b) © c = (a © c) 4- (6 © c). 

Let us demonstrate that the Hamilton-Jacobi equation is linear 
in the function space with the operations a (B b min (a, b) and 
a © X -- a — X. Let us consider the Cauchy problem for the llamil- 
ton-Jacobi equation: 

£(,. 0 i «(£, (11.1.6) 

S(x, n> sjx). x£R n , 

where // (/), x, t) is a function (the Hamiltonian that is smooth on 
H-' |(J. 7'1 and has a positive definite second derivative with 

respect to />. Suppose that ¥ (r, x, t) is the Lagrangian that corre¬ 
sponds to the Hamiltonian II {/>. x, t ), or 

¥ (r, x, l) : max (x/> — // (/>, x, I)). 

If for every t £ 10. 7"1 the Lagrange manifold A' obtained from the 
graph A u of the differential of the function S„ through the action 
of the phase flux g), generated by the system of Hamilton’s equa- 
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tions 


dp_ 

dt 


dH 

dx 


(P. 


X, 




dx dH , 

ir=-af(P’ 


X, t) 


is mapped diffeomorphically on the subspace p = 0, then there 
exists a smooth and unique solution to problem (1.1.1.6). Here 
S (x , t) is the minimum of the functional 


i 

j(y(-)) = S 0 (y( 0))-i- [ X(y( T), y(x), t)<7t (1.1.1.7) 

o 

on the set <t> x( of piecewise smooth functions y (•) defined on [0, t ] 
and satisfying the condition y ( t ) — x. This justifies the following 
definition: a function S whose value at a point (x, t) is the greatest 
lower bound of the functional J on the set ©*< is called the gene¬ 
ralized solution to the Cauchy problem (1.1.1.6). 

With such a definition problem (1.1.1.6) has a generalized solution 
for every function S 0 with values on the extended real axis R l . 
Thus, we have defined the resolving operator Ah'- S 0 —>~S for prob¬ 
lem (1.1.1.6). 

Suppose that © is the operation of the pointwise minimum of two 
functions with values in R 1 : S x © S 2 (x) —- min (5, (x), S 2 ( x )). 
Theorem 1.1.1.1 Operator A H is additive with respect to the operation ©. 
Proof. Suppose that 


0 if x = | 
oo if x=S=\. 


Then Ah&i ( x , f) is the minimal value of the functional \X(y (t), 

o 

y (t), t) dx in the class T ( of piecewise smooth functions y (•) 
that satisfy the boundary conditions y (0) - £ and y (t) = x. Min¬ 
imizing functional (1.1.1.7) in the functions y (■) £ that satisfy 
the initial condition y (0) = £ and then calculating the greatest 
lower bound in | £ R'\ we arrive at the formula 

Ah^o( x < t) ~ inf £) + 5 0 (£)). 

UR n 


Hence. 


(A H S<n © c4hS 02 ) (x, t) — min (inf (Ah^c ( x < { ) 

4 

■r^oi(£))> inf(^n6|(x, t) -f- S 02 (|))j 
= inf min (A H b$ (x, t) + 5 0 , (!) A H b% (x, t) 
+ ^02 (£)) 

inf (A H bi (•*■> f) + min (S 0) (|), S 02 (|))) 

5 

— Ah (Sqi © S 02 ) (x, t). 
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A similar theorem holds true for the Bellman equation 

max (4£-(x, t) + v4£-(x, t)—X(v,x,t))=0 

i-ev(3c,() ' al ax > 

with the initial condition S ( x , 0) = S 0 (x), provided that the ge¬ 
neralized solution of this Cauchy problem is understood in the 
following sense: 

t 

S (x, t) = inf (s o (y (0))+ [ X (y(x), y (t), t) dr). 
i( oevix.t) 

1.1.2 The Metric and Structure on a Semi-ring 

In this section we consider the axiomatics of abstract 
semi-group operations of addition and multiplication in a partially 
ordered metric semi-ring. Operations performed on points of a semi¬ 
ring generate in a natural manner operations performed on functions 
with values in the semi-ring A, and this makes it possible to define 
an A -valued scalar product and an A -valued delta function. \Ye also 
discuss some examples. 

Suppose that A is an Abelian semi-ring defined by the commutative 
semi-group operations of “addition” © and “multiplication” with 
neutral elements 0 and H, respectively, 

0©a = 0, H Q a = a, O © <z = a, 

and suppose that these operations obey the distributivity condition 
on A, that is, a © (b © c) = (a © b) © (a © c). 

We will assume that the partial ordering relation^ has been de¬ 
fined on A and that this relation has the following properties: 

« © a ^ 0 V a £ A ; 

{a ^ b} => (a © c ^ b © c Vc£.4}; 

{a ^ b} =s- {a © c ^ b © c Vc^OJ. 

If elements a and b are not congruent, we will write a 0 b. 

Example 1. Let us take the operation max for the operation of semi¬ 
group addition © on the extended real axis A — R U { — oo} and 
the operation of common addition for the operation of semi-group 
multiplication Q. Zero is the semi-group’s identity li in this semi¬ 
ring, while the adjoined point —oo is the semi-group zero J. Indeed, 

7. Q a a — oo — oo ~, 

L © a a+O a, 0©a- max {a, — oo}^ a, 
a-(b 0 c) - a © max (b, c) ----- max (a r b, a -j- c) 

- (a © b) © (a © c). 
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The ordering relation on A coincides with the natural ordering 
relation on the real axis, with a ^ 0 for every a £ A. 

Example 2. Let us take the operation min for the operation of semi¬ 
group addition © on the extended real axis A — Z? 1 U {°°} and the 
operation of common addition for the operation of semi-group multi¬ 
plication ©. Point 0 is the semi-group identity D, while point 
{+oo} is the semi-group zero 0: 

00 a = a + oo = oo = Q, H© a = a + 0 = a, 

0 0 a = min {oo, a} = a, 

a 0 (b © c) = a + min ( b , c) = min (a + b, a + c) 

= (a © b) 0 (a © c). 

The ordering relation on A is opposite to the natural ordering 
relation on the real axis. At the same time here a ^ 0 for every 
a £ A, as in the previous example. 

Example 3. Let us take the semi-ring A — R+ U {°o} generated 
by the operations © = max and © = min the neutral elements 
0=0 and H = oo: 

0 © a = min {0, a} = 0, 1 © a = min {a, oo} = a, 

0 © a = max {0, a} = a, 

a © (b © c) = min {a, max {b, c}} 

= min {a, max {min {a, b}, min {a, c}}} 

= max {min {a, b}, min {a, c}} 

= (a © b) © (a © c). 

The ordering relation on A coincides with the natural one and 
a ^ 0 for every a 6 A. 

Example 4. Suppose that A = R+ |J {°°}, © = min, © = max, 
O = oo, and H = 0. Then 

0© a = max {oo, a] = 0, 1© a = max {0, a}, 

O © a = min {oo , a) — a, 

a © (b © c) = max {a, min {6, e}} 

= max {a, min {max {a, b}, max {b, c}}} 

= min {max {a, b}, max { b , c}} 

= (a © b) © (a © c), 


and a ^ 0 Va £ A. 
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Example 5. Suppose that A = R + , © = max, 0 = 0, © = x 
and II = 1. Then 

0© a = 0 X a = 9, 1©a = lxa = a, 

0 © a = max {0, a} = a, 

a © (b © c)=a x max {fc, c} = max {a X b, a x c} 

= (a © b) © (a © c). 

Let us now assume that topology on A is given via the metric 
p: A X A -*-[0, oo) that satisfies the standard axioms: 

(1) p (a, a) = 0, (2) p (a, b) = p ( b , a) 

(3) p (a, b) + p (6, c) > p (a, c) 

(4) p (a, 6) = 0 <=> a = b. 

Set /I is said to be a complete structure if any subset a £ A bounded 

above (below) contains the least upper (greatest lower) bound. In 
what follows we assume that the semi-ring A is complete both as 
a structure and as a metric space. In addition, we assume that metric 
and structure are concordant in the sense of convergence, that is, 
p(a„, a) -v0 implies lim sup a„ -= lim inf a n = a, and vice 

N-+0O n^N N-*oo n^N 

versa. 

The following metrics are examples of metrics on R (J { —oo}: 

Pexp (a, b) = exp {max (a, b)} — exp {min (a, 6)}, 

P tan-i (a, b) — tan -1 {max (a, b)} — tan -1 {min (a, b)}. 

For the metric on (R (J {—oo})' 1 we can take 

n 

P?xp ( a i b) = ^ Pexp ( a j< bj), 

;=1 

N 

Plan"’(°i b) — 2 Plan-* ( a j< bj), 
i= l 

where a («,, . . ., a„), and b - (b t , . . ., b n ). 

An example of a partial ordering relation in (R [J { —oo})* is 
the relation (n,, . . ., a n ) ^ ((',, . . ., b„) if «,• ^ b, Vi. The set 
(R y (— oo })* equipped with such an ordering relation is a complete 
structure concordant with the metrics o,, xp and pun-', with a © b =- 
max (a, b). 
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The natural metrics for the semi-ring -A — (/? U {oo})'“ are p axp 

and Ptan _| * 

n 

Pexp ( a t b) = S Pexp ( a jt bj), 

j=i 

Pe%p (aj, bj) = exp (— min {flj, bj}) — exp ( — max {a Jt bj}). 

The metrics p* xp and pi a n-> ensure that the corresponding metric 
spaces are precompact, that is, that there exists a finite e-mesh on 
any bounded subset. Indeed, on the set .1/ = {.r: po Xp (z, 3) ^ a} 
there exists a finite e-mesh with respect to the metric pe xp : -V = 
[a/'e] -f- 1, <f N = 0 = — oo, dx = In (a — Ke), 0 ^ K < X. On 
set R U {±oo}, the e-mesh with respect to metric p tan -> is the set 
of points {g£}i\ with A' = [n/e] -f 1, go = 3 = — g\ = 
tan {—Till — Ae), 0 ^ A < N, g% = J = oo. 

Clearly, Axioms (1), (2), and (4) are satisfied for the above-men¬ 
tioned metrics. Let us now verify the triangle property (3) for metric 
p exp and ptan-i- It is sufficient to consider only the one-dimensional 
case, since the verification of (3) for a multidimensional case can be 
reduced to one-dimensional verification. In one dimension we have 

p (a, b) + p (b , c) = p (a, c) if b £ [a, c], 

p ( b , c) ^ p (a, c) if b ^ a, 

p (a, b) ^ p (a, c) if b ^ c, 

whereby (3) is sure to be true in all cases. 

For sets that are simultaneously structures and topological spaces 
we can define the ordering relation > as follows: a > b if a f 
int {c: c ^ b}. Clearly, here the ordering relation > obeys the 
transitivity law: if a > b and b > c, then a > c. In the discussions 
below we will assume that 1 > 0 and that for every a and c such 
that a > c there exists a b: a > b > c. 

We start by giving a formal definition of a space with values in 
a semi-ring without employing the concept of idempotencv. In 
Section 1.1.3 we introduce the concept of an idempotent measure, 
which will enable us to give a complete description of the functions 
belonging to this space. 

We denote by C 0 the set of continuous A-valued functions on a 
locally compact space X that are nonzero only inside certain com¬ 
pact metric spaces K cz X. 

On set C 0 we consider the structure .4, which is a semi-module with 
respect to the operations (cp © 4') (x) = <P (x) © 4 ( x ) and (a © cp) X 
(x) = a © cp (x) with a zero cp ( x) = 0, an identity cp (x) — I. 
and an ordering relation cp ^ t|3 =► <P (x) ^ 4 ( x) Vx £ X. We 
equip the ordered semi-module C 0 (X) with a uniform structure de- 
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fined by the deviation 

P (<P. 9) = sup P (9 (*). 9 ( x )) 

xiX 

with respect to wliich the serai-module is Lopological and possesses 
uniform convergence cp„ -*9 if p (cp„, tp) j 0 . We will say that a 
function 9 (x) is semi-continuous below if the condition a < 9 (x 0 ) 
at point x 0 implies the existence of a (compact) neighborhood F c X 
of this point in which (neighborhood) a < 9 (x) Vi( K. For the 
product cp © ip of functions (p and 9 we take the pointwise product 
(9 © 9) ( x ) — 9 ( x ) 0 9 ( x )- Here are some definitions of the scalar 
product. 

Example G. Let us consider the space with values in a semi-ring 
generated by the operations (inf, +). The scalar product in such 
a space has the form (<p, 9 ) = inf (9 ( x ) + 9 (x)). 

An example of a sequence converging to the delta function is 

6 n (x — |) = n (x — £) 2 . Indeed, lim inf (n (x — %) 2 + cp (x)) = 

n—*■ oo x 

9 (£)• 

Example 7. Let us consider the space with values in a semi-ring 
generated by the operations (su{JJ +). The scalar product in such 
a space has the form ( 9 , 9 ) = SU P (9 ( x ) + 9 (x)). 

X 

An example of a sequence converging to the delta function is 

6 „ (x — l) = —n (x — l) 2 . Indeed, lim sup (—n (x — £) 2 + 

71-vcc X 

9 (*)) = 9 (!)• 

Example 8. Let us consider the semi-ring A = R + generated by 
the operations (min, max). In the space of functions with values 
in this semi-ring the scalar product has the form (cp, 9 ) = 
min max (q) (x), 9 (*))• 

X 

An example of a sequence converging to the delta function is 
6 n (x — |) = n (x — |) 2 . Indeed, lim inf ((x — £) 2 n, 9 (x)) = 

n-*-oo x 

9 (|). Since 9 (x) ^ 0, at x = £ we have max (n (x — |) 2 , 9 (x)) = 
9 (I)- 

Example 9. Let us consider the space of functions with values in 
the semi-ring A — R+ generated by the operations (max, min). 
The scalar product has the form ( 9 , 9 ) = max min (9 (x), 9 (x)). 

X 

An example of a sequence converging to the delta function is 
6 n = M\n (x — l) 2 ). Indeed, 

lim max {min (1 l\n (x— £) 2 ], 9 (x))} = 9 (£). 

T1 -* QO X 

Since 9 (x) ^ 0, at x = £ we have 

min (l/[n (x — £) 2 ], 9 (x)) = min (0, 9 {%)) = 9 (l). 
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Example 10. In the space with values in the semi-ring generated 
by the operation (max, x) the scalar product has the form (q>, \p) = 
max {<p (x), if ( x )}. 

An example of a sequence converging to the delta function is 
8„ (x — |) = exp {—n (x — i) 2 }. Indeed, 

limmax {exp { — n (x— £) 2 }, <p(z)} = tp(g), 

7WOO x 

since 

(0 if x=^\, 

ii™ exp { n ( x -) 2 ) = {f if x=i . 

We will now consider the endomorphisms G of the semi-module 
C 0 (X ), that is, the mappings G of C 0 ( X ) into itself that satisfy 
the condition G (a © tp © b © if) = a © G (q>) © b © G (if) for all 
<p, if £ C 0 (X), with a, b £ A, and that are continuous with respect 
to uniform convergence, (p n —*-tp =$- G (<p„) ->-G (tp). In what follows 
we call these endomorphisms operators. 

The conjugate of the operator G with respect to the scalar product 
defined above, (-, •), is the operator G* that satisfies the condition 
(Gcp, if) = (cp, G*if), with cp, if £ C 0 (X). The conjugate operator 
has values that are functions (generalized, generally speaking) and 
can be defined on any generalized function as a conjugate endomor¬ 
phism of A, which is a semi-module of the generalized functions, with 
the endomorphism continuous in the topology of weak convergence 
of these functions. 

1.1.3 Semi-group Additivity of Idempolent Measures 

Here we will show how one can construct an integral if the ad¬ 
dition operation is idempotent while the measure is not continuous at zero. 
The central role in such a construction is played by the property of semi-contin¬ 
uity of the functions being integrated. 

The set functions considered in this section are similar to measures, 
that is, are of fixed sign and additive. To give a simple hut interest¬ 
ing example, we equip the set A = R (J {—oo} with the natural 
ordering relation > and the semi-group operations a 0 b = 
max {a, 6} and a-b = a + b. For the neutral elements of addition 
® and multiplication © we take the elements 0 = —oo and 1=0, 
respectively. Then all real values prove to be nonnegative and the 
functions bounded above prove to be bounded and nonnegative in 
the sense of the structure of semi-ring A. 

The set function 

m (B) = sup f {x), f£C(R n ), / < M < oo, (1.1.3.1) 

xtB 

with B £ 5$ (R n ) a Borel cr-algebra on R n , is defined for every 
function /: R 71 —>-R and is a monotonic nonnegative countably 


3-0105 



34 


S. M. Aldoshin et at. 


additive set function: 

m( (J B,)~ sup 1 (x) = sup (sup / (x)) == ffi m (B t ). (1.1.3.2) 

i=l x£L i xtB i 1 

If / (x) is nonpositive in the ordinary sense, then m: ‘jS (/?'■) -»■ 
(J, il]. The idempotency of measure m lies in the fact that m (B) = 
m ( B ) © m (B). 

Note that the 0 -additivity in (1.1.3.2) occurs for intersecting sets 
B j, too. 

In contrast to classical (probability) u-addilive measures, the 
set function (1.1.3.1) is not continuous on empty sets. For example, 
suppose that {#&}“ is a sequence of open balls of radii 1/A: with cen¬ 
ters at the points r h = {1/Ar, 0, 0, . . ., 0). Then, obviously, 

fl B k = 0, but lim m (B h ) = lim sup / (x) = j (0) 0 for every 

1 k-»oo h xihfr 

continuous function / (x). This result contradicts the well-known 
definition of continuity of measure on empty sets. More than that, 
it is qeai' that m (0) depends on the choice of / and the sequence 
converging to an empty set, whereby m (0) cannot have a 
definite value in principle. Roughly, different empty sets exist. This 
is closely related to the specific restrictions on the system of sets S 
on which the idempotent measure is given. The system S must be 
closed with respect to operation (J, the union of sets. This operation 
generates the addition ® of measures and does not lead to the emer¬ 
gence of empty sets; it can be used to continue an idempotent mea¬ 
sure onto the class of sets that is closed with respect to (countable) 
unions. 

In spite of the fact that idempotent measures cannot be subtracted 
(so that operations f] and \ cannot be applied to the elements of S), 
the supply of sets in S should be sufficiently large. In particular, it 
would be desirable to have a system 5 that incorporates all the sets 
(except 0) of a o-algebra $1 generated by an algebra 2. 

For this reason we will assume that either an idempotent measure 
is given on all nonempty sets of the o-algebra 91 or it can be defined 
on 91 in such a manner that the conditions of a-additivity, non¬ 
negativity, and idempotency are met. 

An important feature of an idempotent measure that puls such 
a measure apart from the common one is the existence of various 
c-additive idempotent continuations from algebra 2 to the minimal 
o-algebra 91 generated by 2. Suppose that 2„ and 2 Z) are two algeb¬ 
ras of subsets of B generated by segments with rational and real end 
points, respectively. Roth contain no isolated points and generate 
the same o-algebra .ri (/?). Since ji is irrational, the four functions 
fi (x) (see Figure 1) equal to zero outside the segment with end 
points 3 and \ have corresponding to them the same idempotent 
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measure on algebra 

mf (B) = sup fi (x), B£l> R , 1 sC i sC 4. 

i€B 

At the same time, on the algebra the functions ( B) = 

& 

sup U ( x ), B 6 2 d , are distinct. In particular, m t [it, 4] = a, 

x £B 

mfln, 4] = mf [ji, 4] = b , and mflit, 4) = c. 

On algebra SS(R), all measures tn f (P) = sup fi (x), p g j? (R), 

rc£P 

are distinct. For example, ({n}) = a, m 2 ({ji}) = b, m 3 ({jx}) = 
c, and m i ({it}) = d. 

The restriction of measures m, to algebra 2 R coincides with m R , 
and therefore each measure m; is a continuation of measure m R on 
the 0 -algebra 9& (R). The arbitrariness of the choice of c and d indi¬ 
cates an infinitude of various continuations. 

Suppose that we have chosen a continuation. Our immediate goal 
is to interpret sup (/ ( x ) + cp (x)) as a Lebesgue integral and to for¬ 
mulate the conditions under which the value of the integral does not 
depend on the choice of continuation. Suppose / and (p are two real 
functions on R, with <p measureable and bounded above. By {cpf}* 
we denote the e-mesh on the set of values of cp, and by Q\ and q\ 
the following Borel sets: 

Q\^{x\ <p(x) > cpi}, 

q\ = {x: <pf < cp (x) < cpf -f e}, 

Q\ =d q\. The sets Q\ and q\ cover the entire set of values of map cp, 
whereby 

/ = sup (/(x) + <p (x)) = sup (sup (/ + <p)) = sup (sup (/+<p)). 

* 'Q® * Of 

l 1 


Allowing for the fact that for the function tp the two-sided bound 
cpi ^ (p (x) < <pf + e is valid on q*[, we get 

sup ((pf 4- sup /) ^sup («p6 -j- sup /) / 

1 «f * of 

<sup (<pf 4- e + sup /)<sup(cpf+e+sup /). 
’ if ’ of 

Thus, 

sup (<pf + sup/)</<sup (cp| 4- sup /) 4- E, 

' q z . * 

l l 

sup (q* 4- sup /) ^/^sup (sup / 4- <Pf) + e. 

* of 1 of 


3 * 
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This implies that 



= lim sup (q>® + sup /). 

oin 1 


Employing the operations 0 and 0 defined earlier, we can write 
the above result in the form of a sum: 


I (if) - sup (/ (x) + <p (*)) = lim 0 (q?' © m (<?p) 

xtR n elO i=l 

=o © 

= lim © (<pf © m(q e .))= f q>(x) © m(dx), (1.1.3.3) 

e 1 0 i=l J n 

where m ( B) = sup / (,r). The right-hand side of this equation 

*£fl 

can be called an idempotent integral, since it possesses the following 
property: I ((f) (B I (q>) = / (cp). 

For each continuation to a cr-additive idempotent set function 
m we can define a procedure for the integration of measurable func¬ 
tions according to the scheme suggested above; in its main features 
this scheme coincides with the definition of a Lebesgue integral. 

The integral of a simple bounded-above function cp ( x) that assumes 
values <p f on the sets q, is equal to 
© 

^ <p(x) © m(dx) -= 0 (cpj © m(q i )). (1.1.3.4) 

Definition (1.1.3.4) allows the following important modification. 
Using the line of reasoning similar to the one employed in deriving 
Eq. (1.1.3.3), we can wrile 

0 (<fi © m (?/))= © (<pj © m (<?,)), (1.1.3.5) 

1 1 

where Qi — U <Jj< J (0 ~ <f>; 5 s cp f }. Indeed, q, = (>j, whereby 

m (Qi) ^ m (q t ) and the right-hand side of (1.1.3.5) is at least no 
sma ler than the left-hand side. 

On the oilier hand, employing the o-additivily of the idempotent 
measure rn, we can represent m ((? ; ) in the form of a sum: 

m (Qi) - © m (qi)- 


0 (<Pf © m ( Qi )) ---= 0 (<Pi © ( © m (?.')) 

1 i=l jcJ(i) 

<0 ( © (if; © m(q,))). 

i-l 


Hence, 
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The repetition of terms does not change the idempotent sum ©. 
This implies that the left-hand side of (1.1.3.5) is no smaller than the 
right-hand side. We have proved the validity of Eq. (1.1.3.5). 

Let us define an idempotent Lebesgue integral for a measurable 
function <p bounded above and a function / (also bounded above) with 
which measure m is associated. For such an integral it is natural to 
take the limit of a sequence of idempotent integrals of a bounded 
sequence of simple functions converging to cp: 

«. © 

/ (tp) = Iim © (<p* 0 m (<?«)) = f cp (x) © m (dx). 

CIO 1 

R n 

The existence of the limit follows from the separability and local 
compactness of set R n and also from the boundedness and monoto- 
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nicity of the sequence of integrals of the simple functions for in¬ 
creasing sequences of e-meshes. These properties of R n and the se¬ 
quence 7 e (cp) will be used later in constructing a Lebesgue integral 
with values in a partially ordered space. 

Let us now return to the question of the possibility of distinct 
continuation of an idempotent measure. Figure 1.1 shows that the 
measures ( x) with the same restrictions to algebra S R correspond 
to functions with a common upper bound (x) semi-continuous 
above 

U ( x ) = inf (*): T (x) > U (*), 4 (*) € C ( R )} 

>/,• (a), f = 1, 2, 3, 4. 

Simple examples show that sup (/, (x) -f cp (x)) = sup (j 1 (x) + 

X 

<P (x)), 1 ^ i ^ 4, for every function cp semi-continuous below. 

Let us now consider two functions, cp x and cp 2 . For cp! (x) we have 
sup (/,■ ( x) + cp x (x)) = max (a + a, |3 -|- b), i = 1, 2, 3, 4, and 

X 

<Pi ( x ) is semi-continuous below. At the same time, for the function 
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(fj (x), which is semi-continuous above, we have 
sup (/, + (pj) = P + a, 
sup (/ 2 4 + <ti) = max (a + a, P + b), 
sup (f 3 -f (f 2 ) = max (a + a, p -j- c), 
sup (/ 5 + <p 2 ) = max (a + c, p + b), 
sup (/ 5 + cp 2 ) = p + b. 

The natural generalization of the above reasoning is summed 
up in the following 

Theorem 1.3.1 Suppose j and 9 are two real junctions on R n , 
with 9 semi-continuous below. Suppose also that the junction 

(cl /) (x) = inf ft (x): if >/, if 6 C (/?")} (1.1.3.6 

is semi-continuous above. Then 

sup (/ (z) + <p (x)) = sup ((cl /) (x) -f q> (x)). ( 1 . 1 .3.7) 

X X 

Operation cl is known as the closure. 

Prooj. We note first that cl / ^ / and that for every e > 0 and an 
arbitrarily small open neighborhood U x of a point x there is a point y 
such that (cl /) (x) — j (y) ^ e. True, since otherwise (cl f) (x) — 
j (y) > e for all y £ U x , with the result that there exists a nontrivial 
nonnegative continuous function x ( x ) with a support belonging 
to U x and such that / (x) ^ (cl /) (x) — ex (x) < (cl /) (x) at points 
where x (*) =r= 0. The existence of such a function contradicts the 
definition ( 1 . 1 .3.6). 

Let us prove the validity of (1.1.3.7). Since cl / ^ /, it is clear 
that the right-hand side of (1.1.3.7) is no smaller than the left-hand 
side. Suppose that 6 = sup (/ -j- <p) < sup (cl / + 9) = E = 0 —a, 
with cr > 0 . According to the delinition of an upper bound for an 
arbitrarily small positive e there is always a point x E such that 
(cl /) (x e ) + 9 (x e ) >E — e = 0 -fo — e. Since 9 (x) is semi- 
continuous below, the set U t = {x: 9 (x) > 9 (x e ) — e} is open 
and contains the point x e , that is, U e constitutes an open neigh¬ 
borhood of point x c . In view of the remark made in the proof of the 
theorem, on set (J e there exists a point y such that (cl /) (x e ) — 
/ (;/) < e, whereby j (y) — 9 (y) > (cl /) (x E ) -r 9 (^e) — 2e > 0 + 
o — 3e. 

Selecting now e smaller than 3a, we arrive at a contradiction with 
the delinition 0 - sup (/ + 9 ). which implies that 0 = E. The 

X 

proof of the theorem is complete. 

Reasoning along the same lines, we can also prove that 

inf (/ (j) + q (x)) - inf «cl* 9 ) (x) + / (x)), 


(1.1.3.8) 
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where / is a semi-continuous-above function, and cl* stands for the 
lower closure 

(cl* <p) (x) = sup {ip (x): i|> < cp, (ft")}. (1.1.3.9) 

For every semi-continuous-above function i]> we have 
(cl » cl* t) ( x ) ^ t i x )i 

while for every semi-continuous-below function r| we have cl* ° 
cl i"| ^ r). Whence sup (if + cl* o cl r)'') ^ sup (r)' -J- cl i]") and 

X X 

inf (cl o cl* i|)' + t ) > inf (cl* i|>' + t )• Combining this with 
(1.1.3.7) and (1.1.3.8), we get 

sup (V -f 1 ]") = sup (ll' + cl* ° cl n") = sup (T|' + cl 1 l"), 

XX X 

(1.1.3.10) 

inf (t' + t") = inf (cl « cl* ip' + t") = inf (cl* t' + t")- 

XX X 

For the domain of functions / and cp we can take any normal to¬ 
pological space, since such a space allows for the existence of non¬ 
trivial continuous real functions whose support lies within an open 
neighborhood of any given point. This is the only topological prop- 
ertv of the domain of functions employed in the proof of (1.1.3.7)- 

(1.1.3.10) . 

In what follows we describe the procedure of constructing the 
maximal cr-additive idempotent continuation of a measure from algeb¬ 
ra 2! to the 0 -algebra generated by 2 and prove the following 

Theorem 1.1.3.2 Let f (x ): ft" ->-ft be a real junction bounded 
above, 2 an algebra generating the a-algebra 38 (ft"), and m (ft) = 
sup / ( x ), ft f 2. Then there exists a maximal a-additive idempotent 

x£B 

continuation m* of measure m from 2 to the a-algebra 3) (ft"), with 
m* (P) = sup (cl /) ( x ), p 6 38 (ft"). 

xtn 

Theorems 1.1.3.1 and 1.1.3.2 show that if / is a bounded real 
function and cp is a bounded semi-continuous-below function, then 
the upper bound sup (/ + <p) can be interpreted as the idempotent 

X 

Lebesgue integral 

/ (cp) = f <p (x)Qm(dx), (1.1.3.11) 

r" 

where m is any a-additive idempotent continuation of measure 
in (ft) = sup / (x), ft £ 2, with the measure given on any algebra 2 

xVS 

generating the o-algebra 38 (ft"). Here the right-hand side of 

(1.1.3.11) does not depend on the choice of continuation. 
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Tims, the property of semi-continuity (below) of an integrable 
function compensates for the absence of continuity of an idempotent 
measure on empty sets and the related existence of distinct continu¬ 
ations of the measure. In this sense the semi-continuity of functions 
is dual to the continuity of measures on empty sets. 

Let us now answer a question that emerges when one considers the 
integral I (cp), namely, for what functions cp is the integral I (cp) 
independent of the way one continues the measure from algebra 2 
when the topology of the domain of cp is not known (and hence the 
continuity of cp is not defined)? Below we show that such functions 
must possess the following property: 

{x: cp (x) >c} €G, (1.1.3.12) 

where G is the class of sets generated by countable unions of sets 
belonging to 2. By analogy with the definition of functions semi- 
continuous below, we will call such functions semi-measurable below. 

We will now consider several examples showing that the choice of 
measure and algebra 2 essentially determines the complexity of the 
numerical estimate of the upper bound. 

If / and cp are two real continuous-below bounded-above functions 
on R n , then / = sup (/ -f cp) can be represented in the form of two 

X 

distinct idempotent integrals: 

® © 

I = ^ / (x) © m,, (dx) = j <P (x) © riij {dx), 

where m. ( B) = sup cp (x), and m, ( B ) = sup / (x). This implies 

B B 

the possibility of various algorithms for estimating sup (/ + cp). 

n 

In one case to estimate the integral one must calculate sup (x) on 

Q\ 

the sets Q) — {x: / (x) > d *}, where (d'} is an e-mesh on the set 
of values of map /, and then estimate sup by sums ©: / ~ ®(d' © 

7 

m <p (<?*))• I" the other I ~ © (g\ © m f (D\)), where D * - 

i 

{x: cp (x) > gj), and {gj} is an e-mesh on the set of values of map cp. 

The difference between these two methods of estimation proves 
to be important when one of the functions, say cp, is simple (see below) 
and assumes a finite number of values; the use of such a function as 
the integrand makes the second estimate exact for all e sufficiently 
small and, hence, simplifies estimation of the integral. 

It is important to note at this stage that computers are unable in 
principle to carry out an exact calculation of sup cp (x) on an arbitrary 
set provided by the cr-algebra '?(. Kven if cp is monotonic, sup cp (x) 
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can be calculated only on segments with rational end points, that is, 
on sets provided by a subalgebra of 2 R . Theorem 1.1.3.2 shows that 
the estimates of sup (/ + cp) obtained numerically by the Lebesgue 
method will converge to the value of sup (/ + (p) if <p (x) is semi- 
continuous (semi-measurable) below. 

The problem concerning the lack of dependence of the integral on 
the method of continuation of measure from algebra 2 B to a-algebra 
SI becomes especially important when the variable of integration 
assumes values in an infinitely dimensional space and the values 
of the measure can be given constructively only on 2. Let us show 
that different algorithms of the estimation of the integral correspond 
to different variants of the algebra that generates the a-algebra SI. 

t 

Suppose that Q = {x T : [0, t] ->-/?, x 0 = 0, | | x z |' 2 dx < oo}, 

o 

and the algebra 2 = 2 C consists of so-called cylinder sets 


S = S(&, .... E*|B*) = {x T : «x Tf !•>.<* t , 

(1.1.3.13), 

i 

where B h cz .%(R k ), x T £Q, S?£C[0, f], and (x T , E t > =* j dx. 

0 

t 

Suppose also that m(S)-~- —sup|— j |x t |drj is the measure on 

o 

2 C . Here is a method for estimating its values. Space Q can be 
represented in the form of the direct sum of the finite-dimension- 

, . h , 

al space X h — X(t x , ..., E^)={x^: x, = x 0 = Of and its 

j=i 1 

orthogonal complement Xt- Clearly, if x x £S k and y x £X h , then 
+ f° r every y^Xi. On the other hand, 

f f 

j \y x + x r \ 2 dx = j (lx,! 2 -)- |i/ T | 2 ) fZx. 

oo o 

Whence, the upper bound on S coincides with the upper bound on 
a subset of the finite-dimensional space X h : 


m (S) — inf f \x x (\)\ 2 dx. 
xA\)£S J 

1 h 0 


(1.1.3.14) 


Calculation of the lower bound of (1.1.3.14) on subsets of 2 C 
constitutes a quadratic-programming problem. Thus, the estimate 
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of measure m (S), S £ 2 C , can be obtained numerically. In addition 
to the algebra X c of cylinder sets, let us introduce an algebra 
generated by sets of the type 


S— S(ty , ..•. — {* t : (Zfj. • • •) Xf k ) £ Bit)’ 

0<f,< ...<t h <t. 

Determining the measure m (S) on sets of this type can be reduced to 
a simpler quadratic-programming problem, whose solution does not 

i 

require scalar products of the type (|", E|) = ^ dr: 

0 

1 

m(S) = inf ( inf f |i, pcfrj 

(*,. x l< ) ^ B h ^ x T :x tj= x j q J 

xo=0 


(V 


I’ 


h- 1 

inf 2 l^/+i — x i\ 2 l(tj+i — tj), i 0 = 0. 
•V £B A ;=0 

(1.1.3.15) 


The right-hand side of (1.1.3.15) is the lower bound of a quadratic 
function given in the form of an analytical expression. Convergence 
of the estimate algorithms for idempotent integrals by virtue of 
measure values on the algebras 2 C and 2 M is a corollary of analogs 
of the Lebesgue theorem on the passage to the limit under the inte¬ 
gral sign. 

To describe the weak convergence of operators, we topologize the 
set of semi-continuous-below functions. Let A be a partially ordered 
metric semi-ring. To ensure the continuity of the .T-valued scalar 
product (/, (f) — sup (/ (x) -- q (x)). we match the topology on the 

X; X 

set of semi-continuous-below functions with the topology on semi¬ 
ring A. For the topologies of this type we take the topologies gen¬ 
erated by various metrics p on A 

> (([,. <(.<) — sup p (q ( (x), (f,(x)), (1.1.3.16) 


say 

(Mi- (f>) - sup | tan -1 (max {q, (x), q,(a)}) 

— tan- , (min{q,(.r), (| 2 (.r);)|. 

The set of functions semi-continuous-below (above) is complete in 
the nommifoiin-convergence topology, and the continuous map of 
a function semi-continuous-below (above) is also semi-continuous- 
below (above). These fads can be employed to prove that the space 
of semi-continuous-below functions in metrics r„ p and r tan -i is 
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dense. Suppose that {<Pn}“ and {<Pn}? are sequencies of semi-contin- 
uous-below functions; these sequences are assumed to be Cauchy 
sequences in the metrics r exp and r Un -i, respectively. Then the 
sequences {exp {(pj, (x)}} and {tan -1 {tp^ (x)}} also consist of func¬ 
tions that are semi-continuous-below, with 

|exp {(pi (x)} - exp {q4 (x)}| <r ejtp (q>;, cp' m ), 

| tan -1 {(pi (x)} - tan" 1 {q& (x)}| <r tan -i (q>i, q&). 

Thus, the sequences {exp {(pi (x)}} and tan -1 {(pi (x)} are also 
Cauchy sequences in the uniform-convergence metric and their limits, 

<Pe*p ( x ) = lim {exp {(pi (x)}} and (p tan -i (x) 

n-*- oo 

= lim{tan-‘{cpi(x)}}, 

n-*-oo 

are semi-continuous below. The inverse functions In ((p exp (x)) and 
tan (<pt a n_, (x)) are semi-continuous below, too. This implies that 
the considered metric spaces of functions continuous below are com¬ 
plete. 

The metrics r exp and r tan -i examined here possess three important 
properties: 

(a) Uniformity with respect to semi-group operations on a semi¬ 
ring: if R ( a n , b n ) ->-0 as n ->-oo, then R ( a n () d, b n 0 d) tends 
to 0 as n — ► oo uniformly with respect to d £ is for every bounded set 
2 ), where R is one of the metrics, and£> is one of the semi-group oper¬ 
ations, that is, © or © or max or min. 

(b) The minimax properly: 

R (( a () b), (c <0 d)) ^ max {R (a, c), R (6, d)}, 

where R is one of the metrics, and<) is one of the three semi-group 
operations 0 or max or min. This property implies the minimax 
inequality 

R (sup {a,}, sup {6j))c^inf sup R (a h b t ) 

it I iiJ itl jtJ 

for all sets I and J. 

(c) Monotonicity: if a ^ b ^ c, then 

max {p (a, b), p (6, c)} ^ p (a, c). 

The conditions sufficient for the continuity of /1-valued functional 
are formulated in the following 

Theorem 1.1.3.3 If a metric r on the set of A-valued functions 
q>: X -*■ A is related to a metric of the semi-ring A through (1.1.3.16) 
and possesses the property of uniformity and the minimax property , 
then the A-valued linear functional on a metric space of A-valued func- 
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tions that actt, according to the rule (/, cp) — sup (/ Q cp ( x )) con ~ 

x 

tinuous in the metric of A for every bounded function f. 

Proof. Suppose we have defined the limit of r (/, cp n ) as n —► oo 
and suppose that / is a bounded function: r (/, 0) < oo. Then, by 
virtue of the properties mentioned in the hypothesis, we get 

Pn=P ((/, <Pn), (/, <P)) = P (S»P (<Fn 0 /) (*), Slip (tp <> /) (l)) 

X X 

< sup (p (rp„ 0 /) (x), (cp 0 /) (x)) 

= r ((cp„ 0 /), (cp 0 /)) = r„, 

which implies that p„ tends to zero (together with r„) as n —>- 00 . 
The proof is complete. 

Now let X ( h ), /i £ [0, 1], be a family of continuous operators 
acting in a metric space of 4-valued functions, while X* (h) is a 
family of conjugate operators defined via the /1-valued scalar product 

sup (X (h) f (x) 0 <P (x)) = sup (/ ( x) 0 X* (h) cp (x)). 

xe.X x£X 

If X* (h) is continuous in h in metric r, there exists a limit lim X*(h) 

0 —► 0 

X cp ( x ) - (<5C*cp) (x) that defines an /1-valued continuous linear 
functional f* 

(/*, cp) = sup (/ 0 £*cp). 

A 

In particular, it 0 = ©, then, in accordance with Theorem 1.1.3.3, 
the weak limit /* coincides, to within an isomorphism, with the 
equivalence class of functions with the same closure and can be 
determined uniquely by its values on the set of semi-continuous- 
below functions that assume the values —00 = J and 0 = 5. If 
X R“. then for the subset of the main space that weakly separates 
the sot of continuous 4-valued functionals we can use the nonnegative 
functions from C“(/?"). 

We now wish to prove the theorem on weak separability with 
respect to the scalar product (/, cp) sup (/ (x) + ip (.r)). Suppose 

v 

that li is an arbitrary set of functions cp: X We call P „ /(.r) = 

inf ((/, ([*) + cp (x)), with cp* (x) -- — cp (x), the projection of 

function /: .Y It with respect to B. We then have 

Theorem l.l.-'l.'i (/,, cp) = (/ 2 , q) V i| £B il and only if P D fi~ 

/'«/*• 

Proof. Let us see whether (P „j . i|) (/. cp) Vq 6 B. Clearly, 

P„f x: / and (/'„/, <p) ^ (/, <p)- On the other hand. {P„f, tf) ^ 
sup ((/. C|) C| (./) cp (x)) -- (/, cp). Whence, (P„f, (|) - (/, cp). 
x 

Sufficiency lias been proved. 
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Necessity will be proved by contradiction. Suppose that P B h 
P B f 2 . Then there exists a point x c , c > 0, such that P B f 2 (x c ) ^ 
P B f 2 ( x c ) + c. By the definition of P B , for every positive e there 
exists a function ip = ip e c 6 B such that P B f 2 (x c ) + e > (/ 2 , ip*)-f- 
tjj (x c ). Whence, (/, ip*) + ip (x c ) > P B U (x c ) > P B / 2 ( x c ) + c > 
(/ 2 . ^*) + $ (x c ) + c — E. 

This implies that (f L , ip*) ^ (/ 2 , ip*) + c — e, which contradicts 
the hypothesis for e < c. From this we conclude that P B f , = P B f 2 . 
The proof of the theorem is complete. 

Now we wish to formulate a theorem on the weak upper bound on 
a sequence of linear idempotent functionals. Let X be a locally com¬ 
pact topological space. C 0 ( X) a set of continuous real functions on 
X with a compact support, and {/„}” a sequence of functions on X 
with values on the extended real axis R Q {±°°}. By C B (X) we 
denote the set of all semi-continuous-below real functions on X with 
values in if (J {±°o}. 

For the upper envelope <t> B (x) of the sequence {/ n }” with respect 
to set B we take the lower bound of the set of all the semi-continuous- 
above functions that are no smaller than all the functions of the 
sequence { P B f n (a:)}” starting from a certain function: 

<D fl , n (z) = inf{a>(z): <5 (D^P*/* (1) V/c>n, ®£C B }, 

(1.1.3.17) 

<t> B (x) = inf <t B , n (x) = lim O n (x). 


Remark] 1.1.3.1 Since cj) B n | <J) B as rcoo and since the <t) B n 
are semi-continuous above, the function <t> B is semi-continuous above, 
too. 

Before we go over to the main theorem on weak convergence, 
let us consider an example that illustrates the essence of this 
theorem. 

Let X = [0, 1] and f n (x) = a ( x) cos nx, where a (x) is a con¬ 
tinuous bound function. Then <t> B (x) = | a (x) | and there exists 
a weak limit lim ( f n , <p) = (<D B , <p), that is, | a (x) | is the weak 

71-+00 

limit of the sequence of functions /„ ( x ) = a (x) cos nx with respect 
to the sup-sum scalar product. 

Indeed, clearly <P B (x) > I /„ (x) | > ) n {x), whereby 

lim (/„, q>). (1.1.3.18) 

n-> oo 

Suppose now that s > 0 and that x c £ 10, 1] is a point at which 
(<t> B , cp)< O s (x e ) + <p (x E ) + e. For a function (p (x) that is semi- 
continuous below, the set M e = {x: <p (x) > cp (x E ) — e } is open 
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and contains point x t . Where there are sufficiently large values of n, 
the set M t also contains the point y t that is no farther from point x t 
than by 2 nin and at which cos ( ny t ) = sgn a ( y t ) and j n (y t ) = 
I a (ye) I = O g ( y e )■ Since a (x) is a continuous function, the set 

jV e = {x: <t> B (*) < ® b (ye) + e) 

is open and contains point y t as well as point x t for all sufficiently 
large values of n. 

Thus, x t , y c £ A7 e f| t\ t and 

(in, <p) >in (ye) + <Pn (f/e) 

> (Xe) + cp (x E ) — 2e > (<t> B , cp) — 3e. 

(1.1.3.19) 

Since e can be as small as desired, (1.1.3.19) yields the lower bound 
lini (in, <p) > (^a. ?)• (1.1.3.20) 

n-*-oo 

Now (1.1.3.18)-(l.1.3.20) imply lim (/„, cp) = (*t> B , cp). In general 

oo 

we have the following 

Theorem 1.1.3.5 For every continuous real junction cp (x) with 
a compact support and every sequence oj real junctions, {/„ (x) 
there exists an upper bound 

lim sup (/„ (x) + cp ( x )) = sup (O s ( x ) -f cp (*)) 

»l-*oo X X 

= (O b , cp), (1.1.3.21) 

where <t> B is the upper envelope (1.1.3.17) oj the sequence {/„}. 

Prooj. In the first place, using the fact that the support of cp is 
compact and that cp and are semi-continuous above, we arrive 

at the following upper bound: lim (/„, cp)^(d> B , cp). Then, 

n~* oo 

employing the fact that <l> B is semi-continuous above and cp is semi- 

continuous below, we arrive at the lower bound: lim (/„, cp) ^ 

TI-+QO 

(d> b , cf) separately for (<t> B , cp) < +oo and for (it> B . cp) = —oo. 
These bounds comprise the assertion of the theorem, while the require¬ 
ments imposed on cp imply, in toto, the continuity of cp. 

The inequalities /„ (x) < <I> B .„ (x) and (/„, cp) < (<D B ,„. cp), 
which follow from the definition of an upper envelope, show that 
the derivation of the upper bound is reduced to checking the ine¬ 
quality lim (<!>„,„, cp) ^ (® n, cp)- Let us verify the assumption that 

II -+<x> 

(<I' Bn , cp) > (C|) fl , cf) + 6, 6 > 0, contradicts the property of semi¬ 
continuity above. 
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Indeed, in this case on the compact set K = supp cp there exists 
a sequence of points {a: ni4 }“ such that 

(Xn.b) + <P (*n,6) > (^B- <P) + 6/2, I n , s 6 K. 

By virtue of the compactness of set K, from the sequence 
we can select a converging subsequence {^n fe .6} -*■})* 6 K as k -*■ oo. 
We denote z n)i6 by y h . Thus, every open neighborhood U of point 
y* contains the points y h , k^k 0 (U, 6), at whicli ® B>n (Hk) + 
cp (yh) > (® B , cp) + 6/2. The subsequence <t> Bi „ is not monotone 
increasing, so that <D B7l (y h ) cp (y k ) > (<t> B , <p) + 6/2 for all 
n ^ n k . By virtue of the fact that cp (y) is semi-continuous above, 
we can always select a k = k a (6) so large that cp (y k ) cp ( y *) + 
6/4, with 

^B.a (yh) + cp (y*) > (&B, cp) + 6/4, k > k 0 (6), 
n s/ n h . 

Since ® B n is semi-continuous above, we obtain ( l J*) > 

lim ® B ,^ (y h ). This implies that ® B , R (</*) + (p ( y*) = 

h-*-oo 

lim <t> Bn ( y *) + cp (y*) ^ (<J) B , cp) -j- 6/4, which contradicts the 

n—►oo 

dehnition of a sup-sum scalar product. Thus, lim (<t> Bn , cp) ^ 

n~* oo 

(<t> B , cp) and 

lim (/„, cp)< (0) B , cp). (1.1.3.22) 

Tl-*-a O 

Suppose that (<t> B , cp) < oo. Then for every positive e there is a 
point i e (X such that 

(^b. f) < ‘I’a ( x t) + <P (*e) + e. (1.1.3.23) 

The set M t = {a:: cp (x) > cp (x) — e} is open and contains point z e . 
Let us assume that, for a fixed positive 6, 

P B fn (if) <<&*(*«)-6 Vy£M t (1.1.3.24) 

for all n’s starting from a definite one. Then the function 

O (*) = {OO, ac 6 X\M„ <t> s (x e ) - 6, X e -1/ G } 6 C B (X) 

is semi-continuous above and d> (x) ^ P B /„ (x) Vx £ X. The 
definition (1.1.3.17) on an upper envelope and the assumption 
(1.1.3.24) lead to a contradiction: 

^b (*e) < $ (*e) = ^b ( x t ) — 6. 

Thus, (1.1.3.24) cannot be valid and for every positive 6 and an 
infinitude of values of n there are points y i: „ £ M t such that 

P B fh (y*,n) > tfl (*e) - 6, y 6 , n £ M,. (1.1.3.25) 
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Combining Theorem 1.1.3.4, inequalities (1.1.3.23) and (1.1.3.25), 
and the definition of fl/ e , we find that there is an infinite number of 
values of n for which 

(/n, <?) = (P B fn, <?) > P B fn (l/d.n) + <P (j U.n) 

> ^B (*e) + <P (*e) — e +6 

> (^a. q>) — 2e — 6. 

Since both e and 6 can be as small as desired, we have 

Inn (/„, <p)>(Db, <P), (1.1.3.26) 

n-*-oo 

and this combined with (1.1.3.22) yields the validity of the theorem. 

The proof for (® fl , <p) = oo is similar. For every positive N there 
is a point x N such that (x A ) + ip (x v ) ^ A r . Just as in the 
previous case, there exists a set M— \x: cp (x) > <p (x A ) — e}. 
This set is open, contains point x A -, and for an infinitude of values of 
n and any positive 6 there are points j/ n>6 such that P B f n (y n ,t) ^ 
© (x v ) — 6. Whence, 

(/n» tp) — (P B f n , <p) fCz f n (l/n,o) "L *P (i/n,fl) 

> © (x A ) + cp (x A ) — e — 8 

> N — e - 6. 

Since e and 6 can be as small as desired and N can be as large, we 
have lim (f n , cp) = oo = (© B , cp). The proof of the theorem is 

n-f-oo 

complete. 

Corollary 7/ the sequence {/ n }“ is weakly convergent with respect 
to the sup-sum scalar product on the set C„ (X) of continuous functions 
with a compact support, its weak limit is the upper envelope (1.1.3.17). 
For stationary sequences this result coincides with the assertion of The¬ 
orem 1.3.4. 

1.1.4 Maximal Continuation of an Idempotent Measure 

In this section wo will prove the constructive theorem on the 
maximal continuation of an idempotent measure. We will show that the differ¬ 
ence between the minimal continuation and the maximal emerges when con¬ 
tinuation on closed sets is considered. 

Lot Q be a set, 2 the algebra of the subsets of this sot, 'JI the 
smallest cr-algebra generated by 2, and p: A an /1-valued 

function of the set. We will assume that A is the partially ordered 
set that is an Abelian semi-group with respect to the associative 
operations © and © with neutral elements 0 and 1 respectively. 
We assume, in addition, that A is a complete structure, with the 
operations sup and inf commutative with the semi-group operations 
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Let us consider an A-valued function of the set, p,: {2\{0}} -*■ 
A, with the following properties: 

(a) nonnegativity and boundedness, or 

0<fi(S)<a, p,(Q) = a6A, 5 6 2; 

(b) additivity, or 

f t (S u S') = n (S) © ft (5'), 5 n S' = 0, 5, S' e 2; 

(c) idempotency, or 

p, (5) © ft (S) = ft ( S). 

By G we denote the class of subsets of Q that are countable unions 

of sets belonging to 2. We define the set function m: G A 

thus: 

m (g) - sup sup m ({] SA , g£G, g = (J S„ (1.1.4.1) 

(S n ) n v 1 ’ 1 

We also wish to define the sets m (a) belonging to 51 that are non¬ 
empty countable intersections of sets belonging to G thus: 

m(a) = inf inf to ( f| g;) . gi£G, a=ng;£5r. (1.1.4.2) 

(£„) n ' 1 ' 1 

Theorem 1.1.4.1 The set function m is bounded, nonnegative, idem- 
potent, and c-additive on 51. 

The idempotent a-additive continuation of m is unique on G and 
maximal on 51 • 

Proof. The boundedness and nonnegativity of m on G and 51 are 
obvious. Let us prove the monotonicity of m on G. Suppose that 
g' zd g. We take two sequences, {SJ,} and {£„}, such that g' = 

U Sn and g= U S„. Then (j Sj zd ( U S'j) fl ( U Si) , and in 

view of the monotonicity of m on 2 for every pair (n , k) we have 

m ( U S-) >m ((y S-) n (u s.)). 

A similar inequality holds true also for the upper bounds in n: 

m (g’)^nn (g' f| ( U ) =m ( (J S t ) . 

Going over to upper bounds in k, we get m (g') ^ m (g). The mono¬ 
tonicity of m on G has been proved. 

We will now prove, in passing, that the values of m (g) are inde¬ 
pendent of the choice of the sequence {5 ; }. True, since if g = U c 


4-0105 
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1)^} = g', %ve have, on the one hand, m ( g ) > rn (g') and, on the 
other, m(g)^m(g’). Whence, in definition (1.1.4.1), the upper 
bound in {S„} will not alter the result. 

The monotonicity of m on 3 can be proved by reasoning along 
similar lines. However, now in definition (1.1.4.2) we cannot discard 
the lower bound in {g n }. Empty sets, which potentially can emerge 
in the passage to the limit of intersections, may transform m (a), 
a 6 SI, into a constant and thus violate the properties of mono¬ 
tonicity, additivity, and idempotency. 

For example, suppose that 2 = 2„ (see Section 1.1.3), / (x) = 
{x, x 6 10, 11; 0, x $ [0, 11}, and m ( B) = sup / (x), B 6 2„. If 

xtB 

oo oo 

a = fl g„, gn 6 G, then a = f) gn, where g’ n = g n U (1 — 1 /«, 1) 6 

t l 

G. Without going over to the lower bound in {g n } we could have 
tried to determine the value of m (a) for a 6 9, a $ G, in the follow¬ 
ing manner: m (a) = inf m ( fl gi) . However, 

n ' 1 ' 

m ( n gi) = w (g«) = sup {x: x£ g n U (1— 1/n. 1} = 1 = m(R). 

This example shows the important role played by the lower bound 
inf in the definition (1.1.4.2). 

l£jj) QO oo 

Suppose that a' rD a, a, and a= f) gt and a' = fl g). gi, 

l i 

gj£G. Then n gi => ( n gi) n ( n gj) . and in view of the already 

proven monotonicity of m on G for all finite values of n and k 
we have 

m ( n g;)>m (( (1 gi) fl ( fl gj))>m{a). 

Going over to the lower bound in n and k, we find that m (a) ^ m (a). 

From the idempotency of ni on 2 and the additivity on noninter¬ 
secting sets we conclude that m is additive on all sets belonging to 2. 
Combining this result with the fact that m (g (J g') does not depend 
on the selection of the sequence from 2 that converges t* g (J g', 
we conclude that m is additive on G: 

"i (gug')=s«p ((0 ■$,) u (u g}) )) 

=- sup (m ( U Si) © m ( [) 5}) ) =m(g)®m(g'). 

From the monotonicity of m on and idempotency of addition ® 
it follows that 



1. Design of Computational Media 


51 


m {a [} a) = m {a [\ a) © m (a U «') > m (a) + m (a'). (1.1.4.3) 

Cn the other hand, the definition of m on $ implies the opposite 
inequality 

m(aU a 'X inf inf m ( ( f) ) U ( fl gj) ) 

{«„), is ’ n ) « x ' l ' v i '' 

= m (a) © m (<z'). (1.1.4.4) 

The additivity and idempotency of m on ?l follows from (1.1.4.3) 
and (1.1.4.4). 

We now r note that, on the one hand, for every finite n we have 

m ( U gi) = © m (gi)< © m (g,), 

' i ' l i 


( 00.00 

U while on the other, by virtue of 

i ' l 

the monotonicity of m on SI, we have 

m ( 0 gi)> m ( U 

oo . oo 

whereby m ^ y gij^©m(g ; ). This implies the o-additivity of m 

on G. The o-additivity of m on §1 can be proved in a similar manner. 

Any idempotent 0 -additive continuation of p on G coincides with 
m. Indeed, suppose that w is some other continuation. Then 

w(g)= © w(Si) = © m(Si) = m(g), 2 . 

l i 

Let us demonstrate that any idempotent 0 -additive continuation 
of (i on 21 does not exceed m. Suppose that v is such a continuation. 
By virtue of its idempotency and a-additivity, v coincides with m 
on G. The monotonicity of v implies v {a) ^ v (g) = m ( g) for every 
g zd a, g £ G. There is a similar inequality for inf in g: 

I n ■, °° 

D(a)<infm (1 «i =mW, D gi = a- 

n ' 1 ' 1 

Thus, the continuation of p on ?t constructed here is maximal. The 
proof of the theorem is complete. 

The examples considered above show that in general smaller con¬ 
tinuations are possible. 

The theorem that we now formulate shows that A-valued idem- 
potent measures corresponding to functions semi-continuous above 
coincide with their maximal continuations. 

Theorem 1.1.4.2 Suppose that Q is a topological space, $ = 
SS (Q) is the a -algebra of Borel subsets, and 2 is an algebra that gener- 


4 * 
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ales 38. If f is an A-valued function semi-continuous above , then 
sup / (<o) = m (a), a 6 & , where m is the maximal continuation of the 

(i)€o 

idempotent measure p (S) = sup / (to), S £ Y. 

o>ts 

Proof. Clearly, the restriction m to class G coincides with the con¬ 
tinuation of p on G, since such a continuation is unique (see The¬ 
orem 1.1.4.1). On the a-algebra 38 the measure m is maximal, whereby 

m (a)^sup / (x), a£38. 

a 

Let us assume that there exists a set a £ % such that 3 = in (a) > 
sup / (z) — 0. By virtue of the semi-continuity of / (x) above, 

a 

sup / ( x ) = sup / (x), where a is the closure of set a in the topology Q. 

a a 

Suppose, in addition, that 

def _ 

S = m(a) = inf inf m (g,)^inf m (g t ) = inf sup/(x), 

<*<> * * > Itsi 

90 

where a = f) Si- 

l _ 

Let us consider the set g = {x: f (x) ^3}, where 3^8. By 
virtue of the semi-continuity of / above, set g is closed, whereby 

_ _ _ oo __ 

the sets G; = gi f| g <= g; and their intersection G 0 = f| G, c= a 

1 

are closed and nonempty. Hence, 

3^sup/(x)^sup/(x) = 0, 

*eCo x€a 

which implies that 0 = 3. The proof of the theorem is complete. 
The assertion of this theorem also constitutes the assertion of The¬ 
orem 1.1.3.2 as a particular case. 

1.1.5 Idempotent Integration of Measurable 
and Scini-incasurable Functions 

We will prove the theorem that the integral of a function that is 
semi-measurable below is independent of the choice of the continuation of the 
idempotent measure. Thus, the fact that the function is semi-measurable below 
compensates for the absence of continuity of the measure at zero. 

Let Y be an algebra of the subsets of Q that generales the o-algehra 
f>( and let G be a class closed with respect to a countable union of 
elements from Y. Suppose that A is a partially ordered metric semi¬ 
ring whose metric and partial ordering obey the conditions discussed 
in Section 1.1.2. 

A function /: £2 —*-/l is said to be measurable below if the sets 
1' (a) (to: f (u)^a} and il (a) - (w: / (o))>fl} belong to '?[ 
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for every a f i, and semi-measurable below if Q (a) a G. The 
ordering relation on the semi-ring A is partial, whereby the set 
W (a) = {to: / (to) a} is not a complement of Q (a) and we must 
distinguish between (semi)measurability above and (semi)measur- 
ability below. Naturally, the concept of semi-measurability depends 
on the choice of the algebra 2 that defines class G. However, in what 
follows we speak only of a fixed algebra 2, whereby it becomes 
unnecessary to specify with respect to which class semi-measurability 
is defined. 

Let us give a more precise definition of an e-mesh. A subset {df}“ 
of set SB a A is said to be an e-mesh if for each point d £ 3) there 
exists an element d\ such that 

p(^, d)<e. (1.1.5.1) 

If in addition to (1.1.5.1) we also require that d\ ^ d, the e-mesh 
is said to be upper, while for <% sgC d the e-mesh is said to be lower. 
Note that although an arbitrary e-mesh may be neither an upper 
one nor a lower one, to each e-mesh there corresponds an upper 
e-mesh and a lower 2e-mesh: 

3>Y = sup {&: p dj) ^ e} 
and 

gf e = inf { g : p ( g , d?) < e}. 

Indeed, in view of the triangle property, 

p (x, Sbf) < p (x, d?) + p (d®, 3?) < 2e. 

The function /: Q A is said to be elementary if it assumes the 
value / = const on a set a £ (3 and 0 on its complement. A function / 
equal to no more than the countable sum of elementary functions 

oo 

is said to be simple: / a (to) = © / 1 (ro). 

i 

To define the concept of an A-valued idempotent integral, we will 
employ some properties of the metric and structure of the semi¬ 
ring A. These are formulated below in the form of conditions: 

(1) The matching of metric and structure: if sup a n -+a and 
inf a n -+a as n —*■ oo, then p (a n , a) ->-0, and vice versa. 

(2) The uniformity of metric with respect to semi-group and struc¬ 
ture operations: if p (a n , b n ) ->-0, then p (o n 0 d, b n 0 d) 0 
uniformly for every bound set ££ 3 d, where is © or © or sup or 
inf. 

(3) The minimax condition for the metric 

p (a 0 b, c 0 d) ^ max (p (a, c), p ( b , d)), 
where O stands for © or sup or inf. 
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(4) The monotonicity of the metric: if a ^ b ^ c, then 
p (a, c) ^ max {p (a, b), p (b, c)}. 

An important corollary of condition (3) is the minimax inequality 

. n n . 

p ®«i, © bj ) ^min max p (a it bj). (1.1.5.2) 

'I \ ' i i 

Indeed, induction proves that 

P ( © a /, ©6 J )<max{p(a l , 6„ (1) ), .... p (fl„, &-,(„))}, (1.1.5.3) 

where ji is a permutation of the indices 1, . . ., n. Since (1.1.5.2) 
is valid for every permutation, we select the one for which this 
maximum is minimal and arrive at (1.1. 5. 2). 

The matching and uniformity conditions are met for the metric 
P = Pexp- Let us show that the minimax condition is met for p la n-i 
and for p eip . We start with the case R l U {—oo}. We put a < b 
and c < d. Then 

I p (6, d) for operations sup and ©. 
p (a, c) for operation inf. 

The multidimensional case can he reduced to the one-dimensional, 
since for p esp we have 

clef 

P {a 0 b < c 0 d) = max (p ((a <> 6),-, (c 0 d) t ) 

i 

= max P ( a i 0 b i’ Ci 0 4)- 

i 

Theorem 1.5.1 Suppose that /: Q ->-A is a function with a sepa¬ 
rable set of values. If f is measurable below, then there exists a sequence 
of simple functions that converges to f below. If Q is an A-regular set, 
A is a locally compact space, metric p is minimal, and f is a bounded 
semi-continuous-below function with a compact support, then there exists 
a sequence continuous functions {/„ } converging to f below at every 
point. 

Proof. Suppose that {/'}“ is a lower e-mcsli on the set of values 
of /. By /, (to) we denote an elementary function equal to f\ on the 
set Q- = {(o: / (to) > /j} 6 '?( ami zero on the complement of 
Clearly, // (u) ^ / (co) and fj (o>) © / (i o) — f (co). 

OO 

Let ((d) = ©/, (co) be a simple function. Then 

l 

It (co) < ft (CO) © /, (CO) < © (/, (CO) © / (w)) / (co ). 

»=l 1 
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According to the definition of an e-mesh, for each point co there 
exists a number i = i (co) such that 

e > P (/;. / (<a)) = P (/,■ (w), / (to)) > p (fl (co), / (co)). 

Hence, 

sup p ((/* (to), / (to)) < e, ft (co) < / (co). 

Let us now prove the second part of the theorem. The compactness 
of the support of a bound function / semi-continuous below implies 
the relative compactness of the open sets £2; = {co, /(co)>gf), 
where {g*}^ is the lower e-mesh on the set of values of /, with N = 
N (6) - 

Suppose that {3t, n } is a sequence of compact sets such that 

CM 

3\, n a 3 f, and (J 3 n = £2®. Since it is assumed that £2 consti- 

n=l 

tutes an A-regular space, there are continuous functions / nii (co) ^ g* 
that are equal to gj for co £ 3\ „ and to 0 for co $ 3\ n . Consider 

N 

the function f n (co) = ® f nA (co) | e=n -i. Clearly, /„, f (co) < / (co) 
i 

implies f n (co) ^ / (co). The sum © of a finite number of functions 
continuous with respect to the minimax metric is also continuous, 
whereby f n (co) 6 C (£2). By virtue of the definition of an e-mesh, 

for each point co there exists a point qt, „ (i = i (co) of the e-mesh 

.v 

such that / (co) ^ g\ and p (/ (co), gl) ^ e. Thus, p (/ (co), © 

l 

fn, i (<■>)) ^ e, with the result that p (/ (co), f n (co)) ^ re -1 . The 
proof of the theorem is comp ete. 

The quantity 
© 

j /el (to) 0 m (da) =/ © m (g) 

Q 

is said to be the integral of an A-valued elementary function / c i (co) = 
{/, co 6 g; 0, co ^ g} with respect to an A-valued finite idempotent 
measure m: SI A, while the integral of a simple bound function 

oo 

f s (to) = © / ; , el (to) is the sum 
i 

® 

J / s (co) © m (da) = © (/ ;>el © ™ (g t )). 
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Corollary 1.5.1 If f s and q> 8 are two simple bound functions and 
fs ^ cp 6 , then 


j f s (o>) © m (da) cp e (o)) Q m (da>) 


Lemma 1.5.1 If a sequence of lower e-meshes {/i}“ is given on 
the set of values of a simple bound function / 6 : Q ->■ A, then 


fi © m (g,) = © fi © m (G,) = lim © /' © m (G?), 

l e*0 1 


(1.1.5.4) 


where j s (co) = / f for co£g,, G ( ={(o: / s (u))>/,}= (J g, and G® = 

j: l)>t t 

{co: /„(©)>/?}. 

Proof. The set of values of the simple function f B is discrete, 
whereby each set Gj is a union of the sets G f = {co: / 5 (to) >/,■}, 
or G;= (J Gj zd Gj. Hence 


© (fi © m (G®)) = © (fi © ( 0 m (Gj))) 

1 i=1 j: 

= @m(Gj)Q( © f. i). 

3=1 i: 

which, by virtue of the definition of a lower e-mesh, implies 

p (fj, © /!)<«. 

i: <r i^j 

The minimax condition for the metric leads to a second inequality: 
P(ffi/i ©m(Gj), ©/?©m(G?)) 

l l 

< max p (fj © m(Gj), ( © /?) © m (G,)) -*■ 0 (1.1.5.5) 

; <: t^/j 

as e —»-U, since m (G f ) ^ m (£2) and measure m is finite. The proof 
of the lemma is complete. 

Finally, we define an integral of a bound measurable-below func¬ 
tion /: £2 -+-/1 with a separable range as the limit of a sequence of 
integrals of simple functions converging to / below: 

© © 

f / (o>) © m ((/<d) =- lim f / r (id) © m ( dio ), 

J «-»o 


(1.1.5.6) 
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where / e constitute the sequence of simple functions set up in the proof 
of Theorem 1.1.5.1: 

r (®) =®/?(©), 

1 

/?(») = {/?. 0, 

Q? = {(o: f («)>/}}. 

The existence of a limit in definition (1.1.5.6) is guaranteed by 
the following 

Theorem 1.1.5.2 Let A be a partially ordered semi-ring whose 
metric and structure satisfy conditions (l)-(4) (see p. 30). Then for 
every finite idempotent a-additive measure and for every bound meas- 
urable-below function f: Q — A with a separable range the integral 
(1.1.5.6) is finite. 

Proof. Suppose that {/i}“ and {d?}“ are the lower e- and 6-meshes 
on the set of values of map /. Suppose in addition that f s (to) and 
/* (co) are two simple functions corresponding to the e- and 6-meshes, 
and 7 e = 7 (/|) and 1 6 = / (/*) are the idempotent integrals of the 
simple functions. Our aim is to verify that p (/ e , 7 S ) ->-0ase, 6 -^-0, 
that is, {I t } is a Cauchy sequence when e ->-0. 

Let us consider the integral 7 eiS = 7 e ® I 6 = 7 (/f ©/*), which 
corresponds to the union of the two meshes. Since {/'JUi is the lower 
e-mesh, each point dj belongs to the upper e-neighborhood of a 
point /j. The set of numbers of points of the 6-mesh belonging to 
the upper e-neighborhood of point /i will be denoted by J e (i): d)> 
/i, p (/i, dj) ^ e V / 6 / e ( i ). Interchanging the order of summa¬ 
tion, we get 

/.,*=© (flOm (3)\)) ® (d?©m(3»?)), 
i=l jeJ e (i) 

where = {co: /(w)^/?} and ^* = {co: /(w)>dj}. Since dj^/f 
for all j£J e (i), we have Hence, 

/e,6<©(/i ® d?)©l»(3>?)< © F\ © !»(«'), 

*=1 }£J 6 (i) *=1 

where 7^ = sup{/: />/?, p (/, /?)<e}. 

This result can be used to estimate the distance p (7 Ci 7 c 6 ). The 
minimax property of the metric yields 

P (7 e , 7 e|6 )<p((0 (/• ©m(,2>?)), © (F\ © m (S?))) 

i=l i=l 

<sup{p(/f ®m {&■]), F e iQm(3i)}. 
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Bearing in mind that p (/?, F\) e and m (3)\) ^ m (£}), we con¬ 
clude that p (/,. / £ifl ) —► 0 as e -*0. 

Reasoning along the same lines, we can prove that p (/ 4 , / e>ft ) ->-0 
as 6 -*-0. 

If now we employ the triangle property, we finally get p (/ e , / fl ) sj 
P (^e- /«,.) -f P Jr) -*-0 as e and 6 tend to zero. The proof 
of the theorem is complete. 

The following theorem constitutes the main result of the present 
section. 

Theorem 1.1.5.3 Let m be an arbitrary idempotent o-additive con¬ 
tinuation of finite measure p from algebra 2 to the o-algebra and 
m* the maximal continuation. Then the integrals with respect to m and 
m* of any bounded semi-measurable-below function with a separable 
range of values coincide. 

Proof. Suppose that {/?}* is the upper e-mesh on the set of map / 
and {.F*}", the lower e-mesh: JF* f\, p (f\, ,F\) sF e. By virtue 
of Theorem 1.5.2, the sequences 

/*(/)=© /i © m* {co: /(o))>/f} 
i 

and 

Jt (/) = © .F\ © m* {co: / (co)> jF*} 

i 

© 

are convergent below to the integral J* (/) = / (co) ©m*(dco), 

n 

while the sequences 

h (/) = © fi © m {co: /(co)>/-} 

1 

and 

Jt(1)= © .Fj ©m{co: /(co)>.F?} 

1 

are convergent below to the integral / (/) = ^ / (to) 0 m (dto). 

a 

Since m* is bounded and p is locally uniform with respect to ©, 
the convergence of p (/;, ,f\) —► () as e ->-0 and the minimax prop¬ 
erly of () imply p ( J\ (/), J* e (/)) —>■ 0 as e ->-0, with J[ (!) = 

© .a’) © m* {to: / (co) ^ /i}. 

i 

< loin hi it i ng the definition of the lower e-mesh and the fact that m 
and m* coincide on sets of class G, to which all sets of the type 
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{(o: /((!))>.*•;} with any functions / that are semi-measurable 
below belong, we obtain 

m* {to: /M>/i}<m* {co: / (to) > = m {to: /(co) > ,fi] 

<m{w: f((o)Ps.Fi} 

<m*{w: /(<o)>.F?}. (1.1.5.7) 

If we multiply this chain of inequalities by jFj and integrate the 
result with respect to i, we get J\ (/) ^ J e (/) ^ J% (/). Since 

P (>7*1 «7e) tends to zero as e 0, we conclude that p (/ 6 (/), (/)) — 

0. The proof of the theorem is comp ete. 


1.1.6 Idempolent Measures and Functionals with Values 

in a Semi-ring 

We will prove the theorem of the integral representation of a linear 
continuous -4-valued functional. This theorem can be used to prove the Fubini 
theorem, whose simple corollaries are Duhamel’s integral formulas, which ex¬ 
press the solution to the nonhomogeneous evolution equation in terms of inte¬ 
grals of solutions to homogeneous equations. 

Let us consider the set C£■ (X) of continuous -4-valued functions 
with a compact support on the locally compact -4-normal topological 
space X. Here -4, the normality of space X, by analogy with the 
common normality, means that for every closed set K and open set 
M ZD K there exists a continuous -4-valued function equal to i on K 
and 0 outside iVI. Suppose that m : ( X) ->-/l is a nonnegative 

linear (with respect to the semi-group operations © and ©) A -valued 
functional that is continuous in the following sense: 

p (m (q), m (/)) 

< sup p (C^Q sup (/ (s), cp (*)), C x © inf (/ (x) <p (.z))), 

* £ (35T 

where e/£ is a compact set containing A — supp / and -4 — supp q, 
and is a constant belonging to A and depending on 3T cz X. 

In what follows we will repeatedly use the following 

Lemma 1.1.C.l Let p be a minimax metric. Then no finite number 
of operations ©, sup, and inf leads us outside the classes of continuous 
and semi-continuous-below functions with a compact support. 

Proof. We denote ©, sup, or inf by <>. Suppose that f and cp are 
continuous. If the sequence of x n £ X converges to an x £ X, then 

P (/ (*) 0 <P ( x )< fa (x) 0 cp n (x)) 

< max {p (/ (x), / (*„)), p (q (x), cp (x n ))} -»0 

n 

as n —roo, that is, / <C> q is a continuous function. 
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If / and q are semi-continuous below, there exist sequences of 
continuous functions f n and O n that converge pointwise to / and q 
below. From / S '„ and q > <t> n it follows that 

/00/n0^= Vn, 

P (/ (x) 0 <P (x), 

(x)) < max {p (/ (x), ,F„ (x)), p (q (x), <P n (x))J -* 0 

as n-*■ oo. Since, by virtue of the first part of Lemma 1.1.6.1, 
{*F n } constitutes a sequence of continuous functions. (/ 0 q) (x) 
is semi-continuous below. The proof of the lemma is complete. 

We continue measure m: C* (X) A onto the set <J> A (X) of 
functions that are semi-continuous below: 

m* (/) = sup {m (q), q </, q 6 Cf- (X)}. (1.1.6.1) 

Let us first see whether this continuation is monotonic. 

Lemma 1.1.6.2 If / lt 2 £ <t> A (X) and /, ^ f 2 . then m* (/ 2 ) ^ 
m* (/ 2 ). 

Proof. It is sufficient to verify that if {qjj}"-i constitutes a se¬ 
quence of functions belonging to (X) and convergent to below, 
there exists a sequence {q* }" convergent to / 2 below such that 
qj ^ q’. By Lemma 1.1.6.1 such a sequence can be obtained from 

a sequence {q„}* according to the formula q„ (x) = sup {qj, (x), 

q* (x)} or qj, (x) = q^ (x) 0 q* (x). The proof of the lemma is com¬ 
plete. 

Let us define m* on a set'of arbitrary functions as the upper measure 

m* (¥) = inf {m* (/), f > ¥, / 6 O a (X)}. (1.1.6.2) 

1 

Employing the monotonicity of in* on <t> A (X) and Lemma 1.1.6.1, 
we can easily prove that the upper measure in* is monotonic on the 
set of all functions. 

Lemma 1.1.6.3 If T, < 4 f 2 , then m* (M r ,) < in* (V 2 ). 

Let us say that a partially ordered metric semi-ring A is prccom- 
pacl if on every bounded set if cz A there exists a finite e-mesh 
N — A’ (e), that is, such that Vi 6 y 3tfi: p (x, d^) ^ e. 
Corollary If a locally compact semi ring A is precompact, for every 
bounded function 4 f there exists a function f semi-continuous below 
such that p (m* (T), m* (/)) sj e, / ^ T. 

Indeed, let Ih - {m* (/): / ^ T, / ^ sup ’I r , f t ^ A (AO} be 
a bounded set and (dj)-^ an e-mesh on if. Lei us also assume that 
f\ (x) are semi-conlinuous-below functions belonging to <t> A (X) 
and such that m (/*) = d *. In Ibis case the function /* (x) — 
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inf fi (x) is semi-continuous below, too (see Lemma 1.1.6.1), 

lsgisgN 

/ e ^ ¥, since f\ > Y and p ( m* (/ 8 ), m* (V)) ^ e by the definition 
of an e-mesh. 

The commutativity of the passage to the limit with a linear con¬ 
tinuous functional is ensured by the following 
Theorem 1.1.6.1 If a monotone increasing sequence of functions 'F n 
converges below to a bounded function T, then m* ('F„) f m* (*F): 

lim sup m* (T n ) = m* (lim sup ¥„), 

Proof. Clearly, 

m* (*F) ^ sup m* ('F n ). (1.1.6.3) 

n 

By virtue of the corollary to Lemma 1.1.6.3, for every positive e 
there exists a function f n £ ® A (X) semi-continuous below such 
that < /„, m* (YJ < m* (/„), and p (in* (f n ), m* (/„)) < 
e X 2~ n . Suppose that <p„ (x) = sup (f 1 (x), (x)) £ ® A (X). 

Clearly, cp n+1 > f n+l > ¥„+!, <p n+1 > <p n . Since sup {cp„, / n+1 } < 
<p„ ® /n+i and p (a, b © c) ^ p (a, b) © p (a, c), we have 

p(m*(T n+1 ), w*(<p n+1 )Xp (to* (T„ tl ), m*(cp„)) 

+ p(m* (Y n+1 ), m* (/ n +i)) 

<p(m*(T'„), m*((p n )) + 2- n e< ... 

<p(m* (T 1 ,), m* (<Pi)) + (2-‘ + ... +2-") e<2e. 

Hence, sup <p„ ^ f„ and 

n 

p (m* (W„), m* (<p„)) > p (m* (/„), m* (<p„)) < e. 

(1.1.6.4) 

In view of the concordance of metric and structure and the arbi¬ 
trariness of the choice of e, inequality (1.1.6.4) implies 

sup m* (T'n) m* (sup = m* ('F). 

71 71 

Indeed, if we assume that the opposite is true, that is, if m* (<p) > 
sup m* (*F„), the more so sup m* (<p„) > m* ('F„), and inequality 

n 

(1.1.6.4) cannot be satisfied for an arbitrary (positive) e. If we allow 
for (1.1.6.3), the proof of the theorem is complete. 

Lemma 1.1.6.4 (Fatou’s lemma) Let {/„} be a uniformly bounded 
sequence of A-valued functions. Then 

m* (lim inf /„) ^ lim inf m* (/„). 

Proof. Let us consider the functions $F n (x) = inf {/ m (x), m ^ 
n} ^ fn- These constitute a nondecreasing sequence that converges, 
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by definition, to lim inf f n . By Theorem 1.1.6.1, 

lim sup m* (JF n ) = m* (lim sup .f „) = m* (lim inf /„). 

(1.1.6.5) 

Since JF n ( x) f m (x) for m > n, we have m* (,f „ (z)) 5 C m* (J m ), 
m > n, whereby m* (Jf „ (z)) ^ inf m* <J m ). Combining this with 

m 

(1.1.6.5) yields 

lim inf m* (/„) ^ m* (lim inf /„). 

The proof of the lemma is complete. 

A set a £ A is said to be integrable if the characteristic function 
Xa of a is integrable (i.e. p (0, m* (x a )) < °°) and measurable if 
the characteristic functions ol a [\ K are integrable for every compact 
metric space K. A set a is said to be locally negligible if 

m* (a) = sup m* ( a f| K) = 0, 

k 

where m* (a) = in* ("/a), with A a locally compact topological space. 
Theorem 1.1.6.5 implies that if sets a„ are integrable and m* (a n )^ 

ao 

C, with C a constant, the set a = (J a n is also integrable, % a (x) = 

i 

ao 

© Xa 4 (x), and 

m* ('/.„) -= m* (a) = lim sup m* ( © y -a J 
— m* ^ lim sup 0 x a , ). 

Hence, in* is a a-additive idempotent measure. 

By (A') we denote the a-algebra of Borel sets, that is, the small¬ 
est o-algebra with respect to which all continuous functions are 
measurable. 

Theorem 1.1.6.2 I j if is a bounded function .*? -measurable below 

© 

with a separable range of values, then m* (if) = ^ if (z) © m* (dx), 

V 

where m* (dx) is the upper measure on 9S (A) generated by the linear 
continuous functional in on C o (X), with m* (if) the upper continuation 
of in. 

as 

Proof. Suppose that ip® (z) = © cpf © -/_ (x: if (x) ^ <p?}, where 

{'li)i° is the e-mesh on the set of values of map ip. Then tp„ ^ ip 
and f» (q-J,, i|)€je. Thus, ip'f ip. By virtue of Theorem 1.1.6.1, 
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m* (<Pn) f (<P)> while by virtue of Theorems 1.1.5.1 and 1.1.5.2, 
9 ® (x) © m* (dx) f j' <P (x) © m* (dx)- 

X X 

Since for simple functions 

m* (f) = © /,• © m* (i ) = © /, © m* (a,) 

1 1 

= ] f ( x ) © m * (dx), 
x 

a similar equation holds for the limit as e 0. The proof of the the¬ 
orem is complete. 

Let m x and ra 2 be two linear continuous 4-valued functionals on 
Co (Xj) and Co (X 2 ), respectively, with X x and X 2 two locally com¬ 
pact 4-regular topological spaces, let X = X x X X 2 be the direct 
product of these locally compact spaces, and let C* (X) be the set 
of continuous 4-valued functions on X = X x X X 2 with a compact 
support. It is easy to see that the functions cpj (x x ) = m 2 (cp (x lt •)) 
and <p 2 (* 2 ) = (<P (■, x 2 )) belong to Ci' (Xj) and C 0 (X 2 ), respec¬ 

tively, if 9 6 Co(X). Hence, the expressions m 12 ( 9 ) = m 1 (m 2 ( 9 )) 
and m 21 ( 9 ) = m 2 ( m x ( 9 )) define linear continuous 4-valued func¬ 
tionals on Co(X). 

Our immediate task is to prove that m 12 = m 21 . 

Theorem 14.6.3 Let f 6 Co (X), X = X! X X 2 , be a continuous 
function with a separable range of values. Then m 12 (/) = m 21 (/). 

Proof. Suppose that K x and X 2 are two compact subsets in X, 
and X 2 whose product contains 4 — supp/. The function p (f(x x ,x 2 ), 
f (x[, x')) is continuous on the compact metric space X = (K x X 
X,) X (X 2 X X 2 ), whereby it is equicontinuous, and for every 
positive e there exist finite nonintersecting partitions of compact, 
metric spaces K x and X 2 such that 

P(/(*i< x i)> f( x v x dX e Vx l £K l , x 2 , 

p(f(x„ x 2 ), f(x' v *;)Ke Vz 2 £X 2 , x t , x[£K 1 , 

K t = U K\, h K 2 — U Kih N = N(e). 
i =1 ;=i 

Let us consider the sequence of simple functions / E (x,, x 2 ) — 
© 9 ?. (Xj, x 2 ), with 
i. i 

inf if (x„ x 2 ) = 9 ? j if (.<,, .r 2 ) 

, i* K 2, } 

ex 'liXKii, 

G if (x 4 , x 2 )gX?,; x X 2 , j, 
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which converges uniformly to / {*,, x,) below. By virtue of The¬ 
orem 1 . 1 . 6 . 2 , the sequences of the simple functions 

,) = © TS(*,), 


Yj(x 1 )= \ i-‘ 

I 0 


0 <p' © m 2 (Kl, j) 


0 e (x 2 )=0 <D' (x 2 ), 
j=i 

0 ^ © m, (*?. ,) 




t=t 

0 


if x^^f.i, 
if x, ^ a:?, 4 , 

if K 2 , j, 
if X 2 f^ 2 , j, 


converge, as e —► 0 , to the integrals 

© 

^(*t)= j /(*i. * 2 ) © m 2 (dx t ) = m 2 (/ (x„ •)). 

Xi 

© 

^(^• 2 )^ I /(X|. X 2 ) © m,((ix 1 ) = m 1 (/(. 1 x 2 )). 
Al 


ffi 

But for every finite N = N( e) the integrals j Y* (x,) © m, (dr,) 

m Al 

? N 

and \ 0 s (x 2 ) © m 2 (dr 2 ) are equal to the same sum, © q>?. © 

J U i=1 ,J 

A 2 

m i (K\ i j) © m 2 (K\, j). Hence, a similar equality is valid in the 
limit, too. The proof of the theorem is complete. 

The result obtained for continuous functions can be extended so as 
to incorporate the cases of a set of bounded semi-continuous-below 
functions with a separable range of values and a set of all bounded 
measurable functions. 


1.1.7 The Fourier-Legendre Transform 

We will show that with respect to the semi group operations of 
addition and multiplication the Laplace transform has the same meaning as 
the Fourier transform with respect to the arithmetical operations of addition 
and multiplication. 

Let the locally convex A -regular topological space X be an Abelian 
group and let m ho the linear continuous .4-valued functional C'o ( X ) 
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that is invariant with respect to the group of translations, or 
m (T q (f) — m (cp), where T q cp ( x) = cp (x + q), x, q £ X. By The¬ 
orem 1 . 1 .6.3, the functional m admits, on the set of functions on 
Co ( X ) with a separable set of values, the integral representation 

e 

m(cp)= j cp(x) 0 m*(dx), 
x 

where m* is the upper measure on J? (X) generated by m. 

Let (p and be two functions belonging to Co (X). The convolution 
of these two functions is a function from Co (X) defined thus: 

(«P * ^m) (q) = m (T q <f' © V), (1.1.7.1 

where (p' ( x ) = cp (— x), and T q cp' (x) = cp (q — x). Clearly, 

Ty (cp * W) (q) = (T_y<p * V) ( q) = (T_jr * cp) ( q ). 

(1.1.7.2) 

Let us consider the linear continuous operator J,. p that maps 
set C A (X) into the set of continuous bounded .4-valued functions, 
C A (X), and possesses the following characteristic property: operator 
i-j, j, is the equioperator of the translation operator, or ,F X ~ V T q = 
e (p, q) © .f where e (p, q) is a continuous bounded 4-valued 
function. The Fourier transform of functions in R n has just this 
property, with e (p, q) = exp {±i (p, q)}. 

In general, 

& x-p(T 9+uCp) =e{q-\- u, p)Q.:F x ^,, cp 
=-F X - P (T q ° T „<p) 

= e(p, q)Qe(p , it) © .F x -> p <f, 
from which it follows that 

e (p, q) © e (p, u) = e (p, q + u). (14.7.3) 

Another important property of the common Fourier transform 
is the formula for commutation with the convolution: 

F*~ P (cp * Y) = lf^ P cp) © (.F x ~ ,,'F). (1.1.7.4) 

Let us show that if formula (14.7.4) is taken as a condition, then 
the function e satisfies condition (14.7.3) in the second independent 
variable, too, and the Fourier transform admits an integral repre¬ 
sentation of operator JF on a set of functions with a separable range 


5-0105 
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of values. Using the convolution property (1.1.7.1), we get 

(.F,- P <P) © (<P * V) 

= m(.F x , p (r.(.)cp)Q *(•)) 

= (-Fx~p<P) © m(e( — p, ■) © T (■)), 
where (•) stands for the independent variable in which m operates. 
Hence, F'x^v'V = ni (e (— p, ■) © 'F (■)). For continuous functions 
with a separable set of values, we can write this relationship in the 
form of an integral: 

© 

.Ft-pV = j 'F (x) © e( — p, x) © m* (dx), (1.1.7.5) 

x 

where (e (—p — p', x + x') = e (— p, x) © e (— p', x) 0 
e (— p, x') © e (—/?', x'). 

Example. Suppose that A = R U {—°o], X = R n , © = sup, 
© = +, m = const, 1=0, and 3 = —oo. Then .F x -,,,<p = 
sup (e ( p , x) + 9 (x)), where e (x, p) is a continuous additive func- 

.Y 

tion of independent variables x and p. Every continuous additive 
function is linear, whereby e (p, x) = (p, Hx), with H an n-by-n 
matrix. Thus, here the Fourier transform in the sense of semi-ring A 
coincides with the Legendre transform in the sense of group opera¬ 
tions in R. 


1.1.8 Duhamel’s Theorem 

As another application of the theory of idempotent integration 
we consider the proof of Dunamel’s theorem in the semi-group case, whichex- 
cludes subtraction and differentiation. To avoid diBerentiation one can go over 
to the integral representation and employ Fubini’s theorem, which justifies the 
change in the order of integration. 

Suppose that we have specified a bounded continuous-in-f family 

of linear operators L (t), t 6 R , acting in a normed space of .4-valued 
functions, '/? ( X ), that is closed with respect to the operations of 
addition, ©, and multiplication by a constant, ©. Suppose that m: 

(R) -*■ A is an /1-valued idempotent a-additive bounded measure 
and tf i (x), M f (i „(x), and (x) are 4-valued functions that belong 
to /f (X) are continuous in parameter t £ R, and have separable 

ranges of values. If the operators L (f) retain the separability of lhe 
ranges of values (sav, if the entire space 7? (X) is separable), then 

the integrals \ L (r) (p x © m (dx) and f L (r) T t , 8 0 m (dr) 

(0,' I] (0, I] 

have finite values. Let us assume that the functions <p<> 'F, - ,, and 
(f)( are solutions to the equations listed in Table 1.1.1. 
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Table 1.1.1 


Integral representation of equations for 
semi-group operations © and 0 


Differential representation of equations 
for group operations + and x 


ff = 

<Poffi 

© 

\ (£ (T) tpt ffi tpt) 

© m 

(dx) 

d<f t 

dt 

i(t)<ft+'i'u 

(1.1.8.1) 



(0, (] 



<P I t= 0 

= cp 0 6 ^9 (X) 


^(,3 

= ^3 

© 

© m 

(dx) 

dt 

= 2(t)*Ft. s. 

(1.1.8.2) 



(3, i] 



^11=3 

: = Y s £^(X) 




© 



d<f> t 



<t> ( = 

<Po ffi 

[ (L (x) <P T ) © m 

{dx) 


dt 

= L(() o> ( , 

(1.1.8.3) 



(0, t] 



® l(=0 

= ■ 



Theorem 1.1.8.1 Let two functions , Y and <I>, satisfy the integral 
equations (1.1.8.2) and (1.1.8.3). Then the function 


S, = 4> t ffi j ¥ <>t ©m(dT) 


(0, i] 


(1.1.8.4) 


is a solution to Eq. (1.1.8.1). 

Proof. Using the integral representations for <t> ( and 'Ff, T , we 
arrive at the following identity: 

© 

■ 5 ( = ( Po© f (2 (t) O t ) © m (dr) 

(0, I] 


© © 

® \ ('Ft® ( (2(5)^, t ) © m(ds)\ © m{dx). 

(o' i] (x.t) 

(1.1.8.5) 


Note that the function f (s, x) = L ( s) *F Si x and the measure (i = 
m X m on RxB satisfy the hypothesis of Fubini’s theorem, where¬ 
by the values of the integral over the domain Q = {(s, x): s ^ x} 
does not depend on the order of integration: 


j m (dx) © j (2 (s) ¥ s , t) © rn ( ds ) 

(o, (] (T, (] 

= j m(ds)Q j 2 (s) x © m (dx). 

( 0 , (] ( 0 , 3 ] 


5 * 
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Combining this with (1.1.8.5) yields 

-S, = <Fo© | V t )}©m(dT) 

(o!<i to:-o 

= <Fo© | (£(T)S t ® 'V x )Qm(dx). 

(O.'fJ 

The proof of the theorem is complete. 

1.1.9 The Fredholm Alternative 

In this section we show how a generalized solution can be deter¬ 
mined by introducing a separable scalar product and construcling a conjugate 
operator. The condition for the uniqueness of the solution to a nonhomogeneous 
equation will be formulated as the Fredholm alternative. 

Let X be the space of bounded-above functions r: X -*• R that 
determine the idempotent measures p (b) = sup v (x) on the a- 

algebra £ (A'). Let .1/ be the set of bounded semi-measurable-below 
functions /: A' —<- R U {—oo) for which, by Theorem 1.1.5.1, the 

© 

idempotent Lebesgue integral (/, v) = \ / ( x) © p (dr) has a finite 

.Y 

value. Finallv. on X we define the equivalence relation r, — r t -c=> 

(/- r.) = (/- v.) V / € .!/• 

Theorem 1.1.9.1 The equivalence relation defined on X is the con¬ 
gruence of A. a semi-module of space X. 

Proof. Indeed, if p, — r s , then a © r, — a © v t for every a (A, 
since (/, a © r,) = (a © /. vf) = (a © /, i-j) = (/, a © v.). Reason¬ 
ing along the same lines, we can also verify that if p, ~ i\ and 
i\ ~ I-', then t-j © v., ~ rj © rj. 

Note that this theorem holds true for every semi-module of A- 
valued functions v 6 X and for the respective dual semi-module of 
the homomorphisms / £ M in the semi-ring A with respect to the 
scalar product (/. r) — / (r). with every congruence on X being deter¬ 
mined by a dual semi-module if. for which we may lake the maximal 
semi-module formed by all homomorphisms /: XA for which 

l'l ~ I's =► / tl',1 = / (fj). 

Let us consider the equation Tu = v in X. With v running through 
X , the set of the solutions to this equation form a quotient semi¬ 
module with respect to the congruence o, ~ u t Tu t = Tu t 
corresponding to the dual semi-module if = T*X*, with T * the 
conjugate operator. Indeed, if Tu l = r = Tu., then (T*g) («,) = 
g (Tu,) = g I Tit.) = ( T*g) (u.) for every g 6 X*. that is. / («i) = 
/ (u.) for every / £ T*'f*. and vice versa, if / (u,) = / (u.) for every 
/ £ T*X*, then Tu t - Tu x , that is. h, and u, are solutions to 
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equations with the same right-hand side. We have therefore proven 
the following 

Theorem 1.1.9.2 Let M = T*X* be the range of values of the 
conjugate operator T*, that is, the equation T*g —f has a solution 
for every f £ M. Then the solution to the equation Tu = v is unique 
to within the congruence determined by semi-module M. 

The reverse statement is also true if an additional condition is 
imposed on space M. We will say that a dual semi-module is com¬ 
pletely separating with respect to congruence ~ if for every proper 
subspace M l a M there exist elements u 2 , u 2 £ X that are not equiv¬ 
alent to mod M and for which / (u x ) = / (u 2 ) V / £ M 2 . 

Theorem 1.1.9.3 Let the equation Tu — v have a unique solution 
to within an equivalence relation determined by a completely separating 
dual semi-module M. Then T*X* — M, that is, the equation T*g = / 
has a solution for every f £ M. 

Proof. Let Tu x = v = Tu 2 , that is, 

T*g (tij) = gT (Mi) = gT (u 2 ) = T*g (u 2 ) V g eX*. 

Then, according to the hypothesis, it x ~ u 2 (mod M), that is, 
T*g £ M for every g £ X *, whereby T*X* M. Let us prove that 
T*X* = M. Suppose that the opposite is true, that is, suppose that 
T*X* cz M. Then, in view of the condition that M be completely 
separating, there exist u 2 '•f' u 2 such that (T*g, u j) = (T*g, u 2 ) 
for every g £ X*. But this implies that Tu s = Tu 2 in view of the 
arbitrariness of g 6 X*, which means that the uniqueness condition 
imposed on the solution of the equation Tu = v is violated. 


1.1.10 The Generalized Discrete Bellman Equation 

Here we introduce the concept of the generalized Bellman equa¬ 
tion in a discrete medium. 

Let X — {1, . . ., n] be a finite set equipped with a discrete topol¬ 
ogy. Then continuous functions q>: X A can be identified with 
vectors a = (a x , . . ., a n ) 6 A Y that have arbitrary components 
a t £ A. The general form of the functional (measure) and the operator 
(endomorphism) m that maps functions with values in semi-ring A* 
into functions with values with semi-sing A is established through 
the following 

Theorem 1.10.1 Every homomorphism m: A Y —► .4 ( functional ) 
has the form m (a) = m 1 © a x © . . . © m" © a n , where m' £ A 
are arbitrary elements of semi-ring A. The positive measure m is deter¬ 
mined by the positive elements m 1 ^ 0. 

Proof. If we write vectors a in the form a=o 1 ©e 1 ©...©a n © 
e n , where e l is a row in which all components are zeros except the 
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ith component, which is equal to unity, then, by virtue of linearity, 
p (a) = a, 0 p, (e') 0 ... 0 © p (e n ). 

If we introduce the notation p (e‘) = m\ we arrive at the sought 
representation. Conversely, if m' £ A are elements of semi-ring A, 
the combination p (a) clearly defines a measure on C 0 ( X ) = A x . 

Corollary Every endomorphism G: A x -*■ A x of semi-module A x 
lias the form 

G (a), : = g| © a, 0 ... 0 gf 0 a„, 1 < i < n, 

where the gj are arbitrary elements of A. 

Such a “source-wise representation” is obtained by applying the 
theorem on the representation of measure p on A x for each component 
G (a) t . 

What will be called the generalized discrete Bellman equation is 
the evolution equation in discrete time, 

L t : C*(X)^Ct(X), q> f+1 = T ( <p ( (1.1.10.1) 

defined by operators of the type L t : (X) —*- C* (X). Operator L t 

can be written, via the generalized matrix elements X x t « (x), in integral 
form thus: 

© 

f i +1 (Zo) + j (x) © (Pi (x) © m (dx), 

or, in the case of a finite set x, in matrix form: 

Oj,t+\ — £j.t © 0 ... 0 e>,i © a nt (. 

The solution to the Bellman equation is given by the formula (p ( = 
Cj (f 0 ) <p< g , whore operator G, (t a ) = L t ° L ta+l » Lt„ con¬ 
stitutes a composition of operators Lt- 

Example 1. Let us consider the case of A = R (J {—oo}, a © b = 
max (a, b), a © b = a -f b, a zero J = — oo, and an identity 
ii — U. Suppose that m (<p) = sup (p ( x ) = max ip ( x ) is a positive 
measure on C 0 (X) that determines the scalar product (tp, *F) = 
max ((p (x) - ( F (x)). Obviously, the linearity condition imposed on 
I lie functional cp pi (ip) is met: 

m (max {a 1 - tp, b f- *F}) = sup max {a + cp, b + 'F} 

.r 

- max (a + sup tp (x), b-\- sup 'F (x)). 

X X 

From this follows the linearity (with respect to the semi-ring con¬ 
sidered here) of the generating operator L for the common Bellman 
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equation in discrete time, 

<Pui (x) = sup (cpi ( y ) + Xf (t/)), 

V 

which is determined by the family {e*} of linear functionals 

ef ((f) = sup (cp ( y) + X? (y)). 
v 

Example 2. Consider the semi-ring A = R U{=fc°°}> a ® b = 
max (a, b), a © b = min (a, b), with a zero 0 = — oo and an 
identity 1 = oo. Let us assume that m (tp) = sup ip (x) = max (x) 
is the positive measure on C 0 ( X ), whose linearity can be verified 
directly: 

m (max {min (a, tp), min (b, Y)}) 

= sup max (min (a, <p (x)), min (b, Y (x))) 

X 

= max (min (a, sup tp (x)), min ( b , sup Y (x))) 

X X 

= max (min (a, m ( 9 )), min ( b , in (Y))). 

We now write the scalar product using the measure m thus: 

(tp, Y) = sup min (tp (x), Y (x)). 
x 

Substituting Y (x) = X{{ (x), where Xf (x) is the kernel of the evolu¬ 
tion equation 

<Pf + i ( V) = sup min (tp t (x), k v t (x)), 
x 

we conclude that the “minimax” Bellman equation is also linear 
in the space considered here. 

The evolution equation (1.1.10.1) for the semi-rings considered in 
Examples 1 and 2 is commonly interpreted in optimization problems 
of discrete mathematics as the equation for describing the evolution 
in a discrete medium. Let us now define the appropriate concepts for 
the case of an arbitrary semi-ring. 

We denote the elements of a finite set X by x lt x 2 , . . ., x N , \ x \ = 
A', and call them the points of the medium. An ordered pair of 
points of the medium (Xj, Xj) for which L (i, j) = L (x,-, xj) # 0 
we will call the connection of points x f and xj. Let us denote the set 
of all connections of the points of the medium, F = {(Xj, x } ), 

L (x ; , Xj) =/= 0} by r £= X X X. We will call map L M : F —*-A\, 
{D} the characteristic of connections or the characteristic of the 
functions of the medium. The collection of objects (X, T, L, A) = 
will be called a discrete medium. 

Let us now define a neighbourhood T (x t ) of a point x t as the set 
of points of the medium a/( with which x t is connected, that is, 
F (x,) = {y £ X: (x it y) 6 F}. The space of states II M of medium M 
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is defined as the semi-module C (X) — {tp: X —► A }. The one-para- 
meter family of states 5 = [St, t = 0, 1, 2, . . .} is called an evolu¬ 
tion in discrete time in medium o/H (S 0 is the initial state in the evolu¬ 
tion) if states that are one step distant in time t are related thus: 

5 (+ , = Z/ M 5 ( , i—0, 1, (1.1.10.2) 

where the endomorphism L M : is determined by the 

characteristic function of the medium through the formula 

(A M «p)(j,)= ® L (x t , x'j) © <p (x'j). (1.1.10.3) 

xjCn.Vj) 

Equation (1.1.10.3) is called the generalized Bellman equation 
for a process S in a discrete medium H — ( X , T, L, A). 

1.2 Analysis of Discrete Computational Media 

The operation of modern computational systems is based 
on the idea of parallelism in implementing computational operations. 
There are two ways in which compulations can be parallel [1.16-1.18). 
The first involves parallel execution of computational operations on 
nonuniform calculating devices, that is, devices that differ in their 
functional characteristics. This method is widely used in modern 
supercomputers, such as CRAY-I, CRAY-11, CYBER-205, and 
Elbrus. The second method employs homogeneous CS. It is most 
effective for solving problems whose algorithms of solution allow 
for a representation in the form of many identical collections of 
operations (local subprograms), whose execution can be carried out 
in parallel. Such are the problems of linear algebra (the reversal 
and multiplication of matrices, or the solution of systems of linear 
equations), adaptive and recursive filtration, fast discrete Fourier 
transformations, the solution of systems of partial differential equa¬ 
tions, the problems of sorting, of optimization on graphs, and of 
pattern recognition. The method is realized in a number of modern 
CS. such as ILLlAC-'i, l'S-2000, l‘S-3000, I)A1>, SE1P-4. and systolic, 
array computers [1.17, 1.181. 

The increase in the speed of operation of nommiform CS is closely 
linked with perfecting the element basis, while the speed of homo¬ 
geneous CS depends on the number ,V of calculating devices carrying 
out the executing local subprograms (homogeneous elementary com¬ 
putational systems). 

In this section we will consider the mathematical models for 
analyzing the functioning of homogeneous CS. \Yc will allow for 
the small parameter that arises quite naturally here, h £ [O, 1). 
which is inversely proportional to the number .V of homogeneous 
elementary computational systems. The collection of homogeneous 
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elementary CS and the system of data exchange channels is commonly 
known as a computational medium [1.17, 1.19]. Below we give a 
formal definition of a discrete computational medium and consider 
the formulations and methods of solution of problems dealing with 
the organization of calculations in such a medium. The conditions 
(formulated in Section 1.2.1) that a discrete computational medium 
must meet ensure the possibility of passage to the limit in the small 
parameter h —0 to the continuous model of a computational medium. 


1.2.1 Discrete Computational Medium 

Here we define the concept of a discrete computational medium, 
the architecture of such a medium, and the characteristic of the medium. The 
architecture and the characteristic define in a unique manner the linear operator 
A in the space of states of the medium. 

We start by considering an ideal computational medium that 
completely fills the three-dimensional Euclidean space or a Euclidean 
plane (a flat structure). The effect that the finiteness of a medium has 
on the various processes taking place in a real computational medium 
with boundaries will be taken into account by stating the appropriate 
boundary conditions for each specific problem. 

Let us introduce Q = £2 (X, . 3 ?), a translation-invariant lattice 2 
in R 3 . This lattice can be specified uniquely by fixing two sets of 
vectors, X = {a,, a 2 , a 3 } and . 3 ? = {pj, p 2 , p 3 }, which form the base 
of the lattice. Note (see [1.20]) that the vectors a lt a 2 , and a 3 are 
always assumed to be linearly independent; the parallelepiped built 
on these vectors is known as the elementary, or primitive, cell of 
the lattice. The lattice’s base vectors drawn from the origin, an 
apex of the primitive cell, are subjected to only one condition, 
namely, that 

Pi-53 »■{<*,=► 0<r|<l, J = 1,2,3, f = l, 2 , ( 1 . 2 . 1 . 1 ) 

j=i 

The lattice £2 (X, J?) is formed by all the points of the space (the 
lattice points, or sites) that are the terminal points of the following 
set of vectors: 

3 

£2 = {.z|.r = p j + y HjCt-j, nj = 0, ±1, ±2, ..., 

1, 2, ..., q, ;=1, 2, 3}. (1.2.1.2) 


2 For the sake of definiteness we take the three-dimensional case. 
All further discussions can be applied to two-dimensional lattices in R 2 with no 
modifications. 
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From the definition of a lattice there directly follows the invariance 
of the lattice with respect to the discrete group of translations T (Q) 
with generators T a ,, T, a , and T a , : the lattice transforms into itself 
under an arbitrary translation of the form T = klTa, + k 2 r at + 
kj a „ where A:,, k t , and k 3 are arbitrary integers, and T a . a transla¬ 
tion along the vector a,-, ; = 1, 2, 3. 

Remark 1.2.1.1 A two-dimensional lattice with a pair of basis 
translation vectors a, and a 2 on plane R 3 can be defined in a similar 
manner. When base consists of only one vector, the lattice is called 
the Bravais lattice [1.81. This type of lattice plays and important 
role in solid state theory as the simplest model (two-dimensional 
or three-dimensional) of a crystal [1.211. 

Let M a = (X, T, L, A) be a discrete medium (see Section 1.1.10) 
for which the set of points X coincides with Q, a lattice with a given 
pair (/, .#), and T = Q X Q. We introduce the following notation 
for the points of the medium: V x £ X, x = (re, P), where re = 
(n,, re 2 , n 3 ) £ Z 3 , fS £ .*?, are the “coordinates” in expansion (1.2.1.2) 
for a vector terminating at x. The set of lattice sites K (re) = 

(i 1 1 = (re, P), p £ 27 } is said to be the cell of the medium with 
number n. 

The definitions that follow clarify the properties of the characteris¬ 
tic of connections L\ Q X Q -► A of the points of medium M Q 
depending on whether we are considering “internal” connections, 
that is, connections between the points in the medium, x = ( n , P) 
and x' — (n\ P'), belonging to the same cell ( n — n'), or “external” 
connections, that is, connections between lattice sites belonging to 
different celles (n n). 

Definition 1.2.1.1 The map /: Z 3 -*■ 2^ 3 possessing the property 
Vn £ Z 3 , / («) 3 0, is said to be the regulator of discrete medium .1/ Q 
if the characteristic function of the meniuin, L: T A , satisfies the 
following condition: 

Vn £ Z 3 , L ((n, P), (n\ P')) # 3 n — n £ / (n). 

(1.2.1.3) 

The set of vectors / («) {c,, r., . . ., i j, . . ., i'j £ - 3 } is said to 

he the regulator of the medium in cell K (re): the cardinal number, or 
power, of this set, p (re) — | / (n) |, will be called the power of 
regulator / in the cell with number re. 

To define a discrete computational medium let us consider the 
following properties of medium .1 

(I) the homogeneity of the medium: there exists a map 

x ft — A such that V ((re, P), (re', P')) £ f, 


i. (|re, P), (re', |V)) = /., (re — re', p, p'); 


(1.2.1.4) 
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( 2 ) the local property of the connections: there is a positive constant 
e such that V« £ Z 3 , Vu 6 / («•). 

|| p || < e, (1.2.1.5) 

3 

with || v || the norm of vector v, say, || u || = S | v t |; 

i= 1 def 

(3) the regularity of the connections: the map / is constant, / ( n) — 
V V« £ Z 3 , and the power of the regulator is finite: | V | = p, 
p€ N. 

Definition 1.2.1.2 A discrete computational medium is a medium 
M a = (£2, T, L, A } for which the characteristic function (or the 
characteristic of connections) L possesses Properties (l)-(3), that is, 
the homogeneity of the medium, the local property of the connec¬ 
tions, and the regularity of the connections. 

Remark 1.2.1.2 The given definition of a computational medium 
satisfies the requirements usually considered in the design of homo¬ 
geneous CS with a program-rearrangement structure [1.16, 1.17]. 
The effectiveness of paralleling computations in such systems depends 
on the homogeneity of the medium, the local property of the connec¬ 
tions, and the regularity of the connections. By homogeneity of 
computational media we mean the similarity of the component 
structural elements (elementary processors, memory units, and data 
exchange circuits) in their functional characteristics, that is, the 
similarity of the elements proper (Property (1) with n = n') and 
the similarity of the connections between the elements (Property (1) 
with n =/=■ n). The local property of connections in a computational 
medium means the property of data exchange circuits to establish 
connections only between close (in a certain sense) elementary pro¬ 
cessors (Property (2)), while the regularity of connections in a CS 
means that the connections are recurrent and of a single type (Prop¬ 
erties (1) and (3)). 

Let us now fix the semi-ring A and the group T a of translations 
in the lattice. Definition 1.2.1.2 implies that a discrete computational 
medium M a is given if we have specified (a) the structural para¬ 
meters of the medium: £ R 3 (the base of lattice Q), <7 6 PJ (the 

number of elements in the base), V a Z 3 (the regulator of the me¬ 
dium), p£N (the number of elements in the regulator), and e (the 
extent to which the connections are local); (b) the characteristic of 
these parameters: the map defined in (1.2.1.3) and (1.2.1.4). 
Let us introduce the following notation: (- 5 ?, q) = W q and (F, p) — 

Vr- 

Definition 1.2.1.3 The pair (3 ? q , V v ) — Ar is said to be the 
architecture of the discrete computational medium, and the map 
Lp V X 9) X A is called the architecture characteristic. 

The architecture of a medium and its characteristic define (see 
formula (1.1.10.3)) an endomorphism Lm- A'^A* in the space 
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of the states of the medium, H if = A x . In terms of coordinates 
(n, p) of the points of the medium, this endomorphism has the form 

(M<P)(". P)= © © Mu, 0, P') © <p(n —1>, 0') 

tevrejS 

= © © L t (v, P. P')©M<p(n, 0') V(p£ A 1 , (1.2.1.6) 

rev pe.fl 

where T_ 0 is the endomorphism of the shift generated by the trans¬ 
lation T6 T (£2) by the vector — v, with (T_„ (q> (n, 0')) = 

<P (« — v, 0')). 

If we assume the semi-module Cq (X — Z 3 x 55) to be the semi¬ 
module Cq (Z 3 , A 9 ) of functions on Z 3 with values in A 9 , where 
A 9 is the direct sum A © A © ... © A, and define, for each 

v £ V, the endomorphism L (u) of semi-module A 9 by the formula 
(L(v)g)( p)= © P, P')©g(P') VgM’, (1.2.1.7) 

Vij8 

then from formula (1.2.1.6) for L M as the endomorphism of semi- 

dcf 

module Cf (Z 3 , A 9 ) we obtain the following representation (L ys = 

L>,Y- 

(7-.v<f')(«)=© L(v)<f(n — v). (1.2.1.8) 

vi V 

Here (f ( n ) £ A 9 , n £ Z 3 , the column vector (<fj (»t), (n), . . ., 
if, (n)) T . In what follows the endomorphism L M = (L ((,•„), . . ., 
L (i‘,,_])) will retain its meaning as the characteristic of the connec¬ 
tions in medium .17 n , with L (i'j) being /1-valued q-by-q “matrices” 

L (t'j): A 9 —►/l’ defined in (1.2.1.7); for the discrete computational 
medium .1/ Q we will use the following notation; ,l/ e = (T a . Ar, 

L M , /l). The generalized Bellman (evolution) equation with a right- 

hand side .+ i for the process s {s ( , l 0.1. s, 6 Cf ( 3 , A’)} 

taking place in a discrete medium .17 a has the form (cf. (1.1.10.2)- 

(l.l.iu..!)) 

S|.i(») ’ © (f)*»(«— f) ® /"/("), (1-2.1.D) 

re v 

*■ ll=0 («) = *0 («)• (1.2.1.10) 

Here n £ Z n is the number of the elementary cell of the medium, 
«i («) is the .1-valued vector describing the slate of cell K (n) at 
lime I, the component xj (n), j - 1.r/, is the stale of the /111 

point of the medium in cell K ( n ), endomorphism 7, (r) is defined in 
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(1.2.1.7), s 0 : Z 3 A 9 is the initial state in process s, and S' t- Z 3 
A q is a given family of functions. 

We will study the steady-state Bellman equation corresponding 

to the endomorphism L M given by (1.2.1.8), or 

s = L m s®&, ( 1 . 2 . 1 . 11 ) 

where S' 6 Cj (Z 3 , i4 9 ) is a given function Z 3 A q that is time 

independent. Solution s: Z 3 —»- A q to Eq. (1.2.1.11) is said to be 
a steady-state process in medium M a . 

Remark 1.2.1.3 For q — 1 the base if = {[}} is called a one-point 
base. Without loss of generality we can always assume in this case 
that 3? consists of the zero vector P = 0. For j3 =#= 0 this can always 
be done by shifting the system of coordinates by vector p. For a one- 
point base the points of a medium coincide with the vertices of 
primitive cells. Correspondingly, Eqs. (1.2.1.9) and (1.2.1.11) are 
“scalar” equations with respect to the functions s: Z 3 —► A. The scalar 

endomorphism L (v) given by (1.2.1.7) will be denoted in this case 
by L ( v). 

The majority of application problems considered in this section 
and in Sections 1.3 and 1.4 lead to scalar Bellman equations (q 1, 
if = {0}). The general case (q > 1) requires employing the operator 
calculus of functions of “noncommutative” linear “operators” that 
assume values in appropriate semi-rings and will not be considered 
here (except in specific problems discussed in Sections 1.2.4.1 and 
1.2.4.2). 

1.2.2 Solution of the Bellman Equation 

in a Discrete Computational Medium 

In this section we discuss the formulation of problems and ex¬ 
plicit formulas for the resolving operators for the evolution and steady-state 
Bellman equations in a discrete computational medium. The calculations are 
based on Duhamel’s theorem (Section 1), the translation invariance of the 
equations, and, partially, on the results of Section 5. 

1.2.2.1 The Cauchy Problem 

Suppose that s ( £ Cg (Z 3 , A) satisfies the inhomogeneous 

equation 

s (+1 (x) = © L ( v) © s ( (x — v) © .Ft (x), x 6 Q = Z 3 , 

r6V 

£ = 0 , 1 , .... 


( 1 . 2 . 2 . 1 ) 
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with the initial condition 

«<=o (x) = s 0 (x), Q < S 0 (x) ^ e 0 , Cq = const, 

(1.2.2.2) 

where Z 3 —»- is a given family of functions. 

Theorem 1.2.2.1 Let J 7 1 , t = 0, 1, . . ., be a family of functions 
uniformly bounded in t, O ^ &, (x) < c, i ( fi, c = const, and let 
L (v) ^ D V v 6 V. Then (1) problem (1.2.2.1), (1.2.2.2) has a 
unique bounded solution, and (2) solution s t (x) can be represented in 
the form 

s ( (x) = Sf #> (x) © sf (x), x ( Q, (1.2.2.3) 

where si 0 ' (x) and sf (x) are the solution to the homogeneous equation 
( Eq. (1.2.2.1) with J 7 1 (x) = 9) with the initial condition (1.2.2.2) 
and, respectively, the solution to Eq. (1.2.2.1) with a zero initial con¬ 
dition ; the two solutions are given by the following formulas: 

s[ 0 ' (x) = © X„(n) ©s 0 (x-An), (1.2.2.4) 

n6Z ( 

»f(x) = © ® (I-An), (1.2.2.5) 

n6 2 a 

where u = (n i , ...,n p )£ T\, J 7 _ l = 0 

A = A jXp = [i>,, v 2 , •••. t-’pl- 2 t = {n£l. p + , S = tf . 
dcr „ 

X P :Z%->A, X p (n) = L n '(v l )® ... ®L p (v p ). (1.2.2.6) 

The proof of the theorem follows from Duhamel’s theorem in 
explicit form for the resolving operator R t : s 0 s t of the problem 

Sf+i ~ Lj,jSf, s|(=fy == Sj), 1 — 0, 1, ..., (1. 2 .— ,6a) 

A A A 

where L M = © L (v) T and T. D is the endomorphism of the 

r£ V 

“shift” C~) (l 3 ) —► Cj (Z 3 ) generated by the translation by vector 
(— v): 7’_,<r (x) — <f (x — v). Obviously, 
it, (© l (v) © T_ v y 

rt V 

© © ... © A (c,,) © L (Vj,) Q ... O E (v h ) 

n tj i ( 

© T_„ h * T_, h * ... * 

where is a composition of endomorphisms, T _ u * T = 

T. e * T, u T-v-u. and hence T"\, * fZ' T = T- niU - ni iM n, 6 Z +, 
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u, v £ 1?. Therefore, if we allow for the idempotency of © and the 
commutativity of ©, we can represent operator R t in the form 

X P (n)QT p , (1.2.2.7) 


«.= 


where 


V 

E n i=‘ 

i=l 


E "i»i 

t=i 


(») = £">,)© ...®L n v(v p ), 

L ni (v h ) = L (v k ) © L (v h ) © ... © I (t>*) 


times 

(n) is the A-valued analog of the action integral along the 
trajectory p[o,i] («) that passes through the points (£, t = 0) and 
(. x , t)), and 

def r P P i 

Ro, (](»)=)«> * — C= 2 »;R. = R 

"■ i=l i=l 

(see [1.2,1.3]). 

Applying operator R t (1.2.2.7) to s 0 , we get (1.2.2.4). Formula 
(1.2.2.5) follows from Duhamel's theorem, in view of which the 
solution sf ( x) to the problem 

s t+i —^M s t ®ti s t (x) = Q (1.2.2.8) 

is given by the integral 

f def 

s t = W(t, i)dx= © W (f, t), (1.2.2.9) 

[o' 0 °^‘ 

where W ( t , t) = R (t — t) Employing (1.2.2.7) and introduc¬ 

ing the variable a = t — r, 0 ^ a ^ t, we arrive at (1.2.2.5). The 
uniqueness of the solution to problem (1.2.2.6) follows from formula 
(1.2.2.7) and the property © 2 = ©, while the uniqueness of repre¬ 
sentation (1.2.2.5) for sf was proved in Section 1.1.8. 

Example. Let A be the semi-ring of the form (i? 1 (J {±oo}, = 

max, © = +). Let :F ( x) be independent of f, or ,'f t (x) — :r (x). 
Finally, let s 0 (x) = 0. Then (1.2.2.5) implies 

sf (x) = max max {(L, re)-J-.jF (z— 

v 1 ' i=t ’ 

E 

i=i 

V 

where ( L , re) — 2 L (v t ) n t . 
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1.2.2.2 The Stabilization Cauchy Problem 

This name is given to the following problem (see Sec¬ 
tion 1 . 0 ): lind 

lim s(x, t) — s* (s 0 ) p (1.2.2.10) 

i-+ + x 

where s (x, t) is the solution to the Cauchy problem 

s (+ 1 =Z M s,©.f, (x)^c, x ££2 ( 1 . 2 . 2 . 11 ) 

Let us denote the resolving operator of problem (1.2.2.10), 
(1.2.2.11) by B so (with s 0 fixed). Provided that lim and 

l-*-ao 

lim Lji = //* exist, wliere iJ'H = © L h M , and that the limits are 

f-»3C <1=0 

understood in the sense of strong convergence of the endomorphisms 
on the subspace of bounded functions taken from Cj (Q), we can 

define the operator B Ut : C j (Q)C j (Q) by formula (1.5.1.8) 
(see Section 1.5): 

B So f =■ II°°s 0 © H*.F. (1.2.2.12) 

1.2.2.3 The Steady-slate Bellman Equation 
Let s satisfy the equation 

s = Z v s©.‘F, F (x)^c, x£f 2 =Z 3 . (1.2.2.13) 

By virtue of the results arrived at in Section 1.1.8, the general 
solution to Eq. (1.2.2.13f is the sum of an arbitrary solution <p 0 (x) 
of the appropriate homogeneous equation and a special kind of 
solution Sp of the inhomogeneous equation that became known as 

the Duhainel solution. If for operator L M the conditions (1.2.1.4) 
and (1.2.1.5) are met, is a solution to the stabilization Cauchy 

problem at J, that is, s? Bj. f = H*.f (seeTheorem 1.5.1.1). 

Theorem 1.2.2.2 The Duhamel solution to the generalized steady- 
stale Bellman equation (1.2.2.13) has the form 

s>(x)- © © J (x— An), (1.2.2.14) 

I'E. e 

where '!,,(») I-"' (r,) 0 I." 1 (<\) © ... © L" p (v p ), 

— v,n t . 

i=\ 


and An = 




1. Design of Computational Media 


81 


Proof. From the definition of sf and formula (1.2.2.5) it follows 
that 

sp = lim Lm = lim ® ® X p (n) ® ,f (x — An) 

t—+oc t-+oo O^a^t p 

2 n ; =<i 

= © ® X p (n) ® .F (x-An) 

0 <a<“» P 

2 

i=l 

= ® X p (n) Q .F (x—An). 

n i £ Z* 

i=l, . .v 

Example. Let A = (( R 1 (J {±oo}) n , ® = min, © = +) and let 
G (x, x 0 ) be the solution to Eq. (1.2.2.13) with the right-hand side 
if = 6 *» (x), where 6 X « ( x) is the “delta function” with respect to the 
scalar product ( , >© in Cq (Q), 


6 X0 



if x = x 0 , 

if X f Xq 


(G ( x , x 0 ) is the analog of the Green function). Then, by virtue of 
the linearity of problem (1.2.2.13), formula (1.2.2.14) yields the 
solution Sp for an arbitrary right-hand side, sp (x) = min {G (x, x 0 ) + 

f (x 0 )}. Say, for x 6 Z, if V = {1, —1} Vu, L (v) = 11 = 0, then 
G (x, x 0 ) = | x — x 0 l; but if V = {1, —1}, L (1) = +1, and 
L (—1) = — 1, then G (x, x 0 ) x — x 0 . 


1.2.2.4 The Steady-State Bellman Equation lor a Restricted 

Discrete Computational Medium 

A discrete computational medium M is said to be restrict¬ 
ed if it contains an arbitrary but finite set of elementary cells, that 

is, | Q | < oo. We introduce the notation V — U V ( n )< where 

nest 

(the reader will recall) F («) is the regulator of the medium at point 
n. A point n £ Q for which V (n) = V is said to be an interior point 

<, dcf ~ 

of the medium, and Q = {n, V (n) = V} stands for the set of all 
interior points in the medium. The regulator of the interior points 

of the medium will be denoted by V. Let us define the boundary points 
of medium M as the complement 9Q = Q\Q; respectively, the 
regulator of the medium at a point n £ will be denoted by V e ( n ). 
Obviously, V e (n) £ V Vrc £ dQ. For all n £ Q we introduce the 
set A (re) = {y £ V, re — v £ Q}. 


6-0105 
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Definition 1.2.2.1 A restricted discrete computational medium 
is said to be regular if 

V (n) = A (n) Vne&- (1.2.2.15) 

Note that for n £ Q condition (1.2.2.15) is certain to be met. 

r,-dO r,cdQ 



1 3 -' -y={o^,u 2 } V= {o.v,, 'J 2 , 


Fig. 1.2 



Fig. 1.3 



Fig. I./| 


By Ibis definition. a regular restricted computational medium 
may have no boundary points and consist entirely of interior points. 
Examples of regular media are shown in Figures 2 and 2. while 
Figure \ represents a nonregular (or irregular) medium. 
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Let us construct solutions to the steady-state Bellman equation 
in a regular discrete medium M a = (Q, Ar, , A), with Ar = 
(q = 1, B = {0}; p, V = V U V°): 

s ( n ) = L m ( V) s © .f (»), n £ Q, 


s — L m s i 


je <=> 


Lu(V)=® L(v)QT_ v -, 

(1.2.2.16) 

s(n)^L M {V d )s © ,f° (n), n^dQ, 

L M (V d )- ® L(v) ® T_, ; . 

viV d 


For a regular discrete computational medium .1/ satisfying the 
conditions that (i) Q is a convex set and (ii) L (u) ^ II V p f F 
we have the following 


Theorem 1.2.2.3 Let ,f\ Cq (Z. 3 )A be a function obtained 
through a continuation of .T with zero 0 outside Q, and let .sit be the 


Duhamel solution to the generalized Bellman equation for a discrete 
(; unrestricted) computational medium M (F) with regulator V, 


s *~ ( n ) = L m (F)s£(n) ®.f(n), n£Z 3 . (1.2.2.17) 

Then the restriction s%: | Q of function s*~ to Q constitutes a solution to 
Eq. (1.2.2.16). & 

Proof. We will carryout the proof by using the discrete “continual” 
representation of solution s*~ in the form 


s*~(x)= © © /(p) ©j? (£), x £Z 3 , 

9 E£Za »«.*> 

where 

Q(t, *) = U Q a a, X), Q*(i,x)= U &«■*), 

0 ^a<oo n6 /(a) 

1 (a) = {«=(«;), i=l, .... p, 

P P 

x—£=-' 2 n,v„ = a , 

i= 1 t=l ; 

with 

<?“(£, *) ={p- a (C ? *)» ji a (S, *) 

| » £ “h • • • » C 

+ 2 O . (*i, t 2 * • • •* • 

A =1 7 7 


6* 
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Here J a is the set of permutations of length a, p a (£, x) is the trajec¬ 
tory of length a connecting points £ and x, and / (p a (£, x)) = 
L " 1 (t’j) © ... © L n p ( v p ) is the “contribution” of trajectory 

(£, x) to s~ in medium Af (V). By virtue of condition (ii), the 
representation of the set of trajectories Q (£, x) that lead from £ to 
x, and the definition of there exists an a 0 < oo such that 

(*)■■=© ® 0 © /fc)O.F(t), x£Z*. (1.2.2.18) 

* t 6 O 0 <a<a i «ei(«) S<jg ( t 

Now suppose that x(S!. Since V p 6 (S> ®)> we conclude that 

/ (p) is independent of the interchange of the regulator vectors in¬ 
cluded in this route, and we have 

«-(*)=■© © K © /(H) ©.F(0) 

•x ten 0 <a^a 0 7 ie/ s; (a) 

©( © /(H)0.r(0)], (1.2.2.19) 

n£/Q(a) 

where / Q (a) is the set of all n £ / (a) for which there is a trajectory 

p Q (l, x) £ (£, x) all points of which lie in fi, and I a (a) = 

I (a)\/ Q (a). By virtue of the condition that V n £ / (a), there is an 
n £ f 0 (a) such that n* «i, i = 1, . . ., p, whereby, by virtue of 
the axioms of metric and structure on the semi-ring A and the con¬ 
dition that 6^1=^1©h = 11=>- Va, a © (a © ft) = a, we 
have 

/(p) / (p) © © ... 0 tV' p , 

where p £ ^ (£, x) and p £ (£, x). Combining this with condition 

(ii), we obtain the formula 

s~(x) © ® © /(p) ©,f (S), xgQ, 

■X C 6 Q OjJasJtzo «6 J 0 (a) 

which, by virtue of the condition of regularity imposed on A/ Q , can 
he transformed into 

*-(*)=■=© © /(p)©.f"( 0 , ( 1 . 2 . 2 . 20 ) 

•* ;eu nEOud. *> 

where <? tl (£, x) is the set of all trajectories in medium M a that 
connect points t, and x. The proof of the theorem is complete, since 
( 1 . 2 . 2 . 20 ) and the continual representation (1.2.2.16) of solution s 
(see 11.22-241) yield sV | a - s. 

Example. Let us select a regular discrete medium .If assuming that 

( 1 ) Q (i(Z„ O^x^A'S, ;Y e C+; 

(2) V (x) {0, 1}, l<x<A, V B (0) = {0}; 
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(3) A = (R 1 U © = ma x » © = +); 

(4) L (1) = t 0 , to = const >0, L (0) = O. 

Then (1.2.2.16) assumes the form s (x) = max (s (x — 1) -j- t 0 , 
,*F(x )), 1 ^ x N, s (0) = ,F(0), where 0 x N, is a 

given function, with —oo ^ &(x) ^ c. Computing the solution 
s*~(x), x 6 Z, via formula (1.2.2.14), and taking its restriction to Q, 

we find that 

s(i) = s^|n= max {.? (x — t) + *„£}. 

Remark 1.2.2.1 In what follows, if the contrary is not stipulated, 
it will be assumed that the restricted discrete medium M a , | Q | < 
oo, is regular and satisfies conditions (i) and (ii) and, hence, the 
assertion of Theorem 1.2.2.3. 

Remark 1.2.2.2 In the scalar case, if the contrary is not stip¬ 
ulated L ( v 0 = 0) = O. 

1.2.3 Activity of a Homogeneous Multiprocessor 
Computational System 

In this section we will describe the wavefront of a calculation 
process in a homogeneous computational system with an array architecture. 

For a nonrestricted computational medium M a = M com = 

( T a , Ar, L m , A), we define the semi-ring A as the set {0, 1} with 
commutative semi-group operations © = min and © = max and 
with neutral elements 0 = 1 and 1=0, respectively. Let the 
base it? of lattice £2 be of the one-point type, $ = {0}, and let the 
characteristic of connections, L x , admit the value 1. The evolution 
Bellman equation for medium M com has the form 

s t+i (n) = © s ( (n — v) = min {s,(ra —n ; )}. (1.2.3.1) 

r€V lsgisgp 

Suppose that the initial state of process s is 

f O if 

s t=o ( n ) — s o ( n ) — | , if „ €Uoi (1.2.3.2) 

where w 0 is an arbitrary finite (compact) set in Z 3 . Knowing the 
solution to problem (1.2.3.1), (1.2.3.2), namely, knowing s t , t £ 
(0, T 1, T > 0 (see formulas (1.2.2.4) and (1.2.2.5)), we can find 
the set of the points of the medium, or 

def 

“to. t] (Lj,)= (J <t> ( , (1.2.3.3) 

OsglagT . , 

dcf 

where <I) ( is the wavefront of process s at time t £ [0, T ), <J) ( = 
{«, s t ( n ) = 1}. We call <i)[o,rj (F,,) the activity range of the com¬ 
putational medium A/ com over the time interval [0, T\. 
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This model of a discrete medium and a process {s ( , t — 

0, 1, . . .} that satisfies (1.2.3.1) and (1.2.3.2) enable analyzing, on 
the basis of formula (1.2.3.3), the functioning activity of a homo¬ 
geneous multiprocessor computational system controlled by a flow 
of data as a function of the architecture of the system. Within the 
framework of the model suggested here, a point n £ £2 of the medium 
corresponds to an elementary processor in a homogeneous computa¬ 
tional system, and the vector v 6 V defines the channel of data ex¬ 
change in the direction from processor n — v to processor v. The 
stale s ( (n) al time t = 0, 1, . . . admits only two values: s t ( n) = t 
means that processor n is executing calculations, or is active, and 
■Sj (n) = 0 means that processor n is in the “wait” state. The operation 
of a multiprocessor CS (see [1.4-1.7]) presupposes that each elemen¬ 
tary processor functions according to its own individual (local) 
program, in which the existence is stipulated of operators of data 
exchange between neighboring processors along connections v allowed 
for in the system (v £ V). It is also assumed that processor n will 
become active at time t + 1 when it receives the results of calcu¬ 
lations carried out by the neighboring processors, which have termi¬ 
nated their operation at timet. The latter condition is satisfied thanks 
to Eq. (1.2.3.1). For a given connection architecture Ar = (V' fl , {0}), 
the set co[ ( i,T] (I 7 ,,) stipulates the processors in the computational 
system that have terminated their operation, that is, were active 
al times t £ [0, T\. At time zero, the set of active processors. o) 0 
(1.2.3.2), is determined by the flow of data into the system at t - 0. 

A model of an array processor. The previous model makes it possible 
to describe the operation of a homogeneous computational system 
with the so-called array structure (an array processor) [1.4, 1.5. 1.71. 

A discrete computational medium ,l/ com - - (T a , Ar, A) 

corresponding to an array processor [1.5, l.til is determined by the 
following values of its parameters: 12 is a two-dimensional lattice 
consisting of .Y times .V (A' a positive integer) primitive cells; the 
unit vectors T rj in /<-, with a, =(0, 1) and ct, - (1,0). are the genera¬ 
tors of the translation group (see Figure 2); the architecture of the 
array processor is fixed by the one-point base -/? - (0) and the 

regulator \' l .(n), which assumes the following values: 

(a) p 2 and I' {•*,, a.,} for n £ 12: 

3 

(b) for n f 012 U I',, where 

r, {('. I). ' 3.Y>. 

r, ill./),; 2-- .Y). r, {(1.1)1. 11.2.3.3’) 

we have p 1 and l ” (n) {cx.» } if /( (; I |. ;> I and 1 I n) - 

{'■/, j if n (; I - ,, and p O and I ” in) O if n 6 1 Y !•:u and .1 
are the same as in Section 1.2.1. 
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The calculation process s t , t = 0,1, . . in such a medium satisfies 
the following system of equations (see (1.2.3.1) and (1.2.3.2)): 

s t+i ( n ) = min {s ( (re — a,), s t (n—a 2 )} 

— min {s* (i — 1, /), s t (i, j — 1)}, 
n£&, n = (i, /), i, /'£ 2, ..., AT, (1.2.3.4) 

s (+ i (re) — min {min {s f (re — re)}, :f t (n)}, n£dQ, (1.2.3.5) 
«ev s 

|<=o («) = (")• (1.2.3.6) 


where ft is a function dQ —A given for every value of t. 

The “source” ft (re) in the right-hand side of (1.2.3.5) describes 
the interaction of the processors lying at the boundary of the medium 
with the external memory controlling the calculation process. The 
value .ft (re) — I means that at time t the processor n £ OQ is 
allowed either to transform the results of its calculations to the 
memory or to receive new data from the external memory in accord¬ 
ance with the calculation algorithm. 

For example, for the case where .ft (n) = 11 and s< |< =0 (re) = 
6 (re — re 0 ), where 


8 ( 


re — re 0 ) = 


II if n = n 0 = (1, 1), 
0 if n=/=n 0 , 


(1.2.3.7) 


we can find the activity range of the array processor, co[ 0lT ] (F,,), 
by (a) solving Eq. (1.2.3.5), employing Duhamel’s theorem, (c) solv¬ 
ing Eq. (1.2.3.4), and (d) employing (1.2.3.3). From the explicit 
formulas (1.2.2.4) and (1.2.2.5) for the solutions, we readily get 


<°[0, T] (F ;j ) = 


{(i,j),i + j = T, t>l} if 0<r<2Ar-2, 
0 if T>2N-2. 


Remark 1.2.3.1 Let the function ft (re), re £ dQ, be such that 
Vt ft (i, 1)= ft (t, A r ) and ,f t (1, j) = ft (N, j), i = 1, . . ., N, 
j = 1, . . ., N. In this case, replacing Eq. (1.2.3.5) with the periodic 
boundary conditions Vt > 0 s t (nfNa 1 )= s, (re) and s t (re + A r a 2 ) = 
St (re), we obtain the following Bellman equation on the torus T 

s t +, (re) = min {min {s, (re —re)}, f t (re)}. 

In the common linear case, a similar problem for a crystal with 
Born-von Karman boundary conditions has been discussed in [1.121. 


1.2.4 The Effectiveness of Parallel Programs 

The concept of a generalized Bellman equation applied to dis¬ 
crete computational media makes it possible, at least in principle, to solve the 
problem of designing homogeneous computational systems from the stand- 
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point of the highest effectiveness of realization in such computational media 
of the executed programs for a given class of problems. On the basis of the so¬ 
lution to the Bellman equation, we estimate the effectiveness of parallel pro¬ 
grams for matrix multiplication, /.(/-expansion of a matrix into two triangular 
matrices, and solution of systems of linear equations. 

The problem of designing a computational system lies in the choice 
of the architecture corresponding to the discrete computational 
medium M a that provides an optimal value for the quality criterion 
Y (Ar) of the architecture Ar = (K,,, It has been established 

that all such criteria are linear in spaces with values in certain semi¬ 
rings (cf. Section 1.3). For example, 

Y (Ar) ■= 2 v(x) min T (P) or 

i€K P6jO(Ar, i) 

Y(Ar) = max min T (P), 

x€JC Ar, x) 

where K is the given class of problems being solved, T ( P) is the 
time of execution of program P £ $ (Ar, x), f (Ar, x) is the set of 
all programs that solve the problem x £ K with a selected architec¬ 
ture of the computational system, and v(x) is the relative frequency 
of solution of problem x by the user. Thus, the problem of designing 
a CS has been reduced to estimating the time T ( P) of execution of 
the problem P £ $ (Ar, x) that solves problem x £ K with the given 
architecture Ar (.V/ n ) of the discrete computational medium M a . 

Suppose that we have selected a homogeneous computational 
system for solving problems of a given class K, that is, suppose that 

a def 

the discrete computational medium .1/ Q = (T a , Ar, L M , A) — ,l/ com 
is given. 

A program P £ f (Ar, x) is understood to be a parallel program 
constituting a collection of local programs 3 , which, generally speak¬ 
ing, depend on parameter n ( Q, or P = {P loc (n), n £ Q}, and 
interact via the operators of interprocessor data exchange operators 
“Pi'T" and “GET”. Let us describe these operators. To this end, we 
use the given architecture Ar = (T,,, AS q ) to deline the set 

V‘ -- V U V- U {0}. (1.2.4.1) 

where l is the regulator in medium .l/ com , and V~ { — r, K), 
and we lix the numbering of the elements in F s , or 1 5 - {r 0 , c,, . . ., 

Vi, . . ., c s ), where r 0 — 0, / 0, 1, . . ., s, s = 2p , p < p- 

The numbering of the elements in set V* hxes the possible oper¬ 
ators of in ter processor data exchange, precisely, the operator GET l , 
(/ ): and the operator PUT /, (/); where (/) is the identifier of the 


3 Here P loc (n) is understood to be a program for a single-proces¬ 
sor computer. 
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variable, and l = 1, . . s. Local programs will be described via 
the Dijkstra controlling structures IF ... FI and DO . . . OD. The 
parametrization of a local program P ioc (n), n £ Q is carried by the 

def 

operands ® i, with ffli = n,-, where n t is the z'th coordinate in n = 
(zii, , n$) £ Q. 

Let us refine the statement of the problem of estimating the time 
T (P ) for execution of the program P. Let P be a given program 
taken from the set of all the programs & (Ar, x ) that solve problem x 
with the selected architecture of the computational system, P = 
{f 100 (n), n £ Q}, and let t (f> loc ( n)) be the time of termination of 
the local program on processor n, while t 0 is the time at which the 
processors in the computational system begin to be loaded with the 
local programs. Then 

T (P) = max {t ( P ioc (it))} - (1.2.4.2) 

n6£2 

It appears that the function n->-t(P loc (n)), which, by virtue 
of (1.2.4.2), determines the time T (P) of execution of the entire 
program P, may be effectively calculated on the basis of the solution 
to the generalized steady-state Bellman equation (1.2.1.11) in the space 
of functions with values in the semi-ring A = (/?*, © = max, © = -f-). 

def 

The discrete computational medium M Q = \I P = (Ta , Ar p , 

Lm , A) that fixes the coefficients in this equation is determined by 
program P in the following manner: 

( 1 ) K = T a ; 

(2) V p ( n) s F s , where V s was defined in (1.2.4.1), n £ Q; and 

(3) the base 3? p and the characteristic of connections L = 

* * » M 

Lf (v 0 ), L p (v 2 ), . . ., Lf (v s ) are determined uniquely by the text 
of local program P ioc ( n ) and the time of execution of elementary 
operations in the program. 

Let us now describe the procedure of constructing the base J? p and 

the endomorphism L By Tr P ,oc (n) — {^, 1 ^ i ^ M} we 
denote the trace of P loc (n), a quantity that represents the sequence 
of elementary operations carried out by processor n operating accord¬ 
ing to program P ,oc (n). Let the function /: Tr P >oc (n) -*■ R\ 
specify the time of execution of elementary operations in program 
P loc ( n ). Next we define the sets Vt^ 6 F p \{0} 

K-(n, v t ) = {i, (C; = GET l, (/>;)V(Si = PUT l, (/);) 

1= 1, ■ • s}, 

K~(n)= U K~(n, v,), K+(n) = {i, i— 

v,6V p \(0) 


K(n) = {\}[]K- (n)Ufi: + («)U {<?+!}, 


( 1 . 2 . 4 . 3 ) 
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with Q = | Tr P toc (n) |, n £ £2. On set K ( n) we fix the ordering 
relation for f 0 , where f 0 : A' (n) —► {1, 2, . . | K ( n) |}, precisely, 
i q (i) < i 0 < i' V i' 6 K (//) , Vi £ K (n), i ^ i' . The pair 

(A', ( 0 ) specifies the base via formula (1.2.1.1): 

3 

P( m ) = 2 ri ( m ) a i< r ’ ( m ) = (1 —i)/i, 

i=l 

i = 1, .... q, <? = |A|, (1.2.4.4) 

where m £ A, with i = i 0 (m). 

Remark 1.2.4.1 Since data is exchanged between processors in 
a pair if and only if one of the two is executing operator GET and 
the other, operator PUT, we have 

|A"(n, o,)l = |A-(n -fu,, —u,)| VngQ, 1= 1, ..., s, 

Vi ki£K-(n, v t ), k'i^R-(n + v h —v ,), 


that is, if £,,. = PUT, then £ A <=GET and, respectively, if £ hj = 

GET, then L- = PUT. The characteristic of connections, L M , in 

medium M p , or L M — (L( 0), L(v t ), 1= 1, ...,s), will be defined 
by the following formulas: 


v = v 0 , 




«) = 


f *»>“ 1 

S Hii-) it i = i + U 
) *'=** 

l O if i # / -J-1, 


( 1 . 2 . 4 . 5 ) 


v = v„ La ( v i< n ) = 


t n if i = i r + l, ; = i' r , 
r= 1, . -|A'(«, Oi)l 
i r £ / («, t’l), ir6 I (n + v lt 


O 


where the set 


p t)» ^ — 1» ■ • ■ ? h 
otherwise, 


a tier » „ 

/(«, u,)--= {i 0 (x), x£K~(n, u,)} (1.2.4.6) 

is assumed to be ordered in such a way that i r , < i r ,<=>r, < r.,. In 
(1.2.4.f>), Gi /(C)- with ^ ^ GET or C = PUT, is the lime of 
execution of interprocessor data exchange operations. 

Remark 1.2.4.2 It follows from the definition of a parallel pro¬ 
gram /' and formulas (1.2.4.3) and (1.2.4.6), that the medium M p 
corresponding to this program is generally not homogeneous (rf, = 
/. /,(//, I’ (/i)), n £ <2). Vet it is possible (see below) to 

partition the lattice £2 into subregions (t2 a , a — 1, 2, . . ., a 0 } in 
such a way that the corresponding media are homogeneous and. 
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hence, to reduce the solution of problem (1.2.4.2) to the consecutive 
solution of the Bellman equations in the homogeneous media 
M p (Q a ), a g 1, .... a 0 . 

Let us use specific examples to illustrate this approach to estimat¬ 
ing the time of program execution. Suppose that we have fixed the 
architecture of a homogeneous CS. Let us assume, for the sake of 
definiteness, that we have chosen the architecture of the process 
examined in Section 1.2.3 (see p. 000), that is, Ar = (F P , $ ={0}), 
where V P = {aj, a,} = {(1, 0), (0, 1)}. Then 

V- = {(-1, 0), (0, -1)}, 

V s = {c„ = (0, 0), 17! = (-1, 0), V, = (0, -1), 

V 3 — (1, 0), V 4 = (0, 1)}. 

Hence, the admissible operators of interprocessor data exchange in 
the language of program description are GET /, (I); and PUT l , (/); 
with l = 1, 2, 3, 4. Let us now consider in greater detail the simple 
example of multiplication of two square (N-by-N) matrices A and B. 


1.2.4.1 A Parallel Program of Matrix Multiplication 

Let us decompose matrix A in its columns and matrix B 
in its rows: 

.4 = [it|, it 2 , ..., = {o-i , ..., Hi) , i = 1, . . ., AL 

B = [b lt b 2 , .... b N f, b i = (b\, . . ., fof), t= 1, . . ., N. 

We represent the product of these two matrices, C = A X B, in 
the form 

N 

C = AxB= 2 (1.2.4.7) 

i=l 

Let us assume that the initial data in the program, the matrices A 
and B, are stored in the external memory modules: matrix A in the 
left memory modules in rows and matrix B in the right memory 
modules in columns (see Figure 1.5). Matrix C = A X B obtained 
as a result of executing the program P A xb >s stored in the memory 
of the elementary processors in the CS (the matrix element C t j is 
stored in the memory of processor n — (i, ;'), i, j — 1, . . ., N). 

Remark 1.2.4.3 In the given case, to simplify the program we 
assume that (a) the “dimensionality of the array processor” (the 
number of primitive cells in the computational medium ,l/ com ) and 
the dimensionality of the problem being solved (the size of matrices 
A and B) coincide, and (b) on a part of the boundary of the medium, 
dQ = {(;, /) | i = A r or / — A' } (see Figure 1.5), the operations of 
data transfer PUT 3, (/) and PUT 4 , (/>, respectively, are suppres- 
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sed. In general, a special operator is required to establish the bound¬ 
ary of an array consisting of processors on which data transfer oper¬ 
ations will be suppressed. 




Processor n=(n 1 , n s ) 


- Memory moduLe 


Fig. 1.5 


Here is the text of a possible local program for solving problem 

< 1 . 2 ,'.. 7 ). 

Program P'axii («): 

C 0; / = i; 

DO I <= X =► C.ET 1, A; 

C.ET 2, H; 

PUT d, A; (1.2,i.8) 

PUT li; 

C C ■!- A * B; 

/ / 1 


()I). 
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Using formulas (1.2.4.3)-(1.2.4.5), we can find the base and charac¬ 
teristic of connection of the medium Mq A xB = (T P , Ar p , L P M , A), 
where P = {/> loc (n), n £ Q}. 

Remark 1.2.4.4 In this case, as the text of the program (1.2.4.8) 
shows, the local program is independent of the number of the proces¬ 
sor n £ Q. Let us now define 

Tr P*x (n) = tt, = £ 2 = 

(C,.,-. = “GET 1"; Sior-5 = “GET 2”; 

£m-4 = “PUT 3”; = “PUT 4”; 

y _ y _ “ 1 ” • Y __ “ >». 

bl0/-2 — » S107-1 1 » SlOJ — ’ 

Y _ **j »». y _ “_”• 

*3107+1 _ 1 » r>l 0/ +2 — » 

Ur+a = “<=”0 / = 1, - • N], Q = \0N +3. 

Lei us define the function /: Tr/ ,,oc («) -*- R\, or 

/ (“=”) = t = , / (“«=”) = t< , / (“+”) = t + , / (“*”) = t*, 
f (“GET 1”) = / (“GET 2”) - 1 (“PUT 3”) = / (“PUT 4”) 

- t n , (1.2.4.9') 

and the set (see (1.2.4.3)) 

K- (n, v,) = {10/-6, 7 = 1. N}, 

K- (n, v 2 ) = {107-5, 7=1,..., N}, (1.2.4.9") 

K- ( n , v 3 ) = {107-4, 7 = 1, . . ., N} (v 3 = —v 3 ) 

K~ (n , v 4 ) = {107-3, 7 = 1, . . ., N} (t> 4 = — v t ) 

and, respectively, the sets (see (1.2.4.6) and (1.2.4.3)) 

7 («, uj) = {57 — 3, 7 = 1, . . ., N), 7 (n, v 3 ) = {57 — 2, 

TV}, 

7(w, i? 3 ) = {57 - 1, 7 = 1, . . ., N), 7 (n, t> 4 ) == {57, 7=1,..., 

A), (1.2.4.9"') 

K- (n ) = {107 - ;, / = 3, 4, 5, 0, 7 = 1.A}, 

A + (») = {107 - ;, j = 2, 3, 4, 5, 7 = 1, . . ., TV}, 

K (») = {1} U {107 - /, ; = 2, 3, 4, 5, 0, 7 = 1, . . ., N} 

U {10TV -|- 4}. 

Thus, the number of elements in base % p is | K ( n) | = 5A r + 2. 
Using formulas (1.2.4.3)-(1.2.4.5), we write the characteristic of 
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connections, P M , element by element (i, j = 1, . . 5A* + 2): 

2f=+/<, * = 7+1, 7=1, 

< nl * = / + l, 7 = 5 / — /, 

/ = 0, 1, 2, 3, 7 = 1, .... TV, 
//=-(■ + * = 7 +1, 7 = 57+1, 

/ = 1.JV, 

0 otherwise 

t„, i = 5/ — 2, 7 = 5/— 1, /= 1, . .N, 

0 otlierwise, 

/„, i=5/— 1, 7 = 5/, /= 1, . .N, 

3 otherwise 

(1.2.4.10) 

/ n , * = 5/, / = 5/ 3, /, ..., iV, 

0 otlierwise, 

/„, * = 5/ + 1, 7 = 57-2, 7=1, .... /V, 

0 otherwise. 

The text of program P loc (n) is used to determine the state vector 
i'„ = (x,, . . .v 5W+2 ) of medium M PaxB : (n) is time of initiation 

of P loc (n), s 2 (n) is the time when the lirst iteration starts, s 5f _ 2 («) 
is the end of operation GET 1,-4, .v 5J (n) is the time of termination 
of operation GET 2, B, s iI (n) is the time of termination of operation 
PUT 3, A , s 5I +i (n) is the time of termination of operation PUT 4, B, 
and ,« 5 , +2 (n) is the lime of termination of the /III operation of a 
cycle of the program, / = !,.. ., N. 

Assertion 1.2.4.1 The time of execution T ( P ) of program P A xb 
(1.2.4.8) jor solving problem (1.2.4.7) oj multiplication of matrices A 
and B is giren by the formula 

T(P A xb)= max {s 5JV+2 (n)}-/ 0 , (1.2.4.10') 

nesi 

where s sNti (n) is a component of solutions oj the steady-stale Bellman 
equation lor medium M Pa <b with a right-hand side ,'F equal to 
( t, (n), 1=1, 

M(«) ’ , / = 1.5AM 2, (1.2.4.11) 

l X l > 1 , 

where t\ in) is the lime of termination of the loading of program. 
P ax u in) into processor n £ 12. 


L U (*>o) = 

{ 

L a(vf)= | 

L i j ( v 3) = | 

L u (+) = ( 



1. Design of Computational Media 


95 


Proof. The proof follows from (1.2.4.2) and the algorithm for the 
construction of process s in the discrete computational medium 
M Pa *b, (1.2.4.8)-(1.2.4.10'). 

Let us find the solution to problem (1.2.4.10'), (1.2.4.11). To 
this end we consider a discrete computational medium M a = 

( T a , Ar, Lm, A) for which the lattice Q and the translation group T a 
are the same as for an array processor (see p. 000). We select the 
architecture and the characteristic of connections as follows: 

Ar ((p = 4, V ), (SB, q = 2)), V = K = (0, 0), v 1 = (1, 0), u 2 =. 

(0, 1), v 3 = (1, 1)}, and Lm = (L (v 0 ), L (v,), l (v 2 ), L (v 3 )), 1 (r,) = 
fp © aj, i = 0,1, 2, 3, where 



"O 01 


I— 
© 

c 0 = 

1 

© 

_i 

> <*i = 

-1 

© 

© 

. j 


"O 0 


"O IT 

II 

<M 

ID 

_Q 1j 

» ^3 = 

_0 0_ 


Let R~ be the resolving operator of the problem 

M 

u=L~u © , O ^^(x)<Cc, u^C'j (Q, A q ). (1.2.4.13) 


Assertion 1.2.4.2 The solution s £ C<q (fi, A q ), q = 5A r + 2, 
to the Bellman equationfor medium M PaxB with the right-hand side ,'F 
taken from (1.2.4.11) is determined uniquely by the solution to problem 
(1.2.4.13) for medium M Q ; in particular , for the component s 5 .v +2 (n), 
of vector s (n) the following representation holds true: 

ht v +2 («) = ff-‘ 0 t$ © [nj]fi~(AA~f->’(«), (1.2.4.14) 

where R~ is the resolving operator of problem (1.2.4.13), A = 

, and f^(n)=(F\°’(n)Qt p , F\°’(n + v x )®t v ) T , withF«\n) = 

t] (n) + 2f = f t^, where parameters t = , t+, tt p , and t x (n) have 
been defined earlier, and t 2 = 2t = + 2t + + 

Proof. \\ e will prove this assertion in tw r o stages. First in view 
of the cyclicity of matrix L (v), v £ V (see Eq. (1.2.4.10)), the initial 
Bellman equation (1.2.1.11) with right-hand side.F (1.2.4.11) can be 
transformed to an equivalent one-parameter family of equations of. 


T n 1 
T 
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the type 

W 7 * 11 In) - LW (,) © with 7 the parameter, 

7=1_,A\ n6n com , (1.2.4.15) 

/’('> (n) = 0, O, O, O, Of, 7 = 1. N - 1, 

T™ («) = (/, (n) - 2f= -t- 0, 0, 3, 0, Q)T, (1.2.4.16) 

where L = {7, (r*), A- = 0, 1, 2, 3, 4), 7, i; (i>*) = 7, ( (v k ), 

i, j =1,2, 3, 4, 5, 6 and L tj (v k ) is defined in (1.2.4.10), while the 
components of solution 1V (, > are expressed in terms of solution 
.s £ i4 4JV+2 thus: (n) = s 5J+(i _ 4 (n), A = 1, 2, 3, 4, 5, 6. Next, 

the system (1.2.4.15) can be reduced by the method of elimination 
to a system of two equations in the components WW (n) and W 7 */' (n): 

W^ , (n) = fY- 1) © t n © wV'in-vd © tl © W\ J) (n-v 3 ) © ft, 

(1.2.4.17) 

WV‘ (n) - F\‘ “''* (n + vj © f „ © W 7 ^ (b) © ft © W ,( 4 ,) (n - Df ) © ft, 
with 


S5/ +2 = H' t, 4 J) ® T_ Vi W^Q C i , c, = t„ © t 2 . (1.2.4.17') 

Inlroducing the matrices a,-, i = 0, 1, 2, 3 (see (1.2.4.12)) and the 
notation 

/< J) <«) =- ® TV 1 (n + t;,)©/,,), 7=0, .... A'— 1, 

(W 7( 2 ,) (b), W 7 '/ 1 (b)) t = u<» (n) e 4*. 


we write system (1.2.4.17) in the form 

u<'>(n) = 7~u< 1 >(n)©/ <, - 1) (n), 7 = 1.AT. (1.2.4.18) 

M 

Employing (1.2.4.16), we can easily express in terms of /< I_1 > 
thus: 


/ <f, -f„©c, © 


7’-,, s 


7?~/ 

M 


(f-1) 


(1.2.4.19) 


where 7f~ is the resolving operator of problem (1.2.4.13), and 

M 


the action of the endomorphism matrix A=(/. j 


-r, 1 

T 

-Vi 1 -Fl J 


on the /1-valued vector u(n) = («,, « 2 ) T is defined by the rela¬ 
tionship (Au)j (n) - © X/iUj (n). Then (1.2.4.19) yields / l,v ” 11 = 
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C 2 1 ©(A R~) n 1 / <0) , where c 2 = «„©<:,. Hence, u (N) = R M f N n = 

M 

C 2 ~ l Q R M (AR~) N ~ l f' 0) . By virtue of (1.2.4.17') we finally es- 
tablish that s 5N+2 = t^' 1 © t? © if.., II] R~ (AAg)" -1 /<">. 
Assertion 1.2.4.3 The resolving operator R~ of problem 

M 

(1.2.4.13) has the form 

*«(£)<•> 

( 2 t n (t+;+l)+max { r ,(n —(t+1) v i —jv 2 ),\ 

.f 2 (n—(i + l)v l —(j + l)v 2 } \ 
n ... . , r — / • . . I • (1.2.4.19 ) 

2t n (i + j+l) + mA\Jp i (n — iv l —jv 2 ), I 

.F 2 (n-w,— (f + l)v 2 }/ 

Proof. We have i?~ = lim/? ( , where R, is the resolving opera¬ 
nt t-00 

tor of the Cauchy problem v,+. = L~v t © ,F> f| ( =o = 0. As in the 

M 

scalar case, Duhamel’s theorem yields 


v,= 



0<t<( 


r = © 

OsS-csgi 



p = m. 


Using the obvious “commutation” relations for the A-valued matrices 

cr i , i = 0, 1, 2, 3, 0 * == 0 * = 0, 0 “ = o 2 , — cr. 2 , 0 , 0 ^ = 0, 

(*, j) 6 {(0, 2), (1, 0), (1, 2), (2, 1), (2, 3), (3, 1)}, 0 O 0, = 0 O , 0 3 0 2 = 

0 3 , 0 o ff 3 = <J 2 , <Ti 0 3 = 0 3 , where O is the null matrix, the operator 
methods developed in [1.131, and, in particular, formulas taken from 
[1.14], we obtain 



max 2f“ © max 

O^asgf i+j=a-l 


'max {.t i(n —(i + i) v t — jv 2 ), 
■ft (n — (i + 1) i>i — (/ + 1) v 2 ) 
max {jF, (n— iv i —fv 2 ), 

■ Ft {n—iv x — (; + l)i> 2 )}. 


Passing to the limit as f-> 00 , we get (1.2.4.19'). 

Corollary 1.2.4.1 The time T ( P) of execution of program P a xb 

is equal to 

T (P) = t, (1, 1) + N (8 t n + t 2 ) + t x - 2 t n , t x = 2 1 = + t <t 

h = + 2 <+ + t 

where t\ (1, 1) is the time it takes to load P^f/B (n) by an optimal loader 
into processor n = (1, 1). 


7-0105 
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1.2.4.2 A Parallel Program of L ('-expansion 

Statement of the problem. Given a homogeneous multi¬ 
processor computational system, specify a parallel program and 
estimate the time of its execution for solving the problem of repres¬ 
enting an N-hy-N matrix A in the form y±< 

A = L\x U SL: 

(the L tZ-expansion), where L is the lower triangular matrix with 
units on the principal diagonal, and U is the upper triangular matrix. 
Suppose that we have decomposed the matrix L in its columns and 
matrix V in its rows, as in Section 1.2.4.1: 

N 

A='ZL l U t . (1.2.4.20) 

i=i 


The calculation scheme of the LU-expansion is as follows: 
A<» = A, At i * t >=A& — L i U l , »= 1, 1, 


where 


u t = {0, 0.0, flit’, atV+ii .... «$}, 




-ti —n»-(0, 0 .°- a »- •••- “$} T - 


(1.2.4.21) 


Here is the text of a possible local program for solving problem 
(1.2.4.20). It is assumed that matrix A and the results of calculating 
matrices L and U are stored in the memory of elementary processors 
of the computational system. 

Program (n): 

IF S1<*=S2=^<? = SI — 1; 

=H=02^0l=s-<? = 5)2 — 1; 

FI; 

I = l; 

DO I<=Q=> GET 2, U; PUT 4, U\ 

GET 1, L; PUT 3, L\ (1.2.4.22) 

A = A - L ♦ U; I = I T l; 

CD; 

IF 5) I >0 2=)- PUT 4, A; U = .4; 

=jf= O 1 --- 0 2 =► ii = 1 !A ; PUT 4, /?; U = .4; 

=11 0 1 < 0 2 =>- GET 2, /?; PUT 4, R; L = A * R\ PUT 3, L\ 

FI. 

The discrete computational medium M Plu for program (1.2.4.22) 
is determined by tlie general formulas (1.2.4.3)-(l .2.4.6). Omitting 
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the intermediate computations, which are similar to those in program 
-Pax a. we note only the form of the set K (n) (see (1.2.4.3)): 

K (n) = {1} (J {10/ - J,J = 0, 1, 2, 3, 4, I = 1, . . ., Q} 

U {10<? + J, J = 6, 7, 8, 10, 11, n , < n 2 } 

U {10<? + /, J = 6, 8, 9, 10, Wl = n 2 ) 

U {10(? + /, / = 6, 7, 8, ny > n 2 }, 
where Q — min (n lt n 2 ) — 1, with (n 1% n 2 ) the coordinates of an 
elementary processor in the computational system. Hence, the 
power of base % (n) of the local 
program P% («) is | K (re) \ = 

5 min (/i 1 , re 2 ) -f- sgn (re 2 — n,) 
and, therefore, medium M Flv 
is nonhomogeneous. Note that at 
n 1 = n 2 a new element 10<?+0 
is included in the set K (re ). 

This makes it possible, as in 
Assertion 1.2.4.1, to reduce the 
Bellman equation corresponding 
to the nonhomogeneous medium 
M ?LU for a steady-state process s: 

Q —>- A |K <"> 1 to a system of Bell¬ 
man equations each of which 
is related to a nonhomogeneous 
medium. It proves possible (see 
Section 1.2.4.1) to break up 
the lattices of these media into 
subregions in such a manner that 
the discrete computational media corresponding to this separ¬ 
ation are homogeneous and, hence, regular (see p. 000). Let us 
consider the restricted nonhomogeneous media M R and yl/ G whose 

4 

lattices allow 7 for the separations Q n = [J Qj and Q a = Q 2 (J £2 4 , 

3=1 

respectively, as shown-in Figure 1.6. Here 

= {(/, /)}, Q 2 = {(/, /), / + 1 < / < AT}, 

= {(», I), / + 1 < i < A}, Q 4 = {(/, ;), / + 1 < i, j < N], 

and / is a parameter (the number of iterations in P^v («)), with 
/ = 1, . . ., Q. The homogeneous computational media correspond¬ 
ing to these separations are Mj (R) = (£2;, Atj (/?), Lj (/?), A), 

] = 1, 2, 3, 4 and Mj ( G ) = (Q>, Ar^ (G), Lj (G), A), j = 2, 4. These 

can be found in the following way (the dependence of these media on 
parameter I is not given explicitly): 

(1) the Q; are shown in Figure 1.6; 


Q, 

«3 

q 2 

2* 


Fig. 1.6 


7* 
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(2) the dimensionality of the base, qj, and the regulators Vj are, 
respectively, 

qj (R) = 4, j =1,2; qj (R) = 3, / = 3, 4; q 2 (G) = 2, q t ( G) = 4; 
V) (R) = (t’o), i = 1, 3; Vj (R) = {e„, o 2 , i> 4 }, j = 2, 4; 

V„ (G) = {f 0 }, V, (G) = {l- 0 , fj, i> 4 }, P? (#) = ^}. j = 2, 4; 

V> (fl) = 0, j = 1, 3; V\ (G) = {f 0 , o,}, V* (G) = 0; 


(3) the characteristics of connection of the points of the medium, 
L (v), have the form 

L? (v 0 ) = ti 0 [e 21 ] © t n © [e 32 ] © U © [e«), 

^2 W = <n © lie 21 ] © [e 32 J] © t s © [e«], 

K) = © [e 31 ]. L? (f 4 ) = f„ © [e 22 ], 

^(yo)=<n©[E 2 ']©<4©[e 32 l, 

£*(».> = *»©[[»"] ®[e 32 ]], 

if ( 14 ) = *n © [e 31 l, (»*) = *„ © [e 22 ], 

(Vo) = in © [e 2, l. i-4 (V 0 ) = t„Q [[e 21 ] © [c 32 ]]©t a ©le«J; 

(»,) = «„ © [e 31 l. />? (»,) = t n © [e 22 ]. 

Here we have introduced the notation [e i °- , ») mXn for the m-by-n 
matrix with elements 



II if i = i 0 A / = io< 
^ *o V i ^ /o> 


t, = 2/<g + 2<= +t_, 


— 2t = + f* 1 + 

tl = t^-rf=, < 4 ^=. f 5 = '* -<=. 


where /<g, /=,, /+, /*, and // are the limes of execution of the 

elementary operations in program (1.2.4.22). Let us now write the 
systems of llellman equations for the nonliomogencous media ,U H 
and U c , respectively: 

«£<>.., u (n) -L y (V)u(n) © .Fy 1 ’ (n) © (1.2.4.23) 

u(n) = L fi (V)u(n) ffi.fp J) (n). (1.2.4.24) 

w£dQ„, u(w) (F rt ) u (n) © («) © L v -b h - (1.2.4.25) 

Here (//, y, (1) {(7/<'>, 1, 2); </?<'>, 3, 4); (G< J >, 2, 4)), / 1. 

Q, where /f (1 > and G (,) are the states of media .1 / n and .l/ (; , respective- 
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ly, and the operators and describe the “interaction” of 

homogeneous media and have the form 

Lj-m = t n © [e 31 ], Li -> 2 = f„©[e 22 ], 

^ 4-*3 = t n © [e 21 ], L 3 -. 4 = t„©[e*‘], (1.2.4.26) 

= *»©[«”]. ^ 2-4 = © te 21 ]. 


The functions <Fj(R), j = 1, 2, 3, 4, and (G), j = 2, 4, are given 
by the following formulas: 


«/ > i) • o ^ 0 )' '-*• *• 4> 

<?j(K)-l time 

& ( 2 I) (G)(n)=(R{ I) (n), 0), ^ ( 4 I) (G)(n) = (J? < 3 /, (n), 0, 0). 


Assertion 1.2.4.4 The solution s: £2 —*- A |K(n) l to the initial 
Bellman equation can be expressed in terms of solution R (I) and G (2 > 
of system (1.2.4.23)-(1.2.4.25) according to the following formulas: 

s 5l+i+l (n)=-R , i I) (n), i= 1,2,3, 
s 5Q+i+i (n) = R < i >) (n), i = l, 2, 3, 4, n, = /, 

i = l, 2, 3, n 2 — I , (1.2.4.27) 

$5j+j+3 (w) = (^)» /~ 2, 3, 4, fi 2 7, 

s 5(3+i+4 (n) = G ( i 5) (n), i = l, 2, n, = 7, n 2 >7. 

The validity of (1.2.4.27) is verified by direct calculations that 
allow for (1.2.4.3)-(1.2.4.6). 

Corollary The time T (P LU ) of termination of operation of program 
P LU is equal to T ( P LV ) = max s |K()l) |(w) — t 0 , where 

n£Q 

| G ( 2 q> («) if n 2 > n t , 

si K(n) i (n) = < R[ Q) (n) if n 2 = n u (1.2.4.28) 

l Rz Q) (n) if 7t 2 -<n 1 . 

In view of the last formula, to calculate T (P LV ) we need only 
find the solutions to system (1.2.4.23)-(1.2.4.26) .By direct calcula¬ 
tion it can easily be demonstrated that the operators of “interaction” 
of media M n and M a satisfy the following “commutation” relations: 

^3-v^P (^*) = '^» ^b-y^v-B = 3 V (V. P)- 


(1.2.4.29) 
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In view of (1.2.4.29), for a fixed pair (y, (!) the solution u y ( n ), n £ Q v , 
can he found from the equation 

u(n) = L y (V)u(n) ©& i y ,) (n) © (1.2.4.30) 


Substitution of the solution of Eq. (1.2.4.30) into (1.2.4.25) leads 
to an equation for u ( n ), n 6 Qp. This solution satisfies the Bellman 
equation in a restricted homogeneous medium: 


where 


u (n) — LflU(n) © <t> ( p } (n). n£fip, 

(D ( ^(n) = | 

l ^p ;) (n) © Ly^.pu Y , 


(1.2.4.31) 

(1.2.4.32) 


In view of the properties of the characteristics of connections, which 

determine the operators Lp for {3 £ {2, 4} in the media M R and 1/ G 
(see p. 000), all the components ({;<*> (ra)),-, i = 1, 2, . . ., q ((3), of 
the solution u<^> to Eq. (1.2.4.31) are expressed in terms of the 
function /<^) (n), which for each P £ {2, 4} satisfies the one-dimen¬ 
sional Bellman equation on the half-line: 
f a) (x) = max (t„ + /< ; > (x + 1), g< ; > (x)), x >/ + 1; 

/<'>(/ + 1) = g"> (I + 1). (1.2.4.33) 


Here the variable x = n 2 if and x = n, if u<'> = 

where («,, «j) = n is the “number” of the processor in the computa¬ 
tional system, while the function gt') (x) is obviously determined by 
the right-hand side of (1.2.4.32). The solution to Eq. (1.2.4.33) 
was obtained in Section 1.2.2 (see Theorem 1.2.2.3). Substituting 
this solution into formulas (1.2.4.27)-(l.2.4.28' and assuming that 
max (tj, t n ) = tj, i = 3, 5, we find that 

T (Plu) — U (1» 1) + N (fan + t> + <3 H- < 5 ) — fj t- h 

-«» + *„. (1.2.4.34) 


where /| (1, 1) is the time of termination of loading program P'fij (n) 
into processor (I, 1) by an optimal loader. 


1.2.4.3 A Parallel Program for Solving a System 

of Equations Ax — b 

Statement of the problem. Given a homogeneous multi¬ 
processor computational system, specify a parallel program for 
solving a system of linear cqualons ,4x = b (x, b £ R N , A = 
I"/>I .y s ,v) by the /.{/-expansion method (see Section 1.2.4.2) and 
estimate (lie time of execution of such a program. 
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The calculation scheme is based on consecutively solving the 
system of equations Ly = b and Ux — y, where L and U are the 
matrices that figure in the LiZ-expansion of matrix A. Here is the 
text of a possible local program for solving the problem. We assume 
that the matrices L and U are stored in the memory of the elemen¬ 
tary processors, vector b is stored in the left memory modules, and 
vector x will, after the program is executed, be stored in the upper 
memory modules (see Figure 1.5). 

Program P V Ax=b (n): 

IF S 1 < S 2 =>■ GET 1, Y; GET 2, if; PUT 4, if; 
y = y — L * R; PUT 3, Y 

# 0 1 = a 2 => GET 1, y; PUT 3, Y; PUT 4, Y; (1.2.4.35) 

GET 3, Y\ X = Yl U; PUT 2, X 

# 0 1 > 0 2 GET 1, Y; PUT 3, Y; GET 4, X; 

PUT 2, X; GET 3, Y; Y = Y - U * X; PUT 1, Y 

FI. 

The corresponding Bellman equation for a nonhomogeneous medium 
H/ p Ax=b w Jth base 3) ( n ), whose power is | K (re) | = 7 + 
sgn (n l — re 2 ) can be reduced to 
a system of equations for homo¬ 
geneous computational media 
3/ (a) , a = 1, 2, 3, whose lat¬ 
tices Q <a > are depicted in Fig¬ 
ure 1.7: 

Q. « = {re | re 2 < re 2 }, 

H < 2) = {n | re, = re 2 }, 

Q < 3 ) = [ n | n x > « 2 }. 

We will not carry out the actual 
calculations, since they are sim¬ 
ilar to those carried out in 
Sections 1.2.1 and 1.2.2. The 
final result is as follows. The 
time T (P Ax = b ) of termination 
of program P Ax =b , provided 
that program P l ^ b (re) is load¬ 
ed by an asymptotically optimal loader (see Section 1.2.5 
below), is equal to 

T (P AX=6 ) = t, (l, 1) + N (8f„ + 2f 2 + t ,) - 2 1 2 - 3f„ + t ■*, 

w J^ re t i (li 1) is the time of termination of the loading of program 
P Ax=b into processor (1, 1), £, = t t + t =1 and f 2 =] f* + t_ ~ t=. 



Fig. 1.7 
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1.2.5 The Design of an Asymptotically Optimal Loader 

for a Homogeneous Computational System 

In this section we give a program that realizes, in the minimum 
possible time, the loading of local programs into the processors of a homogeneous 
computational system when the number of such processors grows without limit. 

It follows from the formulas for solving the problems discussed 
above that the lime T (P) of execution of a parallel program P = 
{P loc («)i n £ £2} depends on the time t — t\ (P loc (n)) required to 
load the local program into processor n\ this means that the loading 
time is a parameter in problem (1.2.4.2); hence, with respect to this 
parameter we can optimize T (P). 

The process of loading the local programs P ioc ( n ) is carried out 
via a special parallel program P\ = P\ u (n), n £ Q, the loader of 
the computational system, stored in the ROM of each processor n. 
It has been found that as the dimensionality of the problem increases, 
or as n —*- oo, the steady-state Bellman equation applied to a special 
discrete computational medium can be used to specify an asymptotic¬ 
ally optimal loader, that is, a program P* for which the execution 
time is minimal with n —*■ oo. 

Let us detail the statement of the problem. By (Ar) we denote 
the set of all loading programs for a given architecture of a homo¬ 
geneous computational system, and by T (P\) we denote the time 
of execution of a parallel program Pi £ (Ar) on processor n, 
that is, 

T (Pi) = t (P{“ («)) - t 0 , 

where t 0 is the start lime of the program P j, t 0 is a constant independ¬ 
ent of n, and t (/ 3 i° c (rz)) is the termination lime of the operation of 
the program of loading into processor n. 

Let us consider the problem of choosing the optimal loading pro¬ 
gram P f (the optimal loader) for a given homogeneous computational 
system: 

T (P\) -*■ min V Pi 6 (Ar). 

For the sake of definiteness we will consider in what follows a model 
of a homogeneous computational system with a two-dimensional 
lattice S2 {« -- (n lt tu), 1 ^ /ij < A r , 1=1,2). Since the lime 
of loading into processor n is a linear function of the length t of the 
program P loc (//) being loaded, where J = | P loc (n) |, it is natural 

to assume that 1 (Pl^RO) does not exceed J V C)iij 1 {C ', n}, 

C\ > II, i 1,2. Let 

t (P|“ (II)) = ; <C\ n) + (C-, u) - C,: -:- L\, 


(I.2.0.1) 
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where C 1 = (CJ, C\), C 2 0, and Cj and C 4 are constants determined 

by the times of execution of the various elementary operations that 
enter into the trace of program P\, C\ = C? (Pi), k = 1,2. With 
functions of the type (1.2.5.1), the time of execution of program Pi 
on processor n = (n lt n 2 ) becomes 

T (Pi) = £ (C 1 , n) + «2 2 , n) + + C,~ t 0 . (I.2.5.2) 

Hence, the objective function (or criterion function) of problem 
(1.2.5.2) becomes asymptotically optimal as n -> oo if there exists 



a ? ={n| n,>l} 


Fig. 1.8 

a program P f for which the following holds true: 

V Pi 6 (At) C\ (P{) > C\ (Pf) = 0, C\ (P,) > C\ (Pf), 

i = 1, 2. (1.2.5.8) 

A program Pf satisfying (1.2.5.3) is said to be the optimal loader 
for a computational system. Here is the text of such a program. 

Program P* loc ( n): 

S = (NUL); ADR = (ADR 0 ); 

DO 5 “| = (EOF) =*• 

IF ® 1 = 1 =»- 
GET 3, S; PUT 4, 5; 

#S1 > 1 =*- 
GET 1, S; 
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FI; 

PUT 2, S: 

ADK = ADR -r 1; 

MEMORY (ADR) = 5; 

OD. 

Here (NUL) is the nil symbol, (EOF) the end-of-file (or program) 
symbol., and (ADR 0 ) is the address from which the program is loaded 
into the processor memory, MEMORY. 

The time of execution T (P f) of the above program is determined 
by solution of the appropriate Bellman equation in a discrete medium 
(Figure 1.8). As a result of calculations similar to those carried out 
in Section 1.2.4.2, this equation can be reduced to a one-dimensional 
scalar equation of the type similar to that discussed in the example 
in Section 1.2.2.4. The ftnal result is 

T (P*) = t l -f- (f 2 -f 3f p ) £ + («j — n. z — 2) t p — t 0 . 

Here is the total time spent on execution of the operators S = 
(.\ UL); and ADR = (ADR 0 ); and on vffl-iiicalion of the relation¬ 
ship 5 = (EOF), t 2 is the total time ol execution of the oper¬ 

ators ADR = ADR -- 1; and MEMORY (ADR) = S\ and of verifi¬ 
cation of the relationship S ~j — (EOF). 


1.3 Optimization Problems of Functioning 

of Computational Systems 

In this chapter we will discuss the main optimization 
problem that emerges in the functioning of operating systems (OS) 
of computational media, that is, the optimal organization of the 
execution of the users' instructions. 

1.3.1 Effectiveness Criteria of the Functioning 

of Computational Systems 

This section will formulate the general requirements of the opti¬ 
mization of systems of parallel data processing and give a general formulation 
of the problem. 

An operating system is usually understood to he software that 
realizes the interface between the users’ instructions (or programs) 
ami (lie resources of a computational system. The principles of 
design of operating systems have been discussed in great detail in 
the works of Soviet and oilier authors [1.18, 1.23-1.281. 

Wilhonl assuming a formal approach, wo may say that the problem 
lies in ulloraling the resources to the set of users’ instructions so as 
to optimize a measure of effectiveness of the execution of the in- 
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structions, say, the average execution time or the maximal execution 
time. The choice of measure of effectiveness is determined by two 
trends in the organization of parallel data processing: (1) the attain¬ 
ment of high total productivity in executing various usually small 
and weakly interacting instructions and (2) the attainment of maxi¬ 
mal productivity in solving a single large problem [1.17, 1.18], 

Here is a formal statement of the problem. Suppose that we have 
specified a set P = {pj,p 2 , . • •> Pm} whose elements are the resources 
of the computational medium. A system of instructions is a pair 
(X, p), where X — [x ly x 2 , is a set whose elements are the 

instructions Xj, j = 1, . . ., n, and p is the partial ordering relation 
on X. 

Remark 1.3.1.1. For the sake of definiteness the resources of a 
computational medium are understood in what follows to be the 
processors of that computational medium. However, the discussion 
can he generalized to other types of resources. In homogeneous com¬ 
putational media the processors are identical both in functional 
capability and in speed. The partial ordering relation p on X imposes 
restrictions on the sequence in which the instructions are executed: 
x i pXj< : > means that instruction x t precedes instruction Xj if x t must 
be completed before Xj. In this section we will call the relation p the 
instruction-precedence relation. 

Let us denote by x i} >0 the time of execution of instruction Xj, 
j = 1, . . ., n, on processor P h i = 1, . . ., m. For a homogeneous 
computational medium, x tj — x (xj) is the time of execution of 
instruction xj on any processor. By W t , i = 1, . . ., n, we denote the 
specific cost of stay of instruction x t in the computational medium. 

Remark 1.3.1.2 The cost of stay of an instruction in a computa¬ 
tional medium depends on the parameters of the instruction. These 
may be the memory size (the number of cells) required for storing 
the instruction, for instance, or the reaction time of the system when 
the instruction is executed in real time. 

The problem of organizing the execution of instructions in a 
computational medium consists in building a schedule s, a pair of 

dcf 

mappings /: X R}. g: X P (s = (/, g)) for which the following 
properties hold true: 

(1) (V x h xj £X, g (it) = g ( Xj) = k, k e 1, • • n) 

X/UjH-tj,. W' X/(*j), f{xj)+X),. (0 = 0* 

where Xa,6 (t) =1 — 0 (f — b) — 0 (—t + a) is the characteristic 
function of segment [a, 61, with 0 ( t) being Heaviside’s function; and 

(2) XjpXj => f (Xj) + T g(Ii)l - < / (Xj). 

Remark 1.3.1.3 The value / of function / at point x t is the 
beginning time of execution of instruction x it while g (x f ) defines 
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the processor ensuring the execution of the instruction. The first 
property means that each processor P; at a fixed moment in time t 
can execute only a single instruction. The second property realizes 
in time the partial ordering relation p on the set of instructions X. 

The problem of optimal organization of execution of a system of 
instructions consists in building a schedule s* that delivers an extrem¬ 
um to one of the following measures of effectiveness of operation of 
a computational medium: 

Uj = min max / (x,), the minimal possible time of 

s lsgisgn 

termination of all instructions; 

n 

p 2 = min n~ l y W- t j (xj), the smallest cost-weighted 

s i=l 

mean of the time during which the executed instructions are kept 
in the computational medium; 

n 

p 3 = minrr'2 U( x i) — T c(x)i)WV the minimal cost- 

s i=l 1 

weighted mean of the time during which the instructions wait to be 
executed in the computational medium; 

71 

p 4 = min n~ l ^ (/(x f )—d i ) + H’ 1 , the minimal cost-weight- 

s i=l 

ed-mean of delay of execution of the instructions in relation to the 
given directive times d it i — 1 , .... n, in which the instructions 
were supposed to be executed (here we employ the notation (t> (x) + = 
max {0, cp (x))); and 

n - 1 

p 5 = min (s) y {n — i ) (f (x p )—(/ (*„ )), with / (x„) = 0 

s i=0 11 1 

and \ (a) = max / (x,), the quantity characterizing the minimal 

lsSis?" 

expected demand of the system of instructions in processors. It is 
assumed that / (x,, j+1 ) >/ (x,^), i = 0, . . ., n — 1. 

Remark 1.3.1.4 For a homogeneous computational medium, 
criterion p 3 is equivalent to p 2 , while criterion p 4 makes it possible 
In pose the problem of minimizing the number of processors that 

can ensure the general directive time limit d - d f , i •--- 1, . . ., «. 
for execution of the instructions. 

Passage to the limit in the small parameters /(, — 1 ,m and h 2 = 

I n as m —► oo and n —► oo in discrete computational media yields 
measures of effectiveness of the execution of a system of instructions 
in continuous computational media. For example, if we send n to oo 
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Ms) 

in [i 5 , we get (x 5 = min A, -1 (s) f N (t) dt, where N ( t) is a smooth 
s © 

monotonic decreasing function, the number of instructions not 
executed by time t. 

Assertion 1.3.1.1 All effectiveness criteria mentioned above are 
linear in spaces with values in one of two semi-rings, 

A x = (R\ (J {+oo}, © = min, 0 = max), 

A 2 = (R\ U {+°°}. © = min, © = +). 


As concrete examples we will formulate and solve three problems 
of optimal control of the resources in homogeneous computational 
media. The first two deal with the optimization in the given criteria 
of parallel data processing in homogeneous computational media, 
while the third deals with the control of external switching. 


1.3.2 Optimal Organization of Parallel Data Processing 

In this section we give algorithms for the solution of two main 
problems emerging in optimal parallel calculations. 

The main difficulty in parallel calculations lies in the need to 
maintain the partial order and temporal sequence in carrying out 
the separate computational instructions or assignments that are 
worked into the algorithms or programs as a result of ordered data 
processing [1.18]. The parallelism of calculations is carried out 
between the individual processors that constitute the computational 
system. Here two main problems emerge, in a sense reciprocal: 

(a) given an algorithm and a fixed time interval assigned for 
execution of the algorithm, find the minimal number of processors 
constituting a homogeneous computational system; and 

(b) given an algorithm, find the minimal time of its execution 
by a given homogeneous computational system that incorporates m 
processors united by a common main storage. 

Essentially these problems can be reduced to the problem of oplimal 
distribution of a set of data-correlated operators or, in other words, 
of a partially ordered set of the calculation assignments distributed 
between the processors. Here is a formal statement of this problem. 

Suppose that realizing an algorithm on a homogeneous CS with 
a general main storage (or memory) requires realizing a system of 
instructions ( X , p). Here X = x 2 , . . ., may be, for instance, 

a set of problems, operators, or commands, while the ordering relation 
p is determined by the information correlations between the instruc¬ 
tions. Instruction x, requires x (xf) units of time for its execution and 
may be carried out by any processor in the system. 
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Problem 1. Il is required to assign the instructions to the processors 
ill such a way that (1) the time of execution of all instructions assigned 
to each processor must not exceed a given time T , (2) the instruction- 
precedence relation p (which is determined by the data correlations 
between the instructions) must be satisfied, and (3) the number of 
processors must be minimal. 

Problem 2. It is required to assign the instructions to the processors 
in such a manner that (1) the number of processors m is given, (2) the 
instruction-precedence relation (which is determined by the data 
correlations between the instructions) must be satisfied, and (3) the 
time T = max where t, is the time of execution of all instruc- 

tions on processor i, must be minimal. 

The requirement that the instruction-precedence relation be satis¬ 
fied can be expressed in the form of a cyclic graph G p = (X, T p ), 
which represents the instruction-precedence relation p. The vertices 
xi and Xj of graph G p are connected by the arc (x t , xj) (j T p if instruc¬ 
tion j-j must precede instruction xj. We will say that a subset of 
vertices Q ^ X of graph G p is allowed if there is no arc (if, xj) £ T p 
that leads from X\(? to Q (Xj £ X\Q, Xj£Q). The predicate 
defined in this manner on the set 2* will be denoted by 3). 

The solution to Problem 1 can be expressed in terms of the solution 
to the appropriate generalized Bellman equation in the space of 
functions with values in the Abelian semi-group = (/?, ©) (see 
Section 1.4) for a discrete medium uniquely determined by the state¬ 
ment of the initial problem, while the coefficients of the equation, 
which are endomorphisms of semi-group R$., are fixed by the tem¬ 
poral parameters x (a-,) (Xj £ X) and T, T 5> 0. 

Let us consider the discrete medium M = (X, T, H , R) with 

(1) X- {x,g2 v . ^&)}. i=l. k. A-|X|<2\ V- 3. 

a- X; 

(2) ?-- U T ( , r j ^{(x, //). .yVT=-{a-j}. x, y£X}; 

i -1 

( 3 ) R± -- (R. ®), R = {1, 2, .... n } \ {0, T - 1), and the 
semi-group operation © is determined by the relation 


f («„ </ 2 ). (<7, < ^,) V («l 

I (*i, & 2 ). (r/, > A-j) V («i >h A "a> ^)» 


where a («,, <i 2 ). b lb,, b 2 ) £ R Obviously, the neutral ele¬ 
ment has the form - (;», T — 1). Endomorphism H is defined 
in the following manner: 


II (u) 


I ( ti ) if ii £ r, 
3 if h t_ r, 
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where 

Vu£T h L(u) (a) --= 


(a„ a 2 + t(X;)) if a 2 + x (x,) < T, 
(a,+ l, x(*()) if a 2 + x (Xj) > T , 
a, < n. * = 1 , 

0 H if a 2 +1 (Xj) > 7, a,= «. 


(1.3.2.1) 


Let us describe the algorithm for solving Problem 1: 


(1) put jE(x) = 


| (1, 0) if 
1 O n if 


X— x l7 
x =jt a;,; 


(2) apply the //-scheme (see Section 1.5.2) to solve the Bellman 
equation for the discrete medium M: 


s — Hs ® J 7 , 


(1.3.2.2) 


where .f is defined in item (1); 

(3) reconstruct the route p opt from solution s (see Section 1.5.3); 

(4) terminate operation; the result is as follows: instruction x t 
is executed on processor Pj with number) = a x over the time interval 

la 2 — x (x^, a 2 ], where (a 1 , a 2 ) = s (x). Here s is the solution to Eq. 

(1.3.2.2) at point x satisfying the condition T, f] Popt = {(</> .r)}. 
Here is the algorithm for solving Problem 2: 

n 

(1) put T t = max x(x t ) — 1, 7’ 2 = 2 T ( x i)> and T = T 2 ; 

x t ex i=i 

(2) apply the algorithm for solving Problem 1; 

(3) suppose that s (x h ) = (a It a 2 ): if m < a lt then put T 1 = T, 
otherwise put T 2 = T; 

(4) if T 2 - T 1 ^ e, where e is the required accuracy of solution, 
then go on to itOm (5), otherwise put T = (T x + T 2 )l 2 and go over 
to item (2); 

(5) terminate operation; the result is the route p found in item 
(2) of the algorithm at T = T 2 . (If x (x f ) 6 2 + and e = 1, the solu¬ 
tion is exact.) 


1.3.3 Optimal Control of Switching 

Here we will discuss the organization of switching in a computa¬ 
tional medium. We will demonstrate that the problem of optimal control of 
external switching on the basis of u-networks with determinate servicing can 
be reduced to solving the Bellman equation with semi-group operations $ = min 
and G = uoax. 
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The effectiveness of a computational medium depends essentially 
on the organization of switching in the medium [1.17, 1.18]. Two 
types of switching are distinguished: internal and external. Internal 
switching is the program-controlled variation of connections between 
the elementary processors of the medium. External switching is the 
program-controlled variation of connections between the computa¬ 
tional medium and peripheral devices (external memory, terminals, 
data stations, and the like). 

It is natural to understand internal switching control in a com¬ 
putational medium as a transformation of the coefficients in the 
generalized Bellman equation describing the propagation of local 
data alterations in the computational system (see Section 1.2.3). 
Then the problem of optimal control of internal switching can be 
reduced to such a choice of the coefficients of the equation that the 
solution to the equation will guarantee an extremal value of one 
of the objective functions of the effectiveness of CS functioning. For 
instance, the optimal value of the activity range of multiprocessor 
homogeneous CS as a function of the architecture parameters of 
the CS can be found by solving the Bellman equations constructed 
in Section 1.2.2. Other possible criteria of effectiveness of compu¬ 
tational systems were discussed in Section 1.3.1. Two main methods 
of organizing external switching are known, spatial and temporal, 
but combinations of the two are also possible [1.16-1.18], 

An example of temporal switching is the so-called switching with 
a common bus [1.18]. In this case all devices subject to switching 
are connected to a single channel, which makes it possible to con¬ 
nect. at each moment in time, only one peripheral device with a 
given elementary processor of the medium. In spite of the low cost 
and simplicity of realization of this type of switching, it has signifi¬ 
cant deficiencies: a low throughput and high delays in data transfer. 

An example of spatial switching is the array switching [1.181, 
which ensures a high throughput of data transfer thanks to the pos¬ 
sibility at each moment in time of pair switching of any peripheral 
device with an elementary processor of the medium. 

Specialists now agree that the most effective and economical way 
of realizing external switching on VLSI schemes is to employ the 
so-called o>-nclwork [1.16, 1.18], which combines the merits ol 
spatial and temporal switching. For one, the complexity of realiza¬ 
tion of a (i)-nctwork is proportional to the logarithm ol the number 
of devices included in the switching process [1.18]. 

The problem of optimal control of on M-network (with determinate 
serriring). The model of operation of an m-network. The structure of an 
la-network is as follows (Figure 1.51): an co-network contains (1) 2" +1 
elementary switches A’i„ = {a f , i - 0, .... 2 n — 1} taking part 
in the switching process, 2" peripheral devices al the input port 
of the (n-nolwork. and 2 n elementary processors *out {y t » * 
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0, . . 2 n_1 } and (2) 2 n_1 X n elementary switches, each of which 

may be in one of two states and ensures the commutation (steady- 
state connection or link) of two of its inputs with two of its outputs 
(see Figure 1.9). 



Elementary switch States of switch 


Fig. 1.9 


:x: 


The steady state of an co-network is given by the collection of the 
states of all of the network’s elementary switches. The input port 
of an co-network is used to receive the instructions for data processing 
in the computational medium from a peripheral device. A special 
processor, which controls the operation of the co-network, must deter¬ 
mine (“commutate”) the elementary processor that will receive the 

8-0105 
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instruction for data processing. In other words, this processor must 
connect the input port of the w-network (specifically, the peripheral 
device £ X in ) with the output port (specifically, with one of the 
processors of the computational system), which means that it must 
find a route for transferring the instruction through the switches 
of the w-network (i.e. through the “free” connections between the 
switches) that leads from Xj £ Xm to the set X out . 

At each moment in time t , the set of all possible routes of data 
transfer according to the instruction at the input port of the w-net- 
work depends on the steady state of the w-network at time t and on 
the instructions that were at the input port of the u>-network by time t 
(a fraction of the switches and steady-state connections between the 
switches are engaged in carrying out these instructions). Let us 
define the dynamical state C w ( t , x 0 (t)) of an w-network as the set 
of all routes of data transfer admissible at time t that lead from 
jt 0 ( t ) 6 Xw into X out (routes that do not intersect through the 
switches). Let us assume that the operation of the w-network is 
determined, that is, for each instruction received by the w-network 
we know the time of its processing and the dynamical slate 
C u (t, x 0 (t)) of the w-network at x f U, r o l, T 0 > t , where T 0 is 
the time of termination of the operation of the w-network involved 
in processing all the instructions received by time t. 

Statement of the problem. Suppose that at time t the input port of 
an w-network receives an order for a peripheral device x 0 6 X in . 
This order must be fulfilled in a minimal possible time with due 
regard for the restrictions imposed on the dynamical state of the 
network al x £ [t, T 0 \ by the system of orders received at the input 
port of the w-network by time t. 

To solve the formulated problem, we give the appropriate Bell¬ 
man equations in the space of functions with values in the semi-ring 
A -= (R l U {±°o}, © min, © = max) for a discrete medium 
whose architecture is depicted in Figure 1.10. This equation has the 
form 

s*+i(«, ;)- min max{s„(i,’ j'),a(i , j. i', /')} 

0<i'sJ2'‘- I 
Ogj'SSn 


s 0 (t, j) --- 


fc-0, 1 , 2. 

°o j =^= 0, i ^ i 0 , 
t, ;=0, i =i 0 . 


( 1 - 3 . 3 . 1 ) 
( 1 . 3 . 3 . 2 ) 


Mere i„ is the number of a given peripheral device j 0 6 X,„. (i, j) 
are the coordinates of a steady-stale connection in the system, i is 
the number of a vacant output of an elementary switch in the w-net- 
work positioned in the layer with number j (for 7 >0) or a peripher¬ 
al device (at j = 0), .s’* (i, j) is the moment in lime when there is a 
free route of length k (i.e. consisting of k steady-stale connections) 
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leading from the peripheral device x ia specified in the order to the 
elementary switch with output i in the /th layer. The coefficients in 
Eq. (1.3.3.1) are uniquely determined by the given dynamical states 
C a (t, x 0 (t)), t e If, T 0 ]: 


r • - f *u if / —/'=!, 

a(i, ], 1 , ] ) | otherwise 


— /'=!, i = e+2t'(mod 2"),e = 0,1, 


(1.3.3.3) 


where t i} is the time when the switch with number ([t/2], /) is free 
from fulfilling previous orders (here [ ] denotes the integral part of 
a number). 



ol n j 

Fig. 1.10 


Obviously, the solution to problem (1.3.3.1), (1.3.3.2) at k = n 
determines the optimal (i.e. the shortest in time) way of connecting 
the peripheral device x 0 6 X in with the output port of the m-network. 
The number of the t*th processor in the system (i*, n) that receives 
the order from x ia to process the information can be found from-the 
equation i* = arg min s n ( i , ri), and the sought route p* = 

0s£isg2n-l 

8* 
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[i (i 0 , 0) —*■(£*, n)) can be reconstructed uniquely from the found 
number i* as follows: if i* = (A,, k 2 . k n ) is the binary represen¬ 

tation of number i *, the sequence (i 0 , 0), (2i 0 (mod 2") — A-, = 
ii, 1), (2i, (mod 2' 1 ) -f- A- 2 , 2), . . (2i„_ x (mod 2") -I- A„, n) specifies 

the vertices of the optimal route p*. The method of reconstructing 
the route p* and building the solution to the Bellman equation 
(1.3.3.1) follows from the algorithmic procedure (the //-scheme) 
discussed in Section 1.5.2 (see also 11.24)). 

1.4 Flexible Automatic Manufacturing 
of Computational Media 

As yet there is no flexible automatic manufacturing of 
computers. However, in long-term projects for designing fifth gener¬ 
ation computers the organization of flexible automatic manufactur¬ 
ing systems has been discussed [1.29-1.31]. There is therefore a 
need to study related mathematical problems. First, there are the 
problems pertaining to all flexible automatic manufacturing and, 
for one, the flexible automatic manufacturing of many “small'’ 
components, or continuous computational media, say, the flexible 
automatic manufacturing of the element base of fifth generation 
computers using VLSI, in which mathematical models are employed 
for manufacturing thin films, integrated circuits, and integral- 
optics elements. In what follows we consider the mathematical 
problems involved in flexible automatic manufacturing from this 
point of view bearing in mind the large parameter that appears in 
the problems arising in this connection. 

The definition of flexible automatic manufacturing. At present there 
is no universally accepted definition of flexible automatic manufac¬ 
turing. We will adhere to the following, most widely accepted, for¬ 
mulation of this concept. Flexible automatic manufacturing is a 
manufacturing unit—production line, bay, shop, or pi an t — that 
functions on the basis of unmanned technology, program control, 
and group organization of manufacturing. Structurally a flexible 
automatic manufacturing system consists of an executive system 
that incorporates technological, transportation, and warehouse 
subsystems, and a control system that coordinates the functioning 
of the executive subsystems. The control system consists of mini- 
anil or microcomputers united hv data transmission links, and soft¬ 
ware lhat controls both the separate equipment units and the system 
as a whole (see Table 1.4.2). Program control with computers equip¬ 
ment and manufacturing processes ensures the flexibility of the auto¬ 
matic manufacturing process, that is rearrangement of all the execu¬ 
tive components in the manufacturing system when the objects of 
manufacture are changed. The group organization of manufacturing 
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is based on special-purpose specialization of the bays and shops and 
a unified group form of organization of the manufacturing processes 
[1.32, 1.331. 

Table 1.4.2 The Structure of Flexible Automatic Manufacturing 
Systems 



1.4.1 Classification of the Mathematical Problems 

Associated with Flexible Automatic Manufacturing 

In this section we suggest a new classification of the mathematical 
problems associated with the design and functioning of flexible automatic man¬ 
ufacturing systems. The discussion is based on the theory put forward in the 
previous sections. 

There now exists a vast literature on work connected with flexible 
automatic manufacturing. However, a large portion is devoted to 
the manufacture-organizational principles of designing flexible 
automatic manufacturing. Practically no publications discuss the 
mathematical aspects of such design and the functioning of such 
systems. 

We distinguish six large mathematical problems in flexible auto¬ 
matic manufacturing. We believe that all mathematical problems 
arising in flexible automatic manufacturing at the stage of design 
of such a system and its functioning, except for problems of program 
control of production equipment, can be treated as linear problems 
in spaces with values in an abstract semi-ring, which means that 
the generalized Bellman equation can be used to solve such problems, 
both in the discrete variant (see Section 1.1.10) and in the continuous 
case (see Section 1.0), when in stating a problem we can specify a 
small parameter in which passage to the limit is possible. For in¬ 
stance, in planning problems the quantity reciprocal to the number 
of performed operations can serve as such a parameter. 
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The first problem in designing a flexible automatic manufacturing 
system, a problem inherent in any such system, is the classification 
of the manufacture products by their structural-production charac¬ 
teristics with the aim of their further grouping. This problem can be 
solved by applying methods of cluster analysis [1.34-1.361, which 
employ concrete realizations of the abstract semi-ring, these reali¬ 
zations are determined in the ways in which the distance between 
objects in the classification space is specified. 

We now wish to state the classification problem. Let (£,d) be the 
set of objects X = {x, y, z, . . .}, | £ | - n, with a specified gener¬ 
alized “metric” d: Xx X ->-/?. We wish to find the partition J* of 
set X into a given number m of groups of objects {/*, t -= 1, . . m} 
that minimizes the generalized sum of the distances between the 
objects within each group: 

m 

y* = arg min © © d(x, y), (1.4.1.1) 

XtJ) i = l X.UtJ; 

where J) is the set of all possible partitions J = {/,, / 2 , .... J m } 
of the set X and © is the generalized multiplication sign (see Sec¬ 
tion 1.1.1). 

Problem (1.4.1.1) is linear in the space of functions with values 
in the semi-ring A = (R , ® = min, ©). In concrete classification 
problem the generalized metric on the set of objects is determined 
by the numerical values of the characteristics, that is, the coordinates 
(x lt x 2 , . . ., x n ) of object x £ X in the characteristics space R n . For 
instance, the metric d ( x , y) can be specified by one of the following 
formulas: 

d(x. y) = max |x,-— i/ ( | (Manhattan distance [1.37]), 

I fgisjn 
n 

d(x, y) = ^ \ x i — #il (Hamming’s distance [1.38)). 

i“ 

d(x. y) 1/^ (Xj — yi) 2 (Euclidean distance). 

r i --i 

For the above cases the solution to problem (1.4.1.1) is given in 
[1.35, 1.3!) |. 

The classification problem remains linear even when metric d 
is induced by a fuzzy resemblance relation t (see [1.40, 1.41], t: 
X X -*•[(), 11 is a reflexive (Vx £ X, x (x, x) = 1) and symmetric 

(V x, y £ X, t (x, y) - x (y, x)) mapping. The transitive closure t 
of the resemblance relation t is a similarity relation or a fuzzy equiv¬ 
alence relation (see 11.381) possessing the properties of reflexivity, 

symmetry, and transitivity: V x, ;/. z £ X, t ( x , y) min (T (x, z), 
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x (z, y)). We define a “minimax” metric d on X by the formula 

d (x, y) — 1 — t (x, y). The problem with the “fuzzy” metric d is 
linear in the space of functions with values in the semi-ring A = 
(. R — [0, 1], © = min, © = max). Its solution is determined in 
terms of the solution of the system of Bellman equations for the 
shortest connecting tree [1.42], For a large number N of graded 
objects it is natural to solve the classification problem via a passage 
to the limit in the small parameter 1 IN —>-0 in the discrete Bellman 
equation. 

Note that the solution to the classification problem makes it pos¬ 
sible to design a group route and operational technology of processes 
involving the manufacture and inspection of products [1.43]. 

The second problem in the design of flexible automatic manufac¬ 
turing systems involves the planning of flexible automatic production 
lines and bays on the basis of a calculation of the optimal supply 
and timetables of delivery of resources and the optimization of the 
traffic. The mathematical statements of problems associated with 
this aspect are known in the literature as network flow problems 
[1.9, 1.37, 1.44, 1.45). 

It has been established that all these problems are linear in spaces 
with values in certain semi-rings, say, the problem of designing the 
maximum flow in a stationary transport network is linear in the 
space with values of functions in the semi-ring A — (R 1 , © = max, 
© = min). The Duhamel principle applied to the inhomogeneous 
Bellman equation describing the flow in a nonstationary transport 
network leads to a linear problem in the same space. 

The problem of constructing a maximum flow in a transport net¬ 
work is classical. An analysis of modern results in the range of its 
solution shows that for arbitrary carrying capacities of the arcs the 
algorithms listed in Table 1.4.3, with n = | X \ and m = | T |, 
possess the best estimates of complexity. 


Table 1.4.3 


Nos 

Algorithm 

Temporal complexity 
of algorithm 

i 

Edmonds-Karp [1.40] 

0 ( nm 2 ) 

2 

Dinits [1.47] 

0 ( n 2 m) 

3 

Karzanov [1.48] 

O ( n 3) 

4 

Cherkasskii [1.49] 

0 ( n 2 m l/2 ) 

5 

Galil [1.5'i] 

0 (n T)/3 m 2 / 3 ) 

6 

Galil-Naamad [1.51] 

0 (nm log 2 n) 

7 

Sleator [1.52] 

0 (nm log ;i) 
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In solving flow problems, algorithm designers employ various 
procedures for constructing optimal (in a certain sense) transport 
network routes that increase the magnitude of the flow. These pro¬ 
cedures are simply different ways of solving the generalized Bellman 
equation (see Eq. (1.1.10.2)) in spaces with values in one of the 
following semi-rings: (R l , © = min, © = +), (R 1 , © = max, 
© — min), or (jV, © = min, © = +) (cf. [1.44]). This viewpoint 
makes it possible to classify the algorithms of constructing a maximal 
flow in terms of the coefficients of the Bellman equation or to repre¬ 
sent the solution of the Bellman equation in the form of a “continual" 
integral (see formula (1.2.2.18)) defined in this case on the routes of 
the transport network connecting the sources with the sinks. This 
classification can be carried over to algorithms for solving the 
problem of constructing a maximal flow at a minimal cost and, hence, 
the transportation problem in its various modifications 11.37, 1.44). 

In the case of a “saturated” and regular transport network, when 
the arcs in the transport network satisfy the conditions of locality 
and regularity (see Section 1.2.1), the number of its nodes. A’, tends 
to infinity, and the carrying capacity is a slowly varying function 
on the set of arcs of the transport network, we can go over to the 
limit in the small parameter 1 IN -*-0 to the continuous Bellman 
equation and, hence, the method of characteristics and Pontryagin’s 
maximum principle can be employed to solve this equation 11.2, 
1.3). 

The third problem has to deal with designing a warehouse sub¬ 
system of the flexible automatic manufacturing system so as to 
ensure further optimal functioning. The main mathematical problem 
here is the problem of optimal arrangement of the resources in the 
warehouse, say, by minimizing the average time for selecting the 
resources in store. The appropriate objective function is linear in 
a space of functions with values in the semi-rings considered in 
Section 3 in connection with solution of the problem of optimal 
functioning of a computational medium. Here it also proves pos¬ 
sible to pass to the limit of a continuous Bellman equation in a 
natural small parameter reciprocal to the number of nomenclatures 
of the resources stored in the warehouse or the total resources. 
A number of other problems of organizational and technological 
scope related to the design of warehouse systems have been reported 
in the materials of international conferences [1.53, 1.541. 

The fourth problem is that of in-line manufacture planning and 
control, which consists of optimal processing of information and 
material flows in the control and executive systems of a flexible 
automatic manufacturing system. The mathematical aspect of the 
problems arising here is the same as in Section 1.3 if the information 
and material flows are seen ns a system of instructions and the hard¬ 
ware of the executive and control systems as the resources of the 
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computational medium necessary for executing the system of in¬ 
structions. Thus, the optimization problems are linear in a space 
of functions with values in certain semi-rings, and there are effective 
algorithms (see [1.37, 1.55, 1.1561) for solving these problems. 

The fifth problem is that of the functioning of the technological 
system of a flexible automatic manufacturing system. This has been 
most thoroughly studied for mechanoprocessing production. It has 
been found that for new flexible manufacturing systems, such as 
the manufacturing of computers of future generations based on the 
technology of fabrication of VLSI circuits and elements of integral 
optics and molecular electronics, the development of mathematical 
models of the manufacturing processes is a necessary prerequisite for 
solving this problem. The development of such models for processes 
of VLSI manufacturing is fully discussed in [1.57], while the mathe¬ 
matical models that have found application in integral optics are 
discussed in [1.58, 1.591. The last paper in the present collection 
discusses the statement of the problems and the algorithms of solu¬ 
tion that are encountered in modeling various stages in technological 
processes in microelectronics. 

The sixth, and final, problem is that of the optimal functioning 
of the transportation subsystem and, at present, constitutes the 
main problem in the design of flexible automatic manufacturing 
systems, since its solution largely determines the economic effec¬ 
tiveness of the flexible manufacturing system as a whole. 

It is interesting to see what has been written on this subject in 
Japan and the United States. According to statistics given in the 
review paper [1.60], only five percent of the time in which products 
are in the plant is devoted to the actual machining; the remainder 
is lost unproductively in transportation. Designers of flexible auto¬ 
matic systems (e.g. designers of production systems with industrial 
robots) single out the optimization of transportation operations as 
a special problem [1.61], 

As noted by the authors of [1.62], the concept of a robotized bay 
is as yet only in its initial stage of development. The authors of 
[1.62] see the future of transportation industrial robots in the design 
of intelligent transportation robots that will carry the products 
between the bay and the principal warehouse and automatically 
perform materials handling. These intelligent transportation robots 
are beginning to be equipped with on-board microcomputers. These 
can “contact” a computer of a higher rank every time the robots are 
in the materials-handling stage and, hence, can receive instructions 
to change a route or a routine. The authors of [1.62] believe that 
there is only one step from a bay with readjustable machines con¬ 
trolled by a computer linked with intelligent robots and a base 
computer that controls the entire complex to a fully integrated 
production plant with minimum personnel. 
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Al present tlie most common transport network functioning at the 
production level involves one robot. In this case the problem of the 
optimal planning of the trajectories of the robot displacements is 
reduced to the classical problem of shortest route. This problem is 
linear in a space of functions with values in the semi-ring A - (R 1 , 
© = min, © -= —). Technically the transport network is realized 
in the form of directional induction lines built into the floor of the 
bay or via optical recognition of passive bands, painted or metallic 
[1.32. 1.(131. When the movements of the robot are organized in the 
“automatic-pilot - ’ mode, the problem of calculating the optimal 
trajectory in a continuum arises. In this case solution to the problem 
is provided by Pontryagin's maximum principle for the continuous 
Bellman equation in a space with values in the same semi-ring. 

Obviously, the effectiveness of the functioning of an inlrabay 
transportation system grows with the number of robots that can 
operate simultaneously on the transport network of this system in 
conditions of integrated flexible automatic manufacturing. The 
robot’s optimal movement in this case is not determined solely by 
fixing the initial and final positions of the robot. The optimal route 
must guarantee that there are no collisions with other robots. The 
importance of an optimal solution to this problem and the fact 
that the problem is not trivial since there must no collisions have 
been emphasized in [1.04, 1 .(Sol. A similar problem of collisionless 
movements appears also in robotics in connection with the planning 
of optimal trajectories of separate elements of manipulators [l.fiii, 
1.001. Below we examine in detail this most important and as yet 
sunolved problem of flexible automatic manufacturing. 

1.4.2 Solution of the Problem of the Optimal Functioning 
of the Transportation Subsystem 

of a Flexible Automatic Manufacturing System Serviced 
by Intelligent Transport Robots 

We now give the mathematical statement of the problem and its 
reduction to three optimization problems of collisionless movements of robots. 
Here, as in the optimization problems linear in spaces of functions with values 
in an Abelian semi-ring (see Sections t.2 and 1.3). the method of solving these 
three problems is based on the fact that they are linear but in a space of functions 
with values in an Abelian semi-group. The appropriate theory of the Bellman 
equal ion in such spaces and the numerical algorithms for solution of this equa- 
1 ion will be developed in Section 1.3. 

1.4.2.1 A Model for the Transportation Subsystem 

in a flexible Automatic Manufacturing System 

The model of a transport network will bo represented by 
a symmetric directed graph (', (A’, F). X A’, (J A., U A, 

1 -V | n, where .V, is the set of nodes al which materials handling 
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may be carried out, X 2 is the set of crossings in the transport net¬ 
work, X 3 is the set of depots, that is. the places to which robots not 
engaged in operations can recede, and (x h x ; ) £ T is an arc correspond¬ 
ing to an elementary displacement of the robot from node x ; to node 
xj. On each arc (x,-, Xj) the time of motion along the arc, t,; > 0, 
is specified. 

Suppose that the transport network is serviced by N robots. The 
servicing amounts to fulfilling the instructions that the transportation 
system has received to transfer resources between an arbitrary pair 
of nodes belonging to X^ Suppose that by the time T 0 that the system 
has received a specific instruction, some of the robots (and perhaps 
all) are servicing the instructions that the system received at times 
t < T 0 (a robot may service several instructions only in a series). 
In other words, it is assumed that at each moment t ^ T 0 the state 
of any one of the N robots is known, and each robot may carry out 
materials handling at a node belonging to X t or may move along 
an arc belonging to T and pass through a node belonging to X 2 or 
may recede into a depot (i.e. at a node belonging to X 3 ). Thus, for 
t ^ T 0 , (a) at each node X* 6 X there is defined a set of moments b t 
at which X; is vacant, that is, moments at which there is not a single 
robot at vertex x; carrying out instructions received earlier, (b) for 
each arc (x h xj) there is known the set of moments c ;j - at which a 
robot may start moving along the arc and during the time interval 
t tj of motion will not collide with the other robots. It is natural to 
assume that each node x ; belonging to X 3 is vacant at any moment 
in time {b t = ( T 0 , +oo), x- L £ X 3 ). 

1.4.2.2 Statement of the Problem of Optimal Operational Control 

of Materials Handling in the Transportation Subsystem 

Suppose that at time T 0 an instruction to transfer a re¬ 
source from node x io (j X t to node x J(1 £ Xj has been received by the 
transportation subsystem. Allowing for the restrictions imposed by 
servicing all the previous instructions, we need to ensure that one 
of the N robots in the system will carry out the instruction in such 
a manner that the servicing time will be minimal. In other words, 
we must set up a timetable for the movements of, and materials 
handling by, the robot that will realize the new instruction in the 
shortest possible time. The solution to this problem consists in 
successively solving the following three problems: 

Problem 1. Find the route of the robot for which the time of arrival 
at node x fo is minimal. 

Problem 2. Find the route of the robot of Problem 2 that minimizes 
the time of transfer of a resource to node Xj e . 

Problem 3. Find the route along which the robot that has carried 
out the instructions to transfer a resource from x io to x; 0 can be sent 
to its depot x (ia £ X 3 in the minima! possible time. 
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1.4.2.3 The Bellman Equation tor Collisionless 

Movements of Robots in a Transport Network 

As noted earlier, the method of solving the above-for¬ 
mulated problems of optimal collisionless movements rests on the 
fact that these problems are linear in a space of functions with values 
in an Abelian semi-group (see Section 1.5). On the basis of the 
physical meaning of the problems on movements of robots in the 
transportation subsystem of a flexible automatic manufacturing 
system, we define the respective Abelian semi-group R$. = (R, ©) 
as follows. Let R = {<f, (f: R T —► {0, 1}) be the set of all the charac¬ 
teristic functions on the half-line R T = [t, t ^ T), where T 6 R\ 
is a parameter, T ^ T 0 , whose value in each of Problems 1 to 3 will 
be specified later. The semi-group operation ©: R X R —>-/? is the 
operation of taking the pointwise maximum for two elements of R, or 
V/, g 6 R (/ © g) (0 = max (/ (f), g (/)), t £ i? T , and the neutral 
element of the semi-group 0 B is a function (p 0 identically equal to 
zero on Rj (q 0 (t) = 0, / © R T ). 

Let us introduce the discrete Bellman equation that describes 
the collisionless movements of A’ robots in a given transport network 
G = ( X , T). We define the following mappings on G 

b: X -f R t (Vx i £X)(b(x i ) = b l = {t, x b .(t) = l}), x b .£R, (1.4.2.1) 

c: r-^i? r (V(Ji, ij)er) (c((x f , xj)) = c u =(t, (0 = i». 

(1.4.2.2) 

(here /*. (t) and Xc t j (0 are the characteristic functions of the given 
sets b; and c,j ), 

L: r —► End i?® 

(Vcp£ R) (V (x t , Xj)£T)((L((x,, Xj)) (f)(1) (1 4 2 3) 

= min (max (cf (t) min (B), X c (*— 

7<t i ■I 

The pair of mappings (b, c) given by (1.4.2.1) and (1.4.2.2) specifies, 
as follows from their definitions, a system of restrictions imposed 
by the servicing of all the previous instructions concerning the 
possible states of any one of the A’ robots, starling at moment t T. 
The connections characteristic L of the medium M — (A - . P, L. R.. p) 
is constructed in such a manner that it ensures collisionless move¬ 
ments of a robot along the arc (j- ; , ay), specifically, if ip (f) is the 
characteristic function of the set of moments of arrival of a certain 
robot at node .r,, then the image of <| (/) resulting from endomorphism 
(1.4.2.3) has a support that constitutes the set of all the moments 
of arrival of this robot at node Sj along arc (j;, jy), with the motion 
along ( xi, Sj) occurring without collisions with the other robots. The 
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simplest way to establish this is to use the definitions of sets b t 
and Cu and the isomorphism (~) of the algebra of the characteristic 
functions on R r to the Boolean algebra of subsets of R T . We can 
easily see that 

max (<p (t) • min % W) = X a . (*) ~ a jt 

t < > 

where a f is the set of all possible moments of the beginning of move¬ 
ments from node x t . Accordingly, min (x 0i (i). Xcy (0) = X&j (0 ~ 
= aj f| Cij is the set of all possible moments of the beginning of 
movements from node Xj along the arc (x h xj). The translation 
Xp (t) Xp (t — Tjy) in the isomorphism ~ yields the set of times 

of arrival at node Xj along the arc (z,-, Xj). 

The state of medium M at point x will be understood to be repre¬ 
sented by the characteristic function s (x) £ R. The support of func¬ 
tion s (x) represents the set of possible times of arrival at node x of 
a free robot. Then in each of the above-mentioned three problems, 
function s satisfies a Bellman equation with an appropriate right- 
hand side, or 

8 = Hs®.? 1 = 1,2,3, (1.4.2.4) 

where H, the endomorphism in the space of functions A = {s, s: 
X —»- }, is determined by the following formula (see Section 1.5.1): 

H = [hij]nx.m ft—-|,Y|, 

__ I xj)) if (x h Xj)£ T, 

iS ~ I o if (*„ Xj) $ r. 

Here L ((z ; , Xj)) is defined in (1.4.2.3) and 0 is the absorbing endo¬ 
morphism of semi-group R$, ■J (a) = 0 R V a £ R. For each of 
the above-mentioned three problems, the function f i, i= 1,2, 3, is 
defined as follows: 

<Po- A 'i A k(x) = 0 V x£X 2 , 
xv X $ x i A *(*)¥»o, 

' ' x ' X(U), x£X 9 A ft(z)-0, 

. %T< * € A n (x) ^ 0, 

where T = T 0 , k (x) is the number of the first robot to finish servicing 
its last instruction at time t h > T at node x £ X lt k (x) = 0 if there 
is not a single robot that finishes servicing the instructions by time 
t h at node x, n (x) is the number of robots in depot x 6 X 9 at time T , 
t (x) > T is the time of arrival at depot x £ X 3 of the first robot to 
arrive at depot x after servicing its individual instruction (provided 
that all the previous instructions have been serviced), and is 
the characteristic function with support [a, -fooj. 
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Next, 



<Po if x=£x ie , 
Xt if x = Xj„, 


where T = T x is the moment of termination of materials handling 
at node x it by the first robot to arrive at node x io along the extremal 
of Problem 1. 

Finally, 




<Po if x#Xj„, 
Xt * f x=x } „ 


where T = T 2 is the moment of termination of materials handling 
at node x Jo . 

The above formulas for the right-hand sides .F ( of the Bellman 
equation follow directly from the model of functioning of a trans¬ 
portation subsystem and the definition of the slate s of the medium. 

The solution to the steady-state Bellman equation (1.4.2.4) in 
each of the three optimization problems to which the problem of 
optimal control of robots was earlier reduced is given by the algo¬ 
rithmic procedures to be discussed in Section 1.5. Here w r e will only 
give the procedure for reconstructing the optimal trajectories of 
robot movements. 

Let s -- s t be a solution to Eq. (1.4.2.4) with right-hand side ,F j 
and let x q be the final node of the extremal p,, i = 1, 2, 3; x, t = Xj„ 
for p t , x q - Xj, for p 2 , and x, ( = x h for p v 

(1) Put j = q and calculate 

t (jj) = min{(| max (s(ij)( t) min ( e )) — 1}- 

tsSBsS! 1 


(2) Find x f from the equation 

M(*i. *j))(*(*i))WIi-««,,= 1- (1.4.2.5) 

(3) Put 

t(x,)- t(ij) x tj . (1.4.2.6) 

(4) Calculate 

t (x,) = mnx{f|max(x r .,(/), max (s(x,)(x) min (©))) - *}• 

1 ' 11 r 1 -i^Osc/ 1 

(1.4.2.7) 

where 

v - m - / 1 if 

( 0 if <£(7\ 

(5) Put j i and repeat the calculations by formulas (1.4.2.5)- 
(1.4.2.7) until 

Vx. g.Y, H(X ,, Xj)) (s(X;)) (l)l, = „ Xj )F= 1. 
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The meaningfulness of this procedure stems from the existence of 
solution S;, formulas (1.4.2.5)-(1.4.2.7), and the model of functioning 
of a system of robots due to which (1) t (x q ) is the minimal possible 
time of arrival of a robot at final node x q , (2) solution x t to Eq. 
(1.4.2.5) is the node from which this robot traveled to Xj and arrived 
at Xj at time t ( x s ), (3) t ( x t ) is the time of departure of the robot from 
node i; to node xj, and (4) t (xj) is the time of arrival of the robot at 
node Xj. The recursion in item (5) of the algorithm provides in sequ¬ 
ence the arcs of extremal for the solution s = s ; . At the end of the 
algorithm, Xj is the initial node of p,; from which the robot departs 
at time t ( xj ) 

Remark 1.4.2.1 Note that the solutions of the above subproblems 
make it possible to rapidly introduce changes in the program con¬ 
trolling the movements of the robots by sending them, after they 
have finished materials handling, either to the depots or to service 
new instructions. For practical application of the above process to 
concrete transportation subsystems one must know the temporal 
parameters of the functioning of the various parts of such a sub¬ 
system. These may be found, for example, by modeling the time of 
operation of the robots on the basis of the so-called RTM-method 
(robot, time, movement) [1.661. 

Remark 1.4.2.2 The “fuzziness” of the parameters of the problem 
may be taken into account in the above-discussed scheme of the 
solution to the problem by considering the semi-group 7?® = (R, ©), 
where R = {tp | tp: R T —*- [0, 1]}; here the operation © is defined 
in a manner similar to the one considered above. 

The results obtained here in solving the problem of optimal oper¬ 
ational control of a system of robots make it possible to carry out 
an optimal design of a transport network on the basis of the worked- 
out procedures of control of transportation robots and the methods 
of imitation modeling. 

1.5 Algorithms for Solving the Generalized 
Bellman Equation 

When the discrete medium is irregular and, hence, no 
passage to the limit is possible in the corresponding discrete Bellman 
equation as n —>-ao, with n — | X \ the number of points of the 
medium, it is natural to employ numerical methods. 

Below (in Section 1.5.2) we introduce sufficiently effective (with 
polynomial estimates of complexity) algorithms for solving the 
generalized Bellman equation. The idea of constructing these algo¬ 
rithms stems from the Huygens-Fresnel principle well-known in 
mathematical physics. This principle provides an essentially algo¬ 
rithmic method for constructing a wavefront of perturbations that 
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are transmitted in the medium locally 11.671. In this section we 
consider the Heilman equation for a restricted discrete medium in 
a situation that is more general than that discussed in Sections 1.1 
and 1.2, namely, we will assume that the connections characteristic L 
of the medium is an endomorphism of an abstract Abelian semi-group 
= (R, ®), where © is the semi-group operation. If on (R, ©) 
we have defined an additional commutative semi-group operation ®, 
then, defining endomorphisms as right translations onto R that realize 
a representation of semi-group (R, ©), we arrive in this particular 
case at the Bellman equation in spaces with values in semi-rings 
considered in the previous sections. 

1.5.1 The Generalized Bellman Equation in Spaces 

with Values in an Abelian Semi-group 

Here we introduce the inhomogeneous steady-slate Bellman equa¬ 
tion in spaces of functions with values in an Abelian semi-group. We find that 
an analog of Fredholm’s first theorem holds true for this equation (1.68). 

Let = (R. ©) be an abstract Abelian semi-group with the 
commutative semi-group operation of “addition” ©: R- R and 
the neutral element O n . It is assumed that on R a partial ordering 
relation ^ and a metric p: R- —>-[0, oo] are specified that are con¬ 
cordant with each other and the operation © via the axioms con¬ 
sidered in Section 1.1.1. 

We denote the set of endomorphisms of the Abelian semi-group 
/f-g by E = End R&, with E = {h: R —R \ h (a © b) = h (a) © 
h (t>)}. Let us consider the semi-ring E — (E, ©, ©) of endomor¬ 
phisms equipped with the semi-group operations of “addition” © 
and “multiplication” (or “product") ©: V ft, g£E, V a 6 R, 

(h © g) (a) = h (a) © g (a), (h © g) (a) — g (h (a)) and the neutral 
elements J £ E and 1 £ E, respectively: 3 is the absorbing endo¬ 
morphism V a £ R. J (a) - 0 R . and D is the identity endomorph¬ 
ism V a £ R, J (a) = a. It can be easily verified that © is com¬ 
mutative on E: V h, g £ E, h © g — g © It and is related to © 
through the distributivity relations V/, g, h £ E, 

f © (g © h) = (/ © g) © (/ © h ), 

(*©*)©/ = (*©/)© (A © /)• 

Let .17 = (.Y. T, I ., R ^_) be a discrete restricted (| X | --- n 
medium with a connections characteristic L: T —>- End Rt. (| T | = 
m) that satisfies the condition 

Vuer, l (u) (O n ) ~= o n . (i.5.i.i) 

By A we denote the space of states of medium .17, or A {tp | q: .Y — 
R). In A we define the structure of the Abelian semi-group equipped 
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with a commutative operation of “addition” ©: A 2 -► A, Vtp, 6 A, 
V x £ X, (cp © tjt) (x) = tp (x) © tj) ( x) and a neutral element 0 A £ 
A, 0 A ( x) — 0 R . The connections characteristic L of medium M 
will be extended on X 2 \T via the absorbing endomorphism O. We 
denote the resultant mapping X' 1 -*■ E by H: 


Vu = (x t , Xj) £ X 2 , H(u) = H ((x„ Xj)) 

I L(x„ x^ if (*„ i ; )er, 

0 if (*„ X;)$r. 


(1.5.1.2) 


We define the endomorphism H\ A A that acts in the space A 
of states of medium M via the formula 

VX£A, {H‘k)(x J )~ © h[j (X (xi)) 

i=i 

= © L(x h Xj)(\(Xi)), Xj£X, (1.5.1.3). 

x t tnx } ) 

where T ( Xj) — {x t 6 X, {xi , Xj) 6 T} is a neighborhood of point Xj 
In other words, endomorphism H (1.5.1.3) is represented by matrix 
that we will call the operator matrix of the medium. 

With endomorphism H (1.5.1.3) we associate the steady-state 
Bellman equation in the space of functions with values in the abstract 
Abelian semi-group for the discrete medium M : 

s = Hs © ,f, (1.5.1.4) 

with ,f (A a given function X -»-/?. 

Our goal is to find a solution to Eq. (1.5.1.4). We assume that 
the endomorphisms (1.5.1.2) are continuous with respect to 
uniform convergence in R: a n 6 <=> p (a n , b) -»-0, and the 
function ,f (i) is bounded: V i(X, 0 R ^ .f (x) ^ const. For 
the generalized Bellman equation (1.5.1.4) we consider the following 
problem: find all the bounded solutions s = s (x), V x 6 X, 0 R sgC 
s (x) sj const. We denote the set of all such solutions by D. It has 
been established that with certain conditions imposed on operator H 
the set B is not empty and, more than that, an analog of Fredholm’s 
first theorem [1.681 holds true, in other words, the general solution 
to Eq. (1.5.1.4) can be represented in the form of a sum of an arbitrary 
solution to the homogeneous equation corresponding to Eq. (1.5.1.4) 
and a particular solution to the inhomogeneous equation. This 
particular solution of the initial steady-state problem is defined as 
the solution to the stabilization Cauchy problem in the space of 
functions with values in the Abelian semi-group. 

The stabilization Cauchy problem corresponding to the steady- 
state generalized Bellman equation in the space of functions with 
values in the Abelian semi-group ( R , ©) and associated with the 


9-0105 
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discrete medium M is formulated as follows: find 

limu(x, t)~u*(u 0 ), (1.5.1.5) 

t-+oo 

where u (x, t) is a bounded solution to the Cauchy problem for the 
inhomogeneous equation 

u t+i = Hu t © S' (1.5.1.6) 

with the initial condition 

w Ii= 0 = u„ V x £ X, 0 R ^ u 0 (x) ^ const. (1.5.1.7) 

The limit u* (u 0 ) is called the solution to the stabilization Cauchy 
problem. By R t (u 0 ) we denote the resolving operator of problem 
(1.5.1.5)-(l .5.1.7), and by B Uq the resolving operator of the stabiliza¬ 
tion Cauchy problem: B Ua = lim R t (u 0 ), with u 0 fixed. Here and 

t-*-oo 

in what follows the limit is understood in the sense of strong con¬ 
vergence of operators on the subspace of functions that are bounded 
and belong to A. 

The structure of the semi-ring of endomorphisms End R$ of the 
Abelian semi-group i?® = (R, ©) induces in a natural way the 
structure of the semi-ring on the set of endomorphisms of semi-group 
A® = (A, ©). The respective semi-group operations of “addition” 
® and “multiplication” © are defined by the formulas 

V A, B e End A®, V X 6 A, 

(A ® B) (X) = (AX) ® (BX), (A © B) (X) = B (A (X)), 
which in the matrix representation of endomorphisms have the form 

A — [flj/lnxm = |bj/]nX7ii 

A © B = [an © 5,-jlnxni 
AQB=\ © a ih © . 

By IB we denote the operator H raised to power t, that is, 7/° = 
D = [6jj]„xni H* = H‘~ l © //, t > 1, where 6 U = 6 (i — /) is the 
generalized della function in the semi-ring g = (E, ©, ©): 6 ij = I 

if i = j and 6,, = 3 if i # / (1.691. Then //«> = © HK 

Assertion 1.5.1.1 Suppose that the limits lim IB = //" and 

t~+ OP 

lim //(•> II* exist. Then the operator B Ua : A —A exists and can be 

Oo 

represented in the form 

H«. - //“«. © H*. 


(1.5.1.8) 
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Proof. For a finite t, in view of the linearity of H, the solution to 
problem (1.5.1.5)-(l .5.1.7) can he represented in the form u (x, t) = 
H‘u 0 © f t . i, where ft is the solution to Eq. (1.5.1.6) with a zero 
initial condition. By Duhamel’s theorem, 

© 

ft = \ H'-'Jdx 

to, t] 

= © H*' X .F= (B H h .F=m\F. 

0<l<( fc=0 

Combining this with the previous equality and passing to the limit 
as i -voo we get (1.5.1.8). 

Remark 1.5.1.1 Generally the operators R t ( u 0 ) and B Ua are not 
endomorphisms acting in A if operation © is not idempotent. 
Corollary The fact that endomorphism H is continuous and (1.5.1.8) 

imply that for each u 0 the function s = B u „fF = H°°u 0 © //* ,_F is 
a solution to the steady-state Bellman equation (1.5.1.4), with H°°u 0 = 
g 0 a solution to the homogeneous equation Hg = g. We denote the 
solution to the inhomogeneous equation (i.e. with H*S') by s* and call 

it the Duhamel solution. Obviously , s* = Bq k JF. Thus , with the above- 
formulated restrictions imposed on H, the steady-state equation (1.5.1.4) 
has among its solutions the solution to the stabilization Cauchy prob¬ 
lem, s = i? Uo jF = H°°u 0 © s*. 

Theorem 1.5.1.1 Suppose the conditions of the assertion 1.5.1.1 
are met. Then on the set B of all bounded solutions to the steady-state 
Bellman equation , or V s 6 B, we have 

s = g © s*, (1.5.1.9) 

where gun bounded solution to the homogeneous equation Hg = g, 

and s* = B u ,:fp is the Duhamel solution of the stabilization Cauchy 
problem (1.5.1 5)-(1.5.1.7). 

Proof. Consider a chain of equalities following from Eq. (1.5.1.4) 
and the definition of For every finite k 6 2+ we have 

s = Hs © JF =»- s = H (Hs ffi fF) © .F 
= ms © HfF © DlF = ms © HV ;F s 

= //*,- © m^jF. 

Passing to the limit, as k —r o o, in the last equality and putting 
g = H°°s, we get (1.5.1.9). 

For optimization problems in which operation © is idempotent, 
the solutions to the generalized Bellman equation (1.5.1.4) possess 
the following properties: 


e* 
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Lemma 1.5.1.1 Let the semi-group operation © be idempotent, 
V a £ R, a © a = a, and let the strong limits lim H‘ = H°° and 

f-»ao 

lim //<*> = H* exist. Then the following assertions are true: 

t-+oo 

(1) Vu 0 6 A B, u is an endomorphism in A$, with B Uo © Z? Uo = 

B u .; 

(2) the Duhamel solution s* = Bo^.F is the neutral element on the 
set B of all bounded solutions to Eq. (1.5.1.4), or V s 6 B s © s* = s; 

(3) B t = B 0 v for every j satisfying the condition f © s* — s*; and 

(4) if H = D © H , then the Duhamel solutions to the equations 

s — Hs © ,<F and s = Hs © F coincide. 

Proof. The proof follows directly from the previous formulas and 
the fact that © is idempotent. 

1.5.2 The H -method of Numerical Solution 
of the Generalized Bellman Equation 

In this section we discuss two schemes for the numerical solu¬ 
tion of the Bellman equation in a space with values in an Abelian semi-group: 
the Picard method of successive approximations, and (in the case of idempotency 
of the semi-group operation ©) the more effective /f-method of successive ap¬ 
proximations. 

Let us consider exact numerical algorithms for constructing the 
Duhamel solution to the generalized Bellman equation. 

1.5.2.1 Picard Method of Successive Approximations 

Let s p = {sj, t = 0, 1, 2, . . .} be the sequence of 
approximations fixed by the following recursion scheme: 

s 0 = .F, s i+1 = Hs, © .F, t = 0, 1,2, ... . (1.5.2.1) 

The sequence stabilizes if 3 tf 6 and V t > t p , s )+1 = s t . It is 
obvious that sequence s p given by (1.5.2.1) stabilizes if and only if 

3 t p e Z + , V t\ > fP, //>') = H © //“> © D. (1.5.2.2) 

In this case s p is the Duhamel solution s* to Eq. (1.5.1.4), with 
the complexity estimate T of constructing being rrt p (T h + T$), 
where T h is the complexity estimate of calculating the endomorphism 
hjj, and Tt$ is the complexity estimate of performing operation ©. 

Below we give some conditions on the medium M and the endo- 
morphisms hij that arc sufficient for stabilization of the successive 
approximations in the Picard method: 

(1) Z (.!/) — ©, where Z (.1/) is the set of all elementary contours 
of graph G — (A', T); 



1. Design of Computational Media 


133 


(2) V h 6 Im L, II ® h = 1; 

(3) V v £ Z ( M ), 1! © L (v) = 1; where v = {w lt u. 2 , . . ., u k ) 
and L (v) = L (u t ) 0 L (u 2 ) © ... © L (u h ) is a composition of 
endomorphisms taken along contour v; 

(4) 3 k 0 £ 1 + such that for every family (i.e. a collection of 
elements not necessarily pairwise distinct) of endomorphisms h u 
h 2 , . . hi , belonging to Im L we have 1 © (h, © h 2 © ... © 

hj = 1. 

When the endomorphisms in Im L are commutative, the conditions 
(2)-(4) may be made weaker: 

(5) 3A; 0 £Z + , VAglmL, = h ( - k °+ l '> ~ h © © 1, where 

A (< >= © h‘, f£Z + , h° = 1; 

(6) 3fc 0 £Z + , VveZ(M), L (W (v) = Z/** +,) (v). 

Let us prove, say, the sufficiency of condition (6). (The proof 
for conditions (l)-(5) is similar.) We introduce X t = H 1 F, t = 
0, 1, 2, . . ., and represent X t in the form of a discrete Feynman 
“continual integral”, an integral along paths [1.22, 1.231. For each 
t = 0, 1, 2, . . . we define a set of points of the medium, <t>, s X, 
through the relationship <t>i — {x £ X | X t (x) 0 R }. Then, in 

view of condition (1.5.1.1) and formula (1.5.1.2), we have 

h i (y) = (HX t _ l )(y)^ © © L((x, y)) (A,._, (x)). (1.5.2.3) 

*ea> ( _j (*. «)sr 

Enforcing recursion in (1.5.2.3) to t = 0, we get 

*•1 (y) ■-= (y) = © © L(y){F(x)). (1.5.2.4) 

Here <D 0 = {a £ X | X a (x) = H°.F — ,F # 0 R }, M‘ x ^. y is the set 
of routes p = {u lt u 2 , . . ., Uj} of length t — | p | connecting 

t 

points x and y of the medium, L (p) = © L (u;) = L (u r ) © 

i=0 

L ( u 2 ) © ... © L (ut) is the composition of endomorphisms along 
route p (the characteristic of route p). Formula (1.5.2.4) constitutes 
a representation of H'.f = X t in the form of a discrete Feynman 
“continual integral,” the integral along routes p in M. By direct 
substitution into (1.5.2.1) we can easily verify that each member s t 

t 

of sequence s v can be represented in the form s t — © X h . Hence, 

h=0 

by virtue of (1.5.2.4), we finally arrive at a representation of s t 
in the form of a “sum” along routes: 

(y) = (y) - © © L(p)( F(x)). (1.5.2.5) 
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Here - U is the set of all routes p = (u,, u 2 , . .. , u k } 

from x lo 1 / whose lengths are no greater than i(|p|<!<), and 
L(n)= 1 at ||.i| =0. 

Any route p, |p| —-k£Z + , can be represented in the form p = 

r(|l.) — 

Mo U U v p, where \i 0 £M x ^ v is the elementary route from x 
_p=i i' ' 

to y, is the set of all elementary routes from x to y, 

v p £Z(M) is an elementary contour incident to p 0 , a p £Z + is the 
multiplicity of v p in p, and r(p 0 ) is the number of all the ele¬ 
mentary coutours incident to p 0 , Vp 0 £Mx-i/i r (p 0 )^\Z (M) |, 

r(n„) 

with k~ |p| = |p 0 | -f- 2 l v />! a )i- With p 0 we associate the set 

p=i 

r(Ho) „ 

Mi (Mo) = {(*•> M = Mo U U v p p, ft=-[p|<t}. 

p-i 

By virtue of the commutativity of © and the distributivity of © 
with respect to ©, we have 

MMo)= 0 L(\i)= ( ©’n'^v )) © L(p 0 ),(1.5.2.6) 

UEM ( (|i„) ' p=l > 

where L (,) (v p ) = © L h (v p ). 

ft=0 

Let k* = (n — 1) + | Z ( M) \ nk 0 . By virtue of condition (6) 
and Eq. (1.5.2.6), the latter equality yields L t+l (p 0 ) = L t (p 0 ) 
for t^k*. Combining this with (1.5.2.5), we obtain the following 
chain of equalities: 

s,(y)= 0 © L( p)(.F(x)) 

- © © © L (p) (.F (x)) 

««>• p,eM x ^ y a£af|U*.) 

- © © L t (n 0 )(.F(x)). 

HiEJUx-y 

This, obviously, implies that s (+ , = s, for t ^ k* and, hence, the 
quantity Ijj required by the stabilization condition (1.5.2.2) does 
indeed exist, with t^^k*. 

If the operation © is idempotent, V a £ 1{, a 0 a = a, we have 
a method of successive approximations for solving the generalized 
Bellman equation (1.5.1.4) that is more effective than the Picard 
method. 
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1 . 5 . 2.2 The //-method of Successive Approximations 


to End A, 
A, 


We denote by A —*- A an endomorphism belonging 
B that is defined by the formula 

s (x) if x =#= Xj 

s(Xj) ® h u (s(Xi)) if x= Xj, 


(n u s) (x) = 


(1.5.2.7) 


with hij defined in (1.5.1.2). 

Suppose that s H = {s 0 , s lt s 2 , . . ., s ( , . . .} is a sequence of 
approximations fixed by the following recursion scheme: 

| if Qi¥=0 A(i, /) £ Q it 

= \ if « (1 - 5 ‘ 2 - 8) 


>= .f, s ( 


with 


Qt = 0, 


<?< = {(/> /'), 


(1.5.2.9) 


Theorem 1.5.2.1. If any one of the above conditions (l)-(6) 
is met , the sequence s 11 stabilizes: 3ta £ Z +, S ( h=s,h +1 > with 

s t n = s*, where s* is the Duhamel solution to Eq. (1.5.1.4). 

Proof. The proof can be carried out in the same way as in Sec¬ 
tion 1.5.2.1 and is based on the “continual” representation of s t (see 
[1.22, 1.24]). 

By virtue of formulas (1.5.2.8) and (1.5.2.9), the sequence s H = 
{.?(, t = 0, 1, 2, . . .} that converges, as t -*-1^, to solution s* 
of Eq. (1.5.1.4) is not defined in a unique manner. Depending on 
which of the sufficiency conditions (l)-(6) is met, there are different 
methods (//-algorithms) of constructing the sequence sf 1 —>-s*, with 
complexity estimates that are better than in the Picard method. The 
reason is that for the idempotent operation © the order in which 
the endomorphism jt 0 - (1.5.2.7) is chosen from the set of all admissible 
endomorphisms defined by the sets Q t (1.5.2.9) is not important. 
The choice of a definite order in which the points and connections 
in medium M are selected in an //-method of successive approxima¬ 
tions, in other words, the choice based on an analysis of the topology 
and properties of the local transformations h t j, yields concrete //-algo¬ 
rithms with different complexity estimates. 


Algorithm A[ j: 

Put s =/= JF, Q = {x 6 A', ,fF (x) 0 n } 4 , 

while Q - 5 ^ 0 do 

select point x t £ Q\ 

Q = 

for Xj £ T (x t ) do 

R = Tiijs; 

if s R then s = R; Q = Q (J {x, } ft 

od 

od. 
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This algorithm can be applied when any one of the sufficiency con¬ 
ditions (l)-(6) is met. Let us estimate the accuracy of algorithm A' H 
when, say, condition (2) is satisfied, assuming that the semi-group 
operation © is induced by the linear ordering relation p (see Sec¬ 
tion 1.5.3 below). Refining the choice of point x t £ Q in algorithm A' H 
in such a manner that the point satisfies the condition s ( x t ) = 
© s (x) and representing medium M by the continuity structure 

xiQ 

(1.70] for algorithm A'h, we find that the complexity estimate is 
irT& + mT h . Under the same conditions but with a representation 
of set Q in the form of a sorting tree with respect to p, the complexity 
estimate for A' H is equal to m log nT $ + mT h [1.241. If medium M 
satisfies the sufficiency condition (1), there is an //-algorithm that 
is more effective than A' H , namely. 

Algorithm A 2 H : 
for x £ X do 

xT (x) = | {y 6 X, ( y , x) £ T) |; 

od 

put s = JF\ Q = {x | sT (x) = 0); 
while Q -it 0 do 
select point x t £ Q\ Q = 
for Xj £ T (Xj) do 
s --- ji ijs; 

sT ( xj) — sT ( Xj) — 1; 

if sT ( xj ) = 0 then Q = Q (J {*]) fi 

od 

od. 

The complexity estimate for is equal to m(T h + Tq). 


1.5.3 Examples of Solution of Extremal Problems 

of Discrete Optimization Linear in Spaces with Values 
in an Abelian Semi-group 

In Ibis section we consider the solutions of single-iteration and 
multi-iteration problems as examples of solution of extremal problems. 

The concept of a generalized Del I man equation in spaces with 
values in an Abelian semi-group makes it possible to give the state¬ 
ment of, and the solution methods for, a broad class of problems of 
discrete optimization on graphs. Here we restrict our discussion to 
the special Abelian semi-group li^. • (/<, ©) in which the semi¬ 
group operation © is induced by the linear ordering relation p 
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on R : 


a © b — 


a if apb, 

6 if j apb, 


(1.5.3.1) 


The choice of such a semi-group is determined, for one, by the fact 
that all known classical problems of optimization on graphs [1.37, 
1.70, 1.71], with appropriate choice of the discrete medium, prove 
to be linear in spaces of functions with values in this semi-group 
and, hence, a numerical solution for these problems can be obtained 
by employing the 17-algorithms discussed in Section 1.5.2. 

From the standpoint of the generalized Bellman equations in the 
above-noted semi-group, problems of discrete optimization on graphs 
divide naturally into two classes: (1) problems whose solution can 
be found by solving the Bellman equation in a fixed medium (single- 
iteration problems), and (2) problems whose solution requires con¬ 
structing consecutively solutions of the Bellman equation in a me¬ 
dium that changes from iteration to iteration (multi-iteration prob¬ 
lems). 


1.5.3.1 Single-iteration Problems 

As an example of single-iteration problems we consider 
the problems of so-called discrete optimization on graphs of the 
trajectory type. The statement of these problems is naturally related 
to the continual representation of the solution to the generalized 
Bellman equation. Specifically let s* be the (Duhamel) solution to 
Eq. (1.5.1.4), s* = lim s t . Then, in the limit of t oo Eq. (1.5.2.5) 

(.—*■00 

yields the following “continual” representation for solution s*: 

Vj j£X, s*(y)=. © © L(|i)(.f(t)), (1.5.3.2) 

where M X ^. XJ — lim A'PjXy is the set of all routes connecting points 

t—*oo 

x and y of the medium, and (to = (z £ X, .f (x) 0 By virtue 

of the definition (1.5.3.1) of operation © formula (1.5.3.2) implies 
that for every vertex y £ X there is a route p 0 from point x 0 to point 
y , x 0 £ (t 0 for which the following holds true: 

l (m) (i 7 M) = s * (y)- 

In other words, in terms of the linear ordering relation p (1.5.3.1), 
route |x 0 is optimal on the set of all routes M x -* y , that is, for this 
route we have 

V x e $ 0 , V p 6 M x -. y , L (p 0 ) {. f (x 0 )) p L (p) (,F (x)). 

This naturally leads to the following statement of the problem of 
the trajectory type in the discrete medium M = (X, T, L , /?©): 
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Let an arbitrary element .F „ 6 A and an arbitrary subset O £ X 
be given, let d> 0 = {x £ X , .F 0 (x) = 0 R }, and let A/<x, 0 —<x. be the 
set of all the routes connecting the points of sets ct> 0 and <1), A/^> 0 _a> = 
U U We wish to establish at least one route p 0 £ 

x € <T > 0 x € <I> 

A/ct> 0 —cr> from x 0 £ (1> 0 to y 0 6 <t> that satisfies the following ordernig 
relation (p„ is the optimal route): 

-C- (l^o) (.^0 (^o)) P^- (fi) (>"o (^))- (1.5.3.3) 

Note that in view of the above reasoning, the “length” of the optimal 
route, L (p 0 ) (.f 0 (£ 0 )), and the final point of the route, y 0 , can be 
determined uniquely from the solution s* to the Bellman equation 
(1.5.1.4) with the right-hand side JF = JF „ through the following 
formulas: 

s*(y 0 )= ® s*(y) = L(n 0 ){.F 0 (x 0 )). 

!/€<I> 

Generally, describing the procedure of reconstructing the route p„ 
from the known solution s* to Eq. (1.5.1.4) requires drawing on 
additional constructions [1.24, 1.56). Here we describe the procedure 
in a situation when the discrete medium M and the connections char¬ 
acteristic satisfy the sufficiency conditions (l)-(3), in view of which 
route |i 0 is a path. We introduce the notation p 0 = {i Pl , x Pt , . . ., 
x rh }. The nodes x Vj , j = 1, . . ., k , can be found through the follow¬ 
ing recursion scheme 

x n h - l/o> 

s* (x„.) - h p . iV . (s* (Xp. J), i = k, k— 1.2, 

s* (■*,>,) F= h qPl (s* (x q )), 

x tl :X o- 

Note that the optimization problems of the trajectory known from 
the literature [1.70] are “included” in problem (1.5.3.3) under the 
following choice of the endomorphisms lijj. Specifically, we will 
assume that on (/?, ©) we have defined an additional semi-group 
operation of multiplication ©. Then we define as the right trans¬ 
lations on R that realize the representation of semi-group (R, ©), 
that is. V« £ R. h,j (a) a © /,;, where / j; - 6 R- la 'his case 
Eq. (1.5.1.4) is the Bellman equation in the space of functions with 
values iu the semi-ring .1 (/?, ©, ©). If we pul . ~ 0 = in 
(1.5.5.2), with t)\. the “della function" in semi-ring .!, or 

6 (a)- | ^ , f x=/(z - an ,l cl» = {;/}, 

we arrive at the problem of constructing the optimal path between 
two vertices. ^ and in graph 6' (-Y, E). Table 1.5.3.4 lists 
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examples of semi-rings and complexity estimates for //-algorithms 
for solving problem (1.5.3.3). For similar structures see [ 1.74). 


Table 1.5.3.4 


i 

R 

a © b 

°r 

a06 

l R 

Complexity 

i 

m 

min (a, b) 

+°° 

« + b 

0 

O ( n 2 ), 0 (m log n) 

2 

K 

max (a, b) 

0 

a-f b 

0 

0(m) 

3 


min (a, b) 

-+-oo 

max (a, b) 

— oo 

0 (a 2 ), 0 (m log n) 

4 


max (a, b) 

0 

min (a, b) 

-f oo 

0 (n 2 ), 0 (m log n) 

5 

10, 1] 

min (a, b) 

a 

a X b 

1 

0 (a 2 ), 0 (m log a) 

6 

10, 1] 

max (a, b) 

t 

a X b 

1 

0 (a 2 ), 0 (at log a) 

7 

[0, 1. n) 

min (a, b) 

n 

min (n, a-\-b ) 

0 

0 (at) 


As another example of a problem of the trajectory type (1.5.3.3), 
let us take the problem of constructing the shortest path through 
a network with a variable transit time along the arcs [1.72]. Suppose 
that to each arc u of graph G = ( X , T) we assign a nonnegative 
function cp u (t). The independent variable t is the starting time of 
motion from node x t along arc u = (i;, Xj), while the value of q>„(t) 
at time t is the transit time along arc u. We wish to construct the 
shortest (namely, “the fastest”) route p[» from a specified node x 0 f X 
to any other node of the graph, i ( X, under the condition that 
the departure from node x 0 occurs at time t 0 . This problem lias been 
solved in [1.73] by the dynamic programming method employing 
a discrete time scale, with the estimates of the temporal and capacity 
complexities of calculations and the accuracy of the resulting solu¬ 
tion depending essentially on the step on the time scale. 

A more effective method of solving this problem with a complexity 
estimate equal to 0 ( n 2 ) or 0 (m log n) (n = | X | and m — | T |) 
[1.24, 1.56] is based on reducing it to the solution to the generalized 
Bellman equation (1.5.1.4). The discrete medium M = ( X , T, L , R$) 
corresponding to this problem is defined in the following manner: 
(1) G = (X , T) representing the initial network, (2) R ^ = (R, ©), 
where /?={{£ R 1 , t ^ t 0 } and © = mni, and (3) the endomor- 
phisms L ( u ) £ End /?$ are specified by the formula Va £ R, L (it) X 
(a) = min {t + cp„ (t)}. Then we can easily show that the length 

t^a 

s* ( x) of the shortest route p* 0 » from x 0 6 X to x £ X is the solution 
to the Bellman equation (1.5.1.4) with the right-hand side JF of 
the form 


to if x — Xq, 

O r — <x> if x x 0 . 
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1.5.3.2 Multi-iteration Problems 


The stale of, and solution methods for, the problems given 
below are discussed from the standpoint of the Bellman equation 
(1.5.1.4) in the space of functions with values in the semi-ring 
(R, ®, ©) supplemented by an additional condition, the commu¬ 
tativity of the “multiplication” operation ©. 

The generalized assignment problem. Suppose that G = (A', T) 
is an arbitrary nonoriented graph. By f — {P} we denote the set 
of all combinations of pairs P of edges in graph G, and by n ( P) 
the number of edges entering P. Then — {P 0 £ f | V P 6 
n (P „) ^ n (P)} is the set of all combinations of pairs of maximal 
power. On the set of edges of the graph we specify a weighting func¬ 
tion <p with values in R, cp: T ->-R. We define the weight <p (P) of 
the combination of pairs, P , thus: cp (P) = © cp (it). We wish to 

u£P 

find the combination of pairs P 0 £ !P 0 for which <p ( P 0 ) = © cp (P). 

At each till iteration, i = 0, 1, 2, . . ., n (P 0 ) — 1, of the 
algorithm for constructing the optimal combination of pairs, P 0 , 
the following sequence of steps is carried out: 

(1) by the combination of pairs P constructed in the previous iter¬ 
ation we determine the medium M 1 = (X, T, L\ J?®): 


Va £ R, L' (it) (a) = cp 1 (it) © a, 
cp (u) if u £ F~\P , 


^ ^ I <P (u) if u£P, 
where cp (it) is listed in Table 1.5.3.5, 


. (1.5.3.4) 


Table 1.5.3.5 


sc , 

Assignment 

R 

a 0 b 

°n 

a 3 t. 

>R 

<r CO 

1 

Maximal 

power 

+t) 

max (a, b) 

-1 

1 a-J-b , a=£b 
[ a, a = b 

n 

-1 

2 

Minimal 

weight 

/?* 

min (a, b ) 

4 00 

(i 4 b 

it 

-<f (u) 

3 

Maximal 

weight 

n' 

max (a, b) 

— OO 

a~-b 

11 

—'I (a) 

4 

Minima* 


min (a, b) 

4 °° 

max ( 11 , b) 

— 00 

<1 (u) 

5 

Maxim in 

ft 1 

max (a, b) 

— 00 

min (a, b) 

4 co 

<f (“) 

0 

Least 

reliable 


min (a, b) 

4 00 

a X b 

1 

<r‘ (a) 

7 

Most 

reliable 

/?i 

mux (a, 6) 

0 

a X b 

1 

<r l (u) 
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(2) in medium M' we solve the Bellman equation corresponding 
to tlie problem of determining the optimal alternating chain pi 0 , 
that is, a chain for which 

© <p’(u) = © © <p* (li), 

“til 

where att is the set of alternating chains p. [1.73], and 

(3) as is known, along an alternating chain the power of combi¬ 
nation of pairs P increases by unity. 

The optimality of the algorithm constructed here for the com¬ 
bination of pairs P (P = P 0 ) follows from the fact that at each 
ith iteration, i = 1, 2, . . ., n (P 0 ) — 1, for the constructed run¬ 
ning combination of pairs P we have 

<P (P)= ®.<P (<?). 

Qe 

where = {i 3 £ £ \ n (P) = i} is the set of combinations of pairs 
of power i. 

In Table 1.5.3.5 we list, for a number of known optimal assign¬ 
ment problems in a weighted graph, the corresponding semi-rings 
and weighting functions cp\ which according to formula (1.5.3.4) 
determine the connections characteristic U of medium .1■/*. 

The generalized transportation problem. Suppose that on the arcs T 
of graph G = (X, T) we have specified a function C: T 
called the carrying capacity. The graph contains two isolated subsets 
of nodes: sources c= X and sinks X 2 cz X, with X 2 f| X 2 = 0- 
The nonnegative function /: T that satisfies the relation¬ 

ships V u 6 T, f (u) C (u); V x 6 X u divy (x) ^ 0; V x 6 X 2 , 
div, (x) ^ 0; V x 6 X \(X l (J X 2 ), divy (x) = 0, where 

div/ (Xj) — y f(x t , Xj)— y f(Xj, Xj) 

(xj.x^er {xj. xpzr 

is said to be the flow [1.44], while V(f)= J] divy(x) = 

xSY, 

— S divy (x) is said to be the magnitude of the flow. Bv £ = 

x£Y, 

{/} we denote the set of all admissible flows, then <3 0 = {/ 0 6 
S IV / 6 (2, V (/„) V (/)} is the set of all the flows of maximal 
magnitude. 

Let us assume that on the set of all the arcs of the graph we have 
specified a weighting function tp with values in R, cp: T —rR. We 
define the weighting function <p (/) of flow / thus: 

<P(/)= 0 ’f(<P(“). /(«)). 

u£T 

where the function o|>: if x R\ ->-R satisfies the following con¬ 
ditions: Va £ R, V6, c £ Rl, \ji (a, b + c) = ip (a, b) © i]i (a, c)\ 
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Table 1.5.3.6 


8 

z 

1 

| Maximal flow 

R 

© 


© 


1> (U) 

(a, b), 
b > 0 

i 

Minimal cost 

a 1 

min 

+ °° 

+ 

0 


axb 

2 

Minimax 

a 1 

min 

-1-00 

max 

— oo 

q>(u) 

a 

3 

Ma.ximin 


max 

— oo 

min 

+oo 

<t(u) 

a 

4 

Most reliable 

fit 

max 

0 

X 

1 

f 1 (“) 

a b 


V a £ R, i|> (a, 0) = 1 n (see Table 1.5.3.6). We wish to find the flow 
/o 6 <2o for which the following condition holds true: 

q>(/o)= © <P (/)• 

At each ith iteration, i = 0, 1, 2, . . ., n (P 0 ) — 1, of the algo¬ 
rithm for constructing the optimal /„ the following sequence of steps 
is carried out: 

(1) by the flow / constructed in the previous iteration i we deter¬ 
mine the medium .V/ 1 = (A, F, L l , R$): to each arc u £ T in F 
there generally correspond two arcs, the “direct” (with the same 
orientation) arc u with carrying capacity C (u) — f ( u) > 0 and the 
“reverse” (with the opposite orientation) arc u with carrying capacity 
/ (u) >0; Va £ R, V- ( u) (a) = tp 1 (u) © a, where <p' ( u ) = cp ( u) 
for the direct arc and <p' (u) = (p ( u) for the reverse are defined in 
Table 1.5.3.6; 

(2) in medium M l we solve the Bellman equation corresponding 
to the problem of finding the optimal path p 0 £ -V/a-.—.y, ( see (1.5.3.3)); 

(3) along the established path p 0 the flow increases by the mag¬ 
nitude of the carrying capacity along this path. 

The optimality of the flow algorithm constructed here follows from 
the fact that at each ith iteration we have for the constructed flow 

'I>(/)- 0 *(/'). 

where £' = {/' 6 <2 1 l (/') = V (/)} is the set of all the flows of 
magnitude V (/). 

In Table 1.5.3.G we list a number of semi-rings corresponding to 
problems of optimal flows in transport networks. 
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Design of the Optimal Dynamic Analyzer: 
Mathematical Aspects of Sound 
and Visual Pattern Recognition 

V.P. Belavkin a „d V.P. Maslov 

2.0 A Brief Survey 

The problem of automatic recognition of sound signals 
has in Ihe last several years come to the forefront in connection with 
one of the most important problems in building fifth generation com¬ 
putational systems, that of voice input and output. Such automatic 
recognition of sound patterns contains a number of mathematical 
subprohlems, the most important of which is the (mathematical) 
design of an optimal dynamic analyzer, the device occupying the 
center of the stage in the problem of automatic recognition of sound 
patterns. An example of such a device is given in [2.1]: a receiver 
of acoustic waves v (x — ct) whose idealized model is a point-like 
resonator (or cavity) capable of measuring the intensities of the 
vibrational (v) modes excited by the waves. The modes are the natural 
vibrations of one or several standards placed at point x - 0 and 
are described by an orthonormal set of functions x* (0 on a given 
interval of observation [0, 7’]. A typical example of such a resonator 
is the spectrum analyzer, a device that measures the intensity dis¬ 
tribution over the discrete frequencies f h — k!T , k £ A r , and can be 
represented by a selective filter of harmonic waves 

v h ( x—ct) —2 Re if' 1 exp {2 jt)A: (x — ct)icT}, j — ]/ —1, 

in the output of which one can measure the positive numbers v k = 

| if'' 1 |- determined by the complex-valued amplitudes \[- k g C 1 . 
The spectrum selector described by the harmonic functions x* (0 — 
exp {— 2njkllT}, k 0, 1.which, obviously, form an ortho¬ 

normal set {'//,} with respect to the scalar product 
r 

(ZilZir) - 7'"’ J -/* (l) Y.„ (l) <lt 
*0 

is ideally suited for the discrimination of pure tones with multiple 
frequencies {/,], tones described by disjoint complex-valued ampli¬ 
tudes ij-i = 0 at i =/= /«■ corresponding to the harmonic waves i f (x — 

oo 

ct) 2 Wc\[j (t — .r/r), where '['/ (0 tffxfc (0- T° establish 

h - -o 
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which of the tones in with different frequencies and nonzero 
intensities v f = 1 ipi | 2 =/= 0 at i = k is actually detected by such 
a receiver, it is sufficient to find the number i of the excited standard 
tuned to one of the harmonic modes in {x;} corresponding to the 
set {t|ij}: %i (t) = t|!i (t)/|| i|>i ||. The vibrational energy of such 
a standard will coincide with the intensity of the detected signal t]) ( : 

I (X; I ipi) I 2 = II 'Ih ll 2 i while the other standards remain unexcited: 
(Xfc 1 1 l , i) — 0 at k i. A segment of human speech of duration T 
containing a finished sentence consists, however, not of a single pure 
tone but, generally, of an infinitude of pure tones of different amplitudes 
and frequencies (the frequencies may be assumed to be multiples of 
1 IT at a fixed interval T of a single reception act). Nonharmonic 
signals, described by spectral amplitudes ipj = h]>;]£l 0 or, in the 
temporal representation, by the analytic signals 

OO 

i|h (t) -= 2 'f? exp { — 2njkt/T}, 

h=0 

may be indistinguishable in spectral measurements, even if they are 
orthogonal. For example, if the i),-j (t), i = 1, . . ., m are disjoint 
pulses obtained through the shift by T of the pulsed signal \|) 0 (t) 
of length At = Tim , these pulses have corresponding to them the 
orthogonal spectral amplitudes = i|;J exp {2n jiklm} with the 
same intensity distributions v* = I ip? I 2 = I | 2 , i = 1 , . . m, 
k 6 N. 

Orthogonal sound signals } on [0, T ] may be identified in 
a similar manner by selective filters matched with the signal modes 
Xi (£) = ' l l 5 i (t)/|| 1 ]:$ || that measure the intensity distribution v k = 
(Xh I 'I 5 ;) I 2 in the modes {Xi}> a distribution that has a different form 
for different values of t, namely, v* = || xjx; ||- 6". However, different 
sentences in human speech correspond ordinarily to nonorthogonal 
sound signals (t), which from the viewpoint of their meaning are 
identified if they are collinear, that is, differ only in the total energy 

I1 1 1 h II 2 = j I 'Ih (0 I 2 dt. For the recognition of nonorthogonal sig¬ 
nals one cannot employ matched filtration since the filters 

described by the nonorthogonal modes %- t -■ i|),/|| iff || are noncom- 
mutative and, hence, cannot be matched in a single selector; other- 

771 

wise, the total measured intensity 2 I (Xh I Xi) I 2 would exceed the 

i 

total energy || iff || 2 of the received signal i|) ; if (ijij | ip A ) ^ 0 at least 
for one k =/= i. Thus, we have an indefinite situation, formally similar 
to the incompatibility of noncommutative quantum mechanical 
observables, a situation arising from Bohr's complementary prin¬ 
ciple [2.2] and Heisenberg’s uncertainty relation [2.3]. Typical 


to* 
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examples of noncommutalive filters are the frequency and temporal 
filters, which are incompatible, just as position and momentum mea¬ 
surements are incompatible in a quantum mechanical system. So 
which of the disjoint selectors described by orthonormal sets of 
modes {x/,} must we employ to discern the nonorthogonal sound 
signals from a given set {<(:;}? It is natural to look for the answer to 
this nontrivial question in the form of a solution to an optimization 
problem by selecting a criterion of discernment quality such that 
the optimal selector does not depend on the gauge transformation 
XrJ:,- for every complex-valued X. The latter condition is satisfied 

m 

bv the criterion of the maximum of the total intensity 2 I (Xi I '[>;) I 2 

i = l 

of the true received amplitudes or by the criterion of the minimum 
of the lost intensity ^ | (x,- I I'. The corresponding extremal 

problem for arbitrary nonorthogonal amplitudes } describing 
quantum mechanical states normalized to a priori probabilities was 
first studied in general form in [2.4-2.61. Particular solutions of this 
problem for the case of two nonorthogonal amplitudes {vp 0 , 
were obtained in [2.7, 2.8], while the case of several linearly inde¬ 
pendent amplitudes {ip ; } was also considered in [2.9, 2.10]. 

The above-noted analogy between optimal recognition of sound 
signals and discernment of quantum mechanical states suggested the 
possibility of constructing a wave theory of noncommutative mea¬ 
surements within the scope of which one could solve more general 
problems of testing wave hypotheses for estimating the wave para¬ 
meters. From the formal viewpoint this theory generalizes the quan¬ 
tum theory of optimal measurements, hypothesis testing, and esti¬ 
mation of parameters [2.11, 2.12], while actually it carries the mathe¬ 
matical methods and ideas developed in [2.4-2.35] into the new, 
more realistic, field of applications. A short author’s review of 
optimal processing of quantum signals is given in [2.30], (Additional 
literature on the quantum theory of detection, hypothesis testing, 
and parameter estimation can be found in the references cited in 
[ 2 . 11 , 2 . 121 .) 

In the present paper wc give a systematic description of the wave 
theory of representation and measurement based on analogies with 
quantum mechanics. This theory is then employed to solve the prob¬ 
lems of detection, discrimination, identification, and estimation 
of the parameters of sound signals and visual patterns within the 
framework of the noncommutative theory of testing wave hypotheses 
developed here. The idea of employing the methods of quantum 
mechanics for discerning wave patterns emerged at the beginning 
of the 1970s, when a seminar on quantum mechanics and pattern 
recognition was organized in the Physics Department of Moscow 
State University. The seminar was directed by one of the authors of 
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the present paper, V. P. Maslov, along with Yu. P. Pyt’ev, and the 
second author, V. P. Belavkin, attended it. Interest in problems of 
registration and reconstruction of the complete wave field rather 
than only the energy illumination of the image in a certain plane 
was stimulated by the rapid development of holography, which was 
invented by Gabor [2.36] and then underwent a revival [2.37] when 
coherent sources of light, or lasers, were created. The emerging 
optimization problems of discerning wave fronts are also similar 
to the problems of discerning quantum mechanical states and cannot 
be solved by classical methods [2.38] of pattern recognition since 
it is impossible to register directly and exactly the phase and ampli¬ 
tude of a wave held by measuring the energy parameters. A detailed 
study of these problems at the time showed [2.39] that the then 
existing quasiclassical methods of solving quantum mechanical 
problems were also inadequate, and the solution had to be postponed 
until a consistent noncommutative theory of measurements was 
developed in the then rapidly advancing held of quantum theory. 

Note that some particular problems of processing optical wave 
signals, such as those of optical localization [2.40], detection, and 
discrimination of two signals from closely positioned sources of 
coherent radiation [2.41, 2.42], have been well studied by methods 
of quantum statistical and nonlinear optics [2.43-2.451. 

In addition to discussing the noncommutative theory of measure¬ 
ments common for sound signals and optical waves, we give solutions 
to a number of new problems (one of the authors, V. P. Belavkin, 
obtained these solutions earlier, when solving similar problems for 
quantum signals). Content and commentaries to the list of literature 
are presented in brief summaries at the beginning of each section. 
Similar summaries are given at the beginning of each subsection. 
The subsections are written as a series of articles of increasing com¬ 
plexity so that each can be read independently, although the best 
way to understand the material is to carefully read the articles in 
the order given. 


2.1 Representation and Measurement 

of Acoustic Signals and Optical Fields 

In this section we discuss the mathematical apparatus of 
the wave theory of representation and measurement of sound and 
visual patterns. Along with pure wave patterns, which are described 
by coherent signals and fields, we also consider the representation 
of mixed patterns, which are described by partially coherent and 
incoherent signals and fields. In addition to the spatial-frequency 
(coordinate) and wave-temporal (momentum) representations we 
introduce the joint canonical representation, in which the pure and 
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mixed patterns are described by entire functions and kernels in 
a phase complex space. We develop the mathematical theory of ideal 
filters and quasifilters, disjoint selectors, and quasiselectors, which 
describe ordinary, successive, and indirect measurements of wave- 
pattern intensity distributions. Using this theory as a basis, we 
analyze coordinate and momenta measurements as well as quasi- 
measurements of joint coordinate-momentum distributions. The 
mathematical tools used here are in many respects similar to those 
used in the quantum theory of representations and measurements 
[2.31, which recently received a new impetus in connection with 
problems of quantum stales recognition [2.4-2.121; however, we give 
a wave rather than a statistical interpretation of the apparatus in 
accordance with the applications considered here. 

2.1.1 Mathematical Description of Sound and Visual Patterns 

In this section we describe three basic types of representation of 
pure and mixed wave patterns: the coordinate, or spatial-frequency, the mo¬ 
mentum, or wave-temporal, and the canonical, in which the wave patterns are 
represented by holomorphic amplitudes in the complex coordinate-momentum 
plane. The third representation, which emerged in quantum optics [2.43], proves 
useful in an analysis of the frequency-temporal structure of sound and visual 
patterns and in holography in an analysis of the spatial-temporal structure of 
such patterns. 

2.1.1.1 Wave Patterns 

The sound and visual patterns considered here are com¬ 
monly described by wave amplitudes u (f, q) that are real-valued 
functions of time t and coordinates q in a spatial-temporal region 
accessible for measurement. Although the simplest wave equations 
describing the behavior of such physical fields are linear in ampli¬ 
tudes v (f, q), for purposes of measurement of sound and visual 
patterns the most interesting are functionals quadratic in v that 
describe the distribution of sound on the standards of the dynamic 
analyzer or of light on photodetectors, a distribution that in spatial- 
temporal measurements is described by the intensity function 
v- (I, q) 2. More useful information is provided not by the intensities 
of a sound or visual pallern at points (f, q) but by the distribution 
of the sound intensity at frequency / (a spatial-frequency distri¬ 
bution), as is common in an analysis of color patterns. Such a d is- 
1 ri hut ion is determined by the intensity function 

>(/• «l) I <!>(/. q) I', /><>. (2.1.1.1) 

with q the complex-valued spectral amplitudes, 

+ oo 

^ x (l. q 


<i (/. q) 
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used to represent the wave field v ( t , q) in the form of a linear com¬ 
bination of harmonic oscillations at each point q: 

oo 

u(f, q) = 2Re j <p (/, q )e~ 2n},, df. 
o 

Bearing in mind the well-known advantage of employing complex¬ 
valued amplitudes, in what follows we consider complex-valued sig¬ 
nals cp (x) = <p (/, q) = <p (q), with x = (/, q) = q, assuming that 
in a given spatial-frequency region of measurements £2 they possess 
a finite total intensity 

l (9) =• j l<P(?)l 2 ^9- (2.1.1.2) 

n 

When registering sound signals for which the spatial region of mea¬ 
surements is much smaller than the characteristic length of the sound 
wave, we can take for £2 a one-dimensional region, which is usually 
determined by a positive-frequency pass band <t> £ 3t + of the dynamic 
analyzer, assuming that x = / at the point of its localization q = 0; 
recognizing visual patterns usually requires only a three-dimensional 
region £2 = cp X S, where <1> is the optical frequency band and 5 
the surface on which the pattern is localized; for static patterns 
x = q (t = 0). 

From the standpoint of physics the admissible amplitudes are 
smooth amplitudes <p (q), q £ £2, with compact supports inside a 
(d — l)-dimensional region £2 ^ .R d+1 or, if £2 is noncompact, ampli¬ 
tudes that fall off rapidly at infinity together with all their deriva¬ 
tives. Such amplitudes generate a Hilbert space $£ = X 2 (£2) of 
amplitudes x (?) °f finite intensity || x II' 2 < °° : 

(<PlX) = j <P* (?) X (?) <??■ (2.1.1.3) 

a 

Generally the set 3) of basic amplitudes (p can form an arbitrary 
complex-valued space with a positive Hermitian form I (q) = 
(cp | cp) that is invariant with respect to complex conjugation cp >—>• cp*. 
This form defines a finite intensity, / (cp) =£ 0, for any nonzero cp. 
We denote the completion of this space in norm || cp || = l 1 /' 2 (cp) 
by M and consider it to be a Hilbert space equipped with an iso¬ 
metric involution x X* with respect to the scalar product (2.1.1.3), 
which is linear in the second argument cp 6 o7<?. 

The use of complex-valued amplitudes not only considerably sim¬ 
plifies the formulas for calculating the observed distributions of the 
fields but also makes it possible to employ analogies from quantum 
theory. Specifically, as in quantum theory, complex-valued ampli¬ 
tudes differing in a phase factor must be assumed “equal” since they 
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lead lo the same intensities defined by Hermitian forms of cp. Note 
that in the quantum description of optical and sound signals we 
usually take the mean number of the corresponding quanta (photons 
and phonons) as the intensity functions for light and sound, respec¬ 
tively. These quantities are determined by the same Hermitian forms 
of the complex-valued amplitudes (p as in the classical mode of de¬ 
scription, provided that the quantum mechanical states are coherent 
[2.43, 2.44], that is, are described by Poisson probability amplitudes 
| tp). Thus, restricting ourselves to intensity measurements, we 
postulate that only distributions of quanta are observable, while 
the only characteristics of signals cp of interest to physics are those 
obtained as a result of measurement of such distributions. 


2.1.1.2 Momentum Representation 

In problems dealing with the recognition of moving pat¬ 
terns what may be of interest is not the spatial-frequency intensity 
distribution (2.1.1.1) but the momentum-temporal distribution 
described by the function 

~(t, P)=|?(f. P)F, (t, P)e3l dtl , (2.1.1.4) 

where cp (<, p) is the involution Fourier transform, 

(p (t, p) ^ j <p* (/, q) . (2.1.1.5) 

We introduce the notation x = (f, p) = p. The representation of 

amplitudes tp in terms of the functions (p (x) = cp (£, p) = cp (p) 
is called the momentum representation. 1 Note that this representation 

differs from the common one by complex conjugation, cp* = cp*, 
but this difference is “unobservable” from the viewpoint of measuring 
intensities described by Hermitian forms (2.1.1.1) and (2.1.1.4), 
which are invariant under such conjugation. 

Allowing for Plancherel’s equality 

j |<p(/>)|-dp= j l«P(9)l 2rf 9. (2.1.1.6) 

we find that the total intensity described by the distribution function 
(2.1.1.4) coincides with the total intensify (2.1.1.2) for any amplitude 


1 Thanks to the introduction of the involution (pi—*■ cp* in trans¬ 
formation (2.1.1.5), the inverse transformation to the coordinate representation 

is carried out by the same formula (2.1.1.5), cp = cp, which can be extended onto 
generalized amplitudes ■/ in the standard manner. 
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cp with support in £2: 

j 1 (p) dp = / (tp) = j i (q) dq. (2.1.1.7) 

In what follows we consider the values of t ( q) and t (p) in (2.1.1.1) 
and (2.1.1.4) as being functions of q>, denoting by t (cp, q) and 
t (<p, p) the functionals connected by involutions t (tp, p) = t (tp, p) 

and t (cp, q) = t (<p, q ), respectively. Note that the Fourier trans¬ 
formation i (q) i—* i (p) of the Hermitian functional t (cp, q) = 

I f ( 9 ) I 2 cannot be reduced to the Fourier transformation of its 
value 1 (cp) as a function of q. More than that, measuring the spatial 

distribution 1 (q) for a single value of cp does not generally make 
it possible in any way to calculate the corresponding distribution 

1 (p), and vice versa. Nevertheless, these distributions satisfy certain 
relationships, the simplest of which are (2.1.1.7) and the inequality 

j (P — P) 2 '-(P)dp [ (q — q)h (q) dq^>--^~ P (cp) (2.1.1.8) 

(where p = j'pi (p) dpi I (cp) and q = j qi ( q) dqll (cp) for each 

of the components p = p h and q = q h , k = 0, . . ., d), which is 
known as the uncertainty relation. Using the commutation relations 

pq — qp=(2nj)~ i l (2.1.1.9) 

for each pair of operators q, p in the p-representation, with p = 

p — p and q = did (2n/p) — q, we can easily arrive at (2.1.1.8) 
as a corollary of Schwarz’s inequality 

II P<P II II 9<P II > I(pq>l9<p)l > |Im (pcp|qcp)| = 2 ^ II cp || 2 . (2.1.1.10) 

Indeed, according to definition (2.1.1.4) we have 

j (p—p) 2 i(p)dp= j |(P — P) <P (P) I 2 dp = 1| pep || 2 

and, similarly, allowing for (2.1.1.6), for the Fourier transform pep 
of the function (q — q) cp ( q) we obtain from (2.1.1.1) 

j ( 9 —g) 2 i( 9 )d?= j 1(9 — 9) <P ( 9 ) I 2 dq = || 9 cp || 2 . 

Thus, inequality (2.1.1.8) is equivalent to (2.1.1.10), where || cp |p = 
I (cp). For nonzero amplitudes cp this inequality is usually written as 

O p G q ^ l/4jl, (2.1.1.11) 
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where cr,, and a q are the standard deviations, 
of>--= ^ (/>— P)-'(P) d pU (<P)- 

of, -= ( (q—q? i (q) dq/l (<p), (2.1.1.12) 

of momentum p and coordinate q in the wave packet q> from their 
mean values p and q. In this form (2.1.1.11) is similar to the quantum 
mechanical Heisenberg uncertainty relation; however, here the 
standard deviations (2.1.1.12) have no statistical meaning but char¬ 
acterize the extent to which the intensity distributions are localized 
in the coordinate and momentum spaces. The lower bound 1/(4 .t) 
in this relation is achieved only in the case of an unbounded region 
£2 = T rf+1 for the Gaussian amplitudes 

<T (?) = C q exp {2.-1/ (q - q! 2) p — I q — q l 2 /(4cr“)}. (2.1.1.13) 

These amplitudes, with the normalization conslanls C q = 
l/(2.-iap)( <,+1 )'' 1 . have a similar form in the p-representation: 

<T (p) = C p exp {2 nj (p — pi 2) q - \ p — p |' 2 /(4o 2 )}, 

with C v = 1 (2nOp) <d+1)/4 and a p a q = l/(4n), are called standard 
canonical (Poisson) amplitudes and are denoted by \|’ a — | a), 
with a — (1/2) (q!a q — /p/a,,) if a q and a,, are fixed. Note that for 
a. a such amplitudes are nonorthogonal: 

(a | a') oxp {— (12) | a' |‘- — a'a + — (1/2) | a |-}, (2.1.1.14) 

<i 

with a'a + the scalar product ^ afctj. 

i=n 

2.1.1.3 Mixed Signals 

Due lo limits in present-day technology, only a fraction 
of the information on the intensity distribution of amplitude cp 
in this or another region can usually be obtained when analyzing 
sound and visual patterns. For instance, in sound pattern recognition 
the common method is to use only the frequency or temporal distri¬ 
bution obtained through integration 

<(/) - ( hr (/, <i)l-. tfq. i(i)- [ l<r(G p)f- (/ p (2.1.1.13) 

of distributions (2.1.1.1) and (2.1.1.4) over the spatial or wave region 
of measurement. In visual pattern recognition often only black and 
white patterns are considered. These are obtained as the result of 
mixing 

I (<l) ^ lq (/. «l)|-'//, i(p) j l<t (G P )\ 2 dt (2.1.1.1(5) 
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of the appropriate color patterns in the spatial or wave region of 
measurement. To obtain such incomplete distributions there is no 
need to provide a total description of the signal by amplitude cp (/, q). 
For instance, in describing sound it is sufficient to specify only the 
Hermitian kernel 

S(f, f) = j <p(/\ q)«p*(/. q)dq, 

for which i (/) = S (/, /) and i (t) = S (t, t), where 
S(t', t)= j eW-l'»S(f', 1)df'df. 

Monochrome patterns are defined by a similar kernel S (q', q), with 

i (q) = 5 (q, q) and i (p) = S (p, p). Having in mind the possi¬ 
bility of such mixing, we will describe signals in an abridged manner 
by nonnegative definite operators of intensity density, S , with kernels 
S ( q , q) that have a nonzero trace 

TrS = J S(q, q)dq = (S , /), (2.1.1.17) 

Q 

which determines the total intensity, i (S) — (S , /), of the signal 
in Q. To each amplitude \|) (q) we assign a one-dimensional operator 
S = | if) (i|> | with a kernel 

S (q\ q) (q')V (?), (2.1.1.18) 

which defines the amplitude ip (q) to within a nonessential phase 
factor e J0 . The diagonal values i (q) = S (q, q) describe the coordinate 
distribution of the intensity of such a signal, while the momentum 

distribution is described by the diagonal values i (p) = S ( p , p) 
of the involution Fourier transform 

S(p', p)= \e 2 W<l T -'i-P T )S(q', q)dq'dq. (2.1.1.19) 

Each such kernel can be obtained as a result of mixing 

S(q', q)^ j t|) a (?') <l£(?) v (da.) (2.1.1.20) 

of the one-dimensional kernels corresponding to the normalized 
amplitudes II’'t’a II = 1, parameterized by a space A with 

a nonzero positive measure v whose mass determines the total in¬ 
tensity ( S , /) = v (/l). For example, the kernel S (q', q) corre¬ 
sponding to a monochrome pattern generated by amplitude cp (/, q) 
can be written in the form (2.1.1.20) for (q) — cp (/, q)/ 1 1 ^ 2 (/) 
on the set A of frequencies <t* equipped with a nonzero measure 
v (df) = c (/) df. 
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In the case of an arbitrary Hilbert spaced, mixed signals are 
described by density operators S obtained as a result of weak inte¬ 
gration 

[ |*.)(1'«|v(<fa) (2.1.1.21) 

of one-dimensional density operators = | vp) (i|i |, 

If) (f I: X € (f | x) = (f I X)f. (2.1.1.22) 

corresponding to the normalized values f a go#, a £ A, of the vector 
function a .-»• f a . The operators (2.1.1.21) are kernel-positive and 
have a finite trace Tr S = v (A), with each operator S: nH£ <-*■$£ 
being represented in the form (2.1.1.21) via, say, the spectral decom¬ 
position 

5 = 2 |fi) (f,|v,. (2.1.1.23) 

2 

Here {f,} is the maximal orthogonal set of normalized eigenvectors 
f, £ -9f corresponding to zero eigenvalues v,-: Sf* = Vjifi, which 
determine the trace Tr S = yj v ; . 


2.1.1.4 Gaussian Signals 

As an example let us consider the important class of mixed 
canonical signals defined by the integration 

S=j |o)(a|v(dldn). a £ C d+ \ (2.1.1.24) 

of canonical projectors corresponding to the amplitudes = | a), 
which in the coordinate representation have the following general 
Gaussian form (cf. (2.1.1.13)) 

ft* ( 7 ) = C exp |2jt/ (<?—4“^) I 7 '— -4- (7— !)»»(?— £) T } • (2.1.1.25) 

Here w — to T is a symmetric complex-valued (d + l)-by-(d + 1) 
matrix with a positive definite real part w -r w* = 2 .t (v + r) -1 , 

£ =-- ]/2, ji Heat and i] |/2 n Re ja*v, with v - : v*o)/(2.i), are 
(d - ))-dimensional rows, 5 1 and are the corresponding columns, 

I C |- det (u* v)" 1 1 i- |'- is the normalization constant, and 

v* T r + — r T * is the llermitian conjugate of matrix u. 

Let £ (g, r|) lie a 2(d f l)-dimensional row and v (d*) = 

v (d£ di|) a Gaussian measure on A T-" 1 * 1 * normalized to a cer¬ 
tain number J < 00 (the Gaussian intensity) and described (for 
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J positive) by the following moments: 

!=/-« j 6v(iQ = X, n = ^ 1 j nv (<£) = *, 

'PIFn 

r) T £ r) T r) 


J' 1 j £ T £v(rf£) = 


A A A. A A X 
X T A, X T X 


+ a «> 


(2.1.1.26) 

(2.1.1.27) 


where tr cc = 


is a nonnegative definite 2 (d -j- l)-by-2 (d + 1) 


CT U CT Oi 

L ct tis CTi mJ 

matrix. The signals that correspond to such a density operator 
(2.1.1.24) are characterized by the following first moments: 


q = J~ l [ Q (%) v (<*£) = X, p = J' l \ P (%) v (d£) = x, 

(2.1.1.28) 

q T q — J l j I <?%) v(dO = £ T i+ (w+w*)- 1 , 

g T p = J~ l j «? T ^ | Py L )v(dQ = g T r] yc T v/(2n), 

(2.1.1.29) 

p' I q = J~ i j (.P T %| (?\|}j) v(d£) = r) T |— jvr*v*l(2n), 

P T P = J' 1 j (P T ^i \ Pi'i ) v ( d £) = T 1 T 11 + (“ + w*)-\ 

where Q and P are the rows of operators of position Q h and momentum 
P h defined in the ^-representation via multiplication by q k and 
differentiation with respect to q h , or (2n/) -1 dldq h , w/(2ji) = 2n/w* 
and we have allowed for the fact that 


= * > (*t) = 0l’c 1^=11, (2.1.1.30) 


I 9%) (tH’s I /%) 
.(P T % I 9 T %) (P T i|)S I P'fc). 


= (e*. ;'u) + (u*, u)/(2ji) 


for the “shifted” operators q = Q — ql and p = P — pi. 

It can easily be demonstrated that for a nonsingular Gaussian 
measure described by density n (£) = v ( d'Qldt, of the form 

»(C) = C exp {_i-(£_e)a;H£-e) T } (2.1.1.31) 


(with 0 = (x, X) and C = //jAdet 2 ji<x S£ ) corresponding to a non- 
singular correlation matrix cr £ j we can select representation (2.1.1.24) 
of the density operator S by appropriate choice of matrix co in such 
a manner that the representation will be described by density 
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(2.1.1.30) with the matrix of the form 

a-j = Re(o*, jv) + s(v*, jv)/n (2.1.1.32) 

where s is a complex-valued positive definite (d + l)-by-(d + 1) 
matrix. At this point it is expedient to introduce a complex-valued 
normal representation characterized by the transition made from 
2 (d + 1) real variables £ --- (|, i() to a (d + l)-dimensional com¬ 
plex variables a = (£co + 2n/ri) y 1 , where y = (w -f w*) l/2 in 
terms of which the density (2.1.1.30) combined with (2.1.1.32) can be 
written in the following form: 

n(a, a*) = C exp {— (a — 6)*s" 1 (a— 9) T }, (2.1.1.33) 


where 0 = (xco + 2n/X) y 1 , and C =- Jidels if density (2.1.1.33) 
is normalized to J with respect to da da* = d£ dr). Note that, as 
in the case with (2.1.1.13), amplitudes (2.1.1.25) must be written 
in the form 

I «) (?) = (y/V 2n) 1/2 exp | (qy— Rea) a T — 4-?a><7 T } , 

(2.1.1.34) 


with the scalar product defined in (2.1.1.14). However, in contrast 
to (2.1.1.13), these amplitudes do not realize at Im <o 0 the lower 
bound in the uncertainty relation (2.1.1.11) while they do realize 
a more exact lower bound defined by the matrix inequality 


det 


a '/7 

Oqp 

Opt] 

Opp 


>0, or o P p>Oj, 9 a; 


W^qpt 


(2.1.1.35) 


provided that matrix a qq is nonsingular. Here 

+ V' 2 . °<,p= a t’i— ( "f 2 /(2n/), 

Op fj = a, l5 -f w*y 2 /(2n/), a pl , (2.1.1.36) 

- a, ]T , ~ w*y 2 io/(2jr) 2 

are the elements of the correlation matrices, 
o, r , J' 1 j (7 t 'IV I <7ta) v(da), 
o,i, if (? T i|a I KJv(da), 

0,1 J ~ l j (/^a I Ha) v(da), 

°, r =-- J~ l j (P T Va I H a) V (da). 


(2.1.1.37) 



2. Design of the Optimal Dynamic Analyzer 


159 


which are defined for nonmixed canonical signals in (2.1.1.30) and 
satisfy, obviously, the following relation: 

a, (of, — p*aj,p T ) a q = 1/(4jt) 2 , (2.1.1.38) 

with Op = a pp , Og = a qq , and p = to’ 1 Im to; at p = 0 this relation 
realizes the bound of (2.1.1.11). Otherwise, it realizes the bound to 
(2.1.1.35). 


2.1.1.5 Canonical Representations 

In problems dealing with the recognition of complicated 
sound and visual patterns, the most important information is usually 
contained in the momentum representation as well as in the coor¬ 
dinate representation. For example, in analyzing speech not only the 
frequency distribution of its intensity is important but so is its 
temporal distribution, in the same way as in color pattern recogni¬ 
tion it has proved important to know the wave structure in addition 
to the spatial structure. Although there can be no joint coordinate- 
momentum representation that would enable calculating such dis¬ 
tributions simultaneously (due to noncommutativity of position 
and momentum operators), the simultaneous estimate, say by the 
human ear, of the frequency and temporal structures of sound points 
to the possibility of building a mathematical model of such percep¬ 
tion, which may prove extremely important for automatic speech 
recognition. 

The simplest models of such joint coordinate-momentum repre¬ 
sentations are those whose densities are defined as the intensities 

*(z) = |(ip 2 |<p) p, *=(*, y)£W d+i \ (2.1.1.39) 

of projections of amplitude <p on the canonical amplitudes (2.1.1.24) 
at t, = z, which are parametrized at a fixed to by the estimate vectors 
1 = x and T| = y of the generalized coordinates x = (z 0 , . . ., x d ) 
and momenta y = (y 0 , . . ., y d ). We can directly verify that the 
density in x has the form 

m(x)= j A- (a:, z/) c£y = | v |-i/2 ^ e -n I (.v-r,)«-« i» |tp (r/) | 2 c?t;, (2.1.1.40) 

which in the limit of | u | — l^detu+u -► oo coincides with the 
coordinate distribution i (q) = | <p ( q ) \ 2 . Similarly, in the p-repre- 
sentation we find the density in y: 

m (y) — | k(x, y) dx 

= I U I’ 1 / 2 ^ e-n | (H-P) l ! | <p(p)| 2dp. (2.1.1.41) 



160 


V. P. Belavkin and V. P. Maslov 


which in the limit of | « | -*- oo coincides with the momentum dis¬ 
tribution i (p) = | <f (p) |' 2 . Here for every amplitude <p we have 

|| (f II 2 = ^ m (x) dx = j ^ k (x, y) dx dy 

= f ,«(«/) dj,= ||*|p, (2.1.1.42) 

which means that the set of canonical amplitudes {\J>- | z 6 R 2d } 
is complete for every w, with Re o> positive. Thus, the 2 (d + 1)- 
parametric set { 4 ' z } forms a nonorthogonal base that defines for each 
co a canonical representation in which the diagonal elements of the 
kernel (i|) z | Si]j z ) of a signal described by density operator S yield 
the density of the distribution of the signal’s intensity i (S) = 
(S, I). For mixed canonical signals (2.1.1.24) such a density with 
allowance made for (2.1.1.14) has the form 

k(x, y) — | exp { — | c — a ] 2 } n (£, r|) cfr|, (2.1.1.43) 

where c = (xu) 4- 2rt jy) u + /2n, specifically, for Gaussian signals 
(2.1.1.25) we arrive at the following Gaussian density: 

k (z) = / exp { — (z — 0) ct 2 V (z — 0) T }/V det 2 na„, 

(2.1.1.44) 

where 

ct„= XX XV = 0 ;: + 2(u + , ;'u) + (u*. ;o)/u (2.1.1.45) 

is a (d — l)-by-(d 4- 1 ) correlation matrix (;' = Y~ 1 ). 

A remarkable property of canonical representations is the possi¬ 
bility of calculating the intensity distribution in any representation 
knowing only one canonical distribution by analytically continuing 
the density k (c, c*) = k ( x , y) to a kernel 

k (c ', c*) = (c | S | c) (2.1.1.46) 

that is holomorphic in c' and c* 6 C d+1 , where | c) = ifj and 
similarly, | c') — i|v at c' — (x'w + 2njy') v+/Y2n for z = 
(x , y). For one thing, for operator (2.1.1.24) with a density of the 
form (2.1.1.33) we obtain 

k (c', c*) -J(c | c>-('*-c*> (*+»-• u'- 0 ') T /| 5 |. (2.1.1.47) 

The transition from kernels of the (2.1.1.46) type to, say, the coor¬ 
dinate representation of operator S is carried out by the following 
for mi i la: 

S ^ | c) (c' | k (c', c*) (c | c') dc dc* dc' dc*' , (2.1.1.48) 
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where | c) (c' |: cp >—*■ ( c | tp) | c) are one-dimensional operators de¬ 
fined by the canonical amplitudes (2.1.1.24), respectively, at a = c 
and c £ C d+1 , dc dc* = dx dy , dc' dc*' = dx' dy ', 

(c | c') = exp |— j | c | 2 + c*c' —|-| c' | 2 }. (2.1.1.49) 

Note that the canonical kernels (2.1.1.46), as operators S , act in 
the space of entire functions 

h(c) = el <= l 2 /2 (cp | C ), (2.1.1.50) 

which define the representation of amplitudes % 6 SB in the Bargman 
space of all entire functions on C oi+1 , for which 

j |/t(c)| 2 exp{—| c | 2 /2} dc dc* < oo. (2.1.1.51) 

Specifically, one-dimensional operators of density S = | <p) (tp | 
have kernels 

k (c', c*) = (c | tp) (tp | c'). (2.1.1.52) 

2.1.2 Mathematical Models of Sound and Visual Analyzers 

In this section we will consecutively introduce and describe math¬ 
ematical models of an ideal filter, a quasifilter, a disjoint selector, and a quasi¬ 
selector that make it possible to move to arbitrary representations necessary 
for solution of the problems of best wave-pattern recognition based on measure¬ 
ments of pattern intensities in a single representation. We will also discuss a 
theory, based on the work done by Halmos [2.46] and Neumark [2.47] for design¬ 
ing ideal filters and selectors and their realization via indirect measurements, 
an idea that originated in quantum theory [2.3], 

2.1.2.1 Ideal Filters 

The simplest measurement of a signal is the determination 
of the intensity of the oscillations in the signal in a given mode de¬ 
scribed by a vector t(> normalized to unity, || \|z || = 1, belonging to 
the Hilbert space of amplitudes tp admissible at the “in” terminals 
of the receiver and having a finite intensity / (cp) •= (cp | cp) < oo. 
The oscillation amplitude in mode i|) is determined by the projection 
(i|) | cp) of the received amplitude cp on direction i|>, while the intensity 
is calculated according to the formula 

Ey (T) = (T 1^) I <P) = I (<P I I 2 . (2.1.2.1) 

similar to the transition amplitude of a quantum mechanical system 
from state cp to state rj). The intensity given by formula (2.1.2.1) 
is a positive quantity, just as probability is; however, it can assume 
values greater than unity (but not greater than the total intensity 
I (cp)). The appropriate measuring device acts as an ideal filter if 
it receives a signal cp completely, provided thatip and cp are collinear, 


11 — 0105 



102 


V. P. Belavkin and V. P. Maslov 


and does not receive cp if cp and are orthogonal. A mixed signal 
described by a density operator S excites in mode \|) oscillations of 
intensity 

e*(S) = (S, £*> = (2.1.2.2) 

More general analyzers carry out the measurement of the intensity 
E (<p) = (<P I E<f) = II Eq> || ! (2.1.2.3) 

of the projection £cp of the received signal on an arbitrary subspace 
of SB described by an orthoprojector E = E*E. For example, an 
audiofrequency filter with a pass band A is determined by an ortho- 
projector E = I (A) on the subspace of amplitudes i|> (/) with support 
A = O acting as the operator of multiplication by the indicator 
1 (/, A) of set A. In a similar manner one can define spatial optical 
filters that cut out a visual field in a certain region of aperture A. 

The reader will recall that an orthoprojector is any linear opera¬ 
tor E: SB -*-SB satisfying the condition E* = E = E' 1 , and to each 
Hilbert space if ^ SB there corresponds a unique orthoprojector 
for which % = ESC- Bearing in mind this one-to-one relation, we 
will describe such analyzers by orthoprojectors and call them ideal 
filters, that is, as noted earlier, filters that pass a signal without 
distortion while measuring its intensity if <p £ ESB and that do not 
pass a signal if it is orthogonal to space ESB- The set of all such 
filters is partially ordered with a smallest element and a greatest 
element for which we take the null operator 0 and the identity 
operator /; specifically, filter A is stronger than filter B, or A ^ B, 
if orthoprojector B is greater than A, or AB = A. Maximal filters, 
with the exception of the zero filter, are described by one-dimen¬ 
sional orthoprojectors E y = I X) (X I acting according to the formula 

I X) (X I <P = X (X I <P) = (X I <P) X (2.1.2.4) 

and defining the normalized vector x to within a phase factor e J0 . 
For every filter A there is a unique complementary filter A- such 
that A + A 1 = /, with A- 1 - 1 - = A, and A 1 B 1 if B ^ A. The 
orthogonal complement A -*■ A 1 possesses all the properties of 
logical negation: if A “passes” cp: Acp = cp, then A- 1 does not: A-cp = 
(l. and vice versa, with A f\ A 1 =0 and A V A 1 = I with respect 
to the operations of conjunction f\ and disjunction V > f° r which 
wo take the upper and lower bounds 

A A E = sup {A, B}, A A B = inf {A, fi), (2.1.2.5) 

and with tho duality formula being valid, or (A \J B) x — A- 1 A 
B . 

Generally, filters A and B are said to be disjoint if A _L B, that 
is, At| - t| implies /fcp — 0 (B cp =- cp =$- Acp - 0), or, which is 
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equivalent, if A- ^ B ( B 1 ^ A); they are said to be incompatible 
if A /\ B — 0, that is, if there is not a single signal that can pass 
completely through filter A and filter B in the sense that Atp = cp 
and B( p — cp. 

It can easily be shown that disjoint filters are incompatible, but 
not the other way round. For this reason the logic of filters is non¬ 
distributive, similar to the logic of quantum theory, which is also 
nondistributive. It satisfies a weaker condition of orthomodularity 

(A V A 1 ) A C = A V (B 1 A C) if A < B < C. 

( 2 . 1 . 2 . 6 ) 

It is in this respect that the logic of filters differs from Boolean 
logic, where incompatibility and disjointness mean the same. The 
intensity of a mixed signal S measured by an ideal filter E can be 
calculated via the formula 

e ( S) = (5, E) = Tr (ES). (2.1.2.7) 


2.1.2.2 Disjoint Selectors 

Complicated analyzers measure the intensities E t (cp) = 

1 (/, | cp) | 2 of the received field cp simultaneously in several standard 
modes X; 6 36, t = 1, . . ., m, which, if the normalization con¬ 
ditions || x, || = 1 for all i’s, are necessarily orthogonal in view of 

m 

the condition 2 fa) ^ / (cp). Otherwise, the total received in- 

i= 1 
m 

tensity 2 &i (<p) could be greater than the total intensity I (cp) = 

i=l 

|| <p || 2 of the received signal <p. Such analyzers act as disjoint selec¬ 
tors, or ideal selective filters that split the received signal cp into 
orthogonal components <p f = (Xi I <p) Xd i = 1, . . ., m. Signal cp 
is received completely by a selective filter if £cp = cp, where E = 

m 

2 E t is the appropriate nonselective filter defined by the one-di- 

i=l 

mensional orthoprojectors E t on the subspaces generated by the 
standard modes x>- 

More general selective filters are specified by arbitrary sets (or 
families) {£j | i = 1, . . ., m) of projectors E t : that satisfy 

the condition of pairwise orthogonality EjE h = 0 for i k. For 
example, a disjoint selector that measures the intensity of a signal 
in each region of a Borel partition 9 = V Aji A ; g 9 is de- 

i 

scribed by an orthogonal set of E t = I (A;) of indicators / (A,) = 
{1 ( q , A ; )}. Note that such a set {£,} may have an infinite number 
of members if space 3£ is not finite-dimensional; in this case the re- 
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m 

ceived intensity is determined for each by an absolutely convergent 

co 

series 2] £,■ (ip) ^ I (<p), where 

i=l 

Et (cp) -= (cp | £ ; q>) = it£,ip ||*. (2.1.2.8) 

A selective measurement is said to be complete if the inequality 
E (cp) ^ / (cp) is transformed into an equality for every <p £ ■§£that 

oo 

is, if 2 E t = /, in a strong operator topology (I is the identity 

l — 1 

operator in W) and is said to be maximal if all the E, are one-di¬ 
mensional. 

Complete filters are usually related to self-adjoint operators with 
a nondegenerale discrete spectrum {x,} through the spectral decom¬ 
position (or expansion) 

oo 

A = 2 *i E t , (2.1.2.9) 

1 = 1 

with each set {£/} being assigned a numbering self-adjoint operator 
N --= S tE,. 

i 

In addition to discrete filters there is another important class of 
filters, known as continuous filters, which are related to normal 
operators with a continuous spectrum X = C 1 . In accordance with 
von Neumann’s theorem, to each such operator there is uniquely 
assigned a projector-valued measure E on X that specifies the ortho¬ 
gonal expansion (or decomposition) of unity / = j E (x), so that 

A ■-= ^ xE(dx), 2) (A) = {x£$i- [ |x| 2 E(x, cte)<oo}. 

( 2 . 1 . 2 . 10 ) 

Here a family {Aj \j l, . . ., n} of pairwise commutative normal 
operators Af. ■$£ -*■ has corresponding to it a selective filter 

n 

described by a projector-valued measure E ~ ® Ej on X gC“ 

f ;= " 

that defines a spectral representation A — \ xE (dx) for the vector 

operator .1 (Ay). It is with these vector selective fillers that the 

measurement of the intensity distribution (2.1.1.1) in the coordinate 
region is carried out. Such a distribution is described by the ortho¬ 
gonal decomposition of unity 1=^1 (dx) for the coordinate vector 

operator Q (Q h , k — 0, 1 , . . ., d)\ the coordinates in the coor¬ 
dinate (or position) representation are given by the respective oper- 
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ator of multiplication by q — (q h ), so that 

/ (A) (p (q) = 1 (q. A) <p (q), (2.1.2.11) 

where 1 (A) is the indicator of the Borel subset A s 3l d+1 : 1 (A, q) = 
1 for q £ A and 1 (q, A) = 0 for q £ A. The result of such a measure¬ 
ment is the continuous measure / (cp, dx) with a density 

i (cp, x) = I (cp, dx)ldx = | cp (x) | 2 . (2.1.2.12) 

Note that the self-adjoint position operator 

Q= j ql ( dq ), 2) (Q) = {x£$d: j q 2 \ X(?)l 2 <fy<°°} 

(2.1.2.13) 

has a domain of definition SD ( Q ) coinciding with $!? = X"- (Q) 
only in the case of a bounded region £2. Generally speaking, operator 
Q is only a densely definite operator, such as the frequency operator 

oo 

F — j// (df) in the case of a semi-infinite band O = [0, oo[ of 
o 

the spectrum. 

In general, let X be an arbitrary set and !$ (X) the Borel algebra 
of its subsets. Every measure E\ (A) with values in the 

orthoprojectors of the Hilbert space ■§£ is said to be a disjoint selector, 
it is called a complete selector if E ( X) = I. Disjoint selectors mea¬ 
sure the intensity distribution in the received signal cp on X according 
to the formula 

E (cp, A) = ( 9 | E (A) cp) = || E (A) cp ||*. (2.1.2.14) 

and define for each cp a positive measure on X of finite mass 
E (cp, X) ^ I (cp), coinciding with / (cp) = || cp ||' 2 in the case of 
a complete selector. 

We will say that selector E' on X' majorizes selector £ on X 
(E' > E) if there exists a measurable mapping /: X' X with 
respect to which 

E (A) = E' (/- 1 (A)) for every A 6 9 (X) (2.1.2.15) 

where f" 1 (A) = {i 1 ( X' | / (x') £ A} is the inverse image of set 
A s X, and the selectors E' and E are equivalent, £'~ E , if E'^E, 
too. 


2.1.2.3 Successive Filters and Quasifilters 

The common practice in processing sound and visual pat¬ 
terns is to use analyzers that act not in the initial Hilbert space 
generated by the amplitudes cp on the “in” terminals but in an exten¬ 
sion of this space. For example, temporal measurements of sound 
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signals q (/) with a restricted frequency band O are reduced to deter¬ 
mining the intensity of these signals in this or that temporal interval 

A 6 .1* via the orthoprojector / (A) of multiplication of the signal 
in the temporal representation by the indicator function 1 ( t , A): 

7(<r, A)=J l(t, A) | (t) \ z dt = || 7 (A) q) || 2 (2.1.2.16) 

where I (A) acts in the space of signals of unlimited bandwidth, 
X 2 (/l). In a similar manner space SC is extended to X- (Jl d ) in 
the wave processing of optical fields observed on a limited aperture 
S c= W d , which results in determining the intensities of the fields 
in this or another momentum interval A £ fl d . 

In general, such an extension is described by an isometric embed¬ 
ding F: SC -*-SC' of Hilbert space SC into another space SC, for 
which for examples considered here we can take the Hilbert space 
SC = X 2 (Jl d+1 ) into which the space SC = X 2 (fl) is isometrically 

embedded via the Fourier transform F: <p >-*■ tp. 2 An ideal filter 
described in SC by the orthoprojector E measures the intensity of 
amplitude <p 6 SC defined by the Hermitian form 

D (<p) = || EF<p |P = {Ftp | EF<p) = (cf | Dtp), (2.1.2.17) 

where D = F*EF is a positive contraction operator in SC. Formula 
(2.1.2.17) shows that this intensity can be considered the result of 
successive action of two ideal filters, F and E, with SC being identi¬ 
fied with a subspace F-SC ci SC , where filter F is described by the 
orthoprojector F that cuts subspace rJC out of SC- For example, 
temporal measurement of narrow-band signals is the result of non- 
commutative action of a frequency filter F = I (A/) and a temporal 

filter E = I (A t), the result is effectively described by the Hermitian 

form (2.1.2.17) defined by the operator D = I (A/) I (At) I (A/). 
It is, therefore, advisable to generalize the concept of a filter by de¬ 
scribing it in space SC by any operator D: r >C —SC that satisfies the 
condition 

/>/)* ~ D >0, (2.2.1.18) 

and calling it a quasifilter if D=/=D-. 

The basis for this extension is the Halmos theorem 12.46], accord¬ 
ing to which every quasifilter described by operator (2.1.2.18) can 
he considered ns a reduction (projection) D — F*EF on TC of an ideal 
filter E acting in an extension SC. For the Hilbert space SC we can 
always take the doubling SC — © SC = C 2 ® 'V of space S' 


2 The isoinclryf may be nntilmear rather than linear, as is the case 
with the involution Fourier transform (2.1.1.5). 
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with embedding F: cp ■—► (<p, 0), selecting the operators 

E tl =D, E l2 =VD(i~D) = E 2i , E m = I—D (2.1.2.19) 

for the blocks of orthoprojector E. Note that allowance for consecutive 
action of several noncommutative ideal filters E u ...,£„ in the 
initial Hilbert space also leads to the notion of a quasifilter. These 
ideal filters then measure the intensity 

D (<P) = II En ...£,<p|| 2 =(<ip|/><p), (2.1.2.20) 

D = E X ...E n _ 1 E n E n _ l ...E i , (2.1.2.21) 

and the result can be considered the effect of linear nonideal filters 
not necessarily described by Hermitian contraction operators A: 

-+qK, || A || ^ 1, with the nonideal filters damping and distorting 
the amplitudes and with D = A*A in the formula for the appropriate 
intensity: 

D (<p) = || Atp || 2 = (cp | Dtp). (2.1.2.22) 


2.1.2.4 Quasiselectors and Indirect Measurements 

In a similar manner we can introduce generalized selec¬ 
tors, which are defined on a Borel space X by a positive operator- 
valued measure M: A £ fE ( X ) —► M (A) specifying in the Hilbert 

space S£ a weak decomposition D = j M (dx) of an operator D 
satisfying condition (2.1.2.18) in the following sense: 

^ > ( < P) = j A-/" (cp, dx) for every <p. (2.1.2.23) 

Here, as usual, D (cp) = (cp | Dtp) is a Hermitian form defined by the 
operator of total effect D, while 

M (cp, dx) = (cp | M (dx) cp) (2.1.2.24) 

is the distribution of intensity of X corresponding to amplitude cp 
and measured by such a selector. Note that the expansion of operator 
D defined by measure M (dx) may not necessarily be orthogonal even 
if the operator is a projector, that is, if the total filter is ideal, such 
nondisjoint selective filters will be called quasiselective filters, or 
simply quasiselectors. A quasiselector is said to be complete if 
M (A) = / and maximal if M ^ M' M' ^ M in the same sense 
as in (2.1.2.15). 

An example of a complete maximal quasiselector for sound signals 
and optical fields observed in a restricted region £2 of coordinates 
3l<* +1 9 q = (/, q) is the analyzer of the momentum distribution 
(2.1.1.4), which in the g-representation is defiined by formula (2.1.2.24) 
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via the operator-valued measure 

M (dp) = F*I (dp) F == T(dp), (2.1.2.25) 

where F is the Fourier transform (2. 1.1. 5), and 1 (D) = {1 (p, D )} 
is the projector-valued measure on K dtl described in the space 
S£' — X~ (R d+l ) of the proper representation of the generalized- 
momentum operator p = (f, p) by the indicator measure 1 (p, dx). 

Note tha-t the momentum operator defined in $£ — X 2 (Q) by the 
nonorthogonal expansion 

P|= j pi (dp), 3 (P)= j P 2 I V.(P) | 2 dp < oo | 

is always unbounded with a spectrum I 11 * 1 and, for Q =/= Jl d+1 , 
non-self-adjoint, notwithstanding the fact that the form of the total 

momentum P(i p) = j I (q>, dp) is always Hermitian. Nevertheless, this 
operator always uniquely defines a nonorthogonal expansion / = 
(dp) via the condition 

j P 2 (X I ~I (dp) X) = (^X I ^X). X € 3, (P), 

and is a restriction to functions <p (?) = 0 lor q g Q of the operator 
(2 jt;) _1 d dq that is self-adjoint in X' 1 (Jx d+1 ) with a domain of de¬ 
finition {<p £ X ' 1 (iR d+1 ): || d 2 q dq' 1 || 2 < oo}. For instance, time 

operator T = j tl (dt) in the space S£ = X 1 (fl>) with a semi-infinite 

band <1* = (0, oo[ is a symmetric but not a self-adjoint operator 
(2 ji;) _1 d.d) with a domain of definition 

OO 

3(T)={xtX*( 0, oo): x (0) = 0, j | o'X (/) idf \-df< oo} . 

o 

Similarly, the validity of the representation 

M (dx) = F*E (dx) F, F*F = I , (2.1.2.26) 

for an arbitrary quasiselector M in the form of the projection of the 
disjoint selector E described in the extended spaced ' by an ortho¬ 
gonal projector-valued measure E (dx) is ensured by the Neumark 
theorem (2.471. For mixed signals the intensity, as a function of the 
density operator S, is described by a measure p (S, dx) defined by 
the following linear form: 

(S, dx) = < S , .1/ (dx)). (2.1.2.27) 

Quasiseleclive filters also emerge as a resell of reducing the 
description of indirect measurement of the received signal via the 
disjoint selection E 0 (dx) of the initially uncorrelaled reference signal 
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interacting with the received signal; this reference signal generates 
a Hilbert space SC 0 - Specifically, if S 0 is the density operator of the 
normalized reference signal (Tr S 0 = 1) and U is a unitary operator 
describing in the tensor product SC ® SC'o the result of the interaction 
S' = U(S®S 0 ) U* with the received signal S, then the intensity 
distribution corresponding to such indirect measurement may be 
effectively calculated via formula (2.1.2.27) as a result of the quasi¬ 
measurement 

<. S , M (dx)) = (S', I g S 0 (dx)) = ( S g S o, E' (dx)) 

described by the operator-valued measure 

M (dx) = Tr {(/ 0 S 0 ) E' (dx) | SC), (2.1.2.28) 

where E’ (dx) = U* (I g E 0 (dx)) U, andTr {• | SC) is the partial 
trace in SC g SC 0 defined for factorable density operators S g S 0 
via the formula 

Tr {5 g S 0 | SC} = S Tr S 0 . 

The indirect calculation of the intensity distribution over the fre¬ 
quency (color) / £ ® of static monochrome patterns is an example of 
the above-mentioned type of measurement. It can be carried out as 
a result of the wave processing of the patterns in which the intensity 
distribution over the momenta p in such patterns is calculated. 

Using the Neumark theorem as a basis, let us give an explicit 
description of a construction that makes it possible to reduce any 
quasimeasurement to an indirect measurement. To this end we take 
iorSC 0 thespa,ceSC' of the Neumark construction and for the reference 
signal a normalized amplitude i|)' == /’ll), || i|) || = 1, and introduce 
the linear operator U in SC <8 SC' (which is defined by the Neumark 
isometry F: SC SC', F*F = I) in the following manner: 

U: <p ® qp' i—»■ F*(f' gi F<p -f <p g (1 — FF*) <p' 

(2.1.2.29) 

with the generating elements being <p g <p', tp £ SC, <p' 6 SC- It can 
be directly verified that V = U* and U 2 = I and, hence, U* U = 
I = UU*. Taking for E 0 (dx) the Neumark expansion E (dx) in Sc 
assuming that S 0 = | xp) (i|) | and allowing for (2.1.2.26), we arrive 
at an indirect measurement whose reduction (2.1.2.28) yields the 
initial measure M (dx): 

Tr {(/g | *|)') (\|)' |) E’ (dx)} = (i|; | ap) F*E (dx) F 

= .1/ (dx). 
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2.1.2.5 Canonical Operators and Measurements 

Bearing in mind the invariance of the domains of de¬ 
finitions of operators Q and P with respect to the self-adjoint oper¬ 
ators of multiplication by q and differentiation with respect to q, 
or (2 ji;') _1 d'dq, which on 3d = X 2 (Q) coincide with Q and P, re¬ 
spectively, in what follows we will take for Q and P in X 2 (R. d+1 ) 
their extensions, while always assuming that the region where these 
operators act is SI c IR.‘ i+l . Such operators are known as canonical 
and satisfv the commutation relations (2.1.1.9) in the common 
domain 2 (P) f) 3S (<?). 

Let us now discuss simultaneous measurement of the coordinate 
(or position) and momentum distributions. In view of the noncom¬ 
mutativity of Q and P, there can be no joint orthogonal decompo¬ 
sition of unity for these operators; there can even be no joint non- 
orthogonal decomposition of .1/ ( dx dy) for which the following 
would be true: 

/ (dq) = j M{dqdy), I(dp )=j M(dxdp). (2.1.2.30) 

Otherwise, in view of the Neumark theorem, there would be com¬ 
mutative self-adjoint operators in 3d' Z3 3d coinciding on 3d with 
the noncommutalive operators Q and P, which is impossible. 

Another interesting question is the relation to these operators of 
the measurements of the canonical distributions (2.1.1.39). Such 
canonical measurements are described, obviously, by continuous 
with respect to dz = dx dy nonorthogonal measures K ( dz) = A ( z ) dz 
with projector-valued densities 

A- (*) = | *,) (*, | = | e) (c | — A (c, c*), (2.1.2.31) 

which are defined by canonical amplitudes (2.1.1.25) at * = z 
and a certain to or, in complex variables, by (2.1.1.34) at a = c. 
The respective quasiselective filters, which are parameterized by 
svmmetric co matrices with a nonsingular real part w + to* and 
now will be called canonical filters, are, obviously, maximal and, 
because of (2.1.1.42). complete: 

\ 1 Tz) W* I * = l = j \ I c) (c | dc dc *, (2.1.2.32) 

where dc dc* = dx dy. 

By fixing co and directly integrating we fiud that the quasimea- 
surement of an intensity distribution in x £ 3l d+1 is described by a 

continuous measure .1/ (dx) = j A' (dx dy) = m (x) dx diagonal in 
the y representalion, 

\ A( - . y) dy \ c | > if e -n u-o).-■> / (c/c/). 


m (-i i 


(2.1.2.33) 
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with a Gaussian density and u + u = 2 ji (w + to*) -1 , while the quasi¬ 
measurement of an intensity distribution in y £ !R d+1 is described 

by an operator measure M (dy) = j K (dx dy) = m ( y) dy, where 
m(y) = j k(x, y)dx= | u | _t ^ e~* l Cv- p) u- 1 i ! / (dp), 

(2.1.2.34) 

with a Gaussian density and v*v = 2n (to + to*) -1 , where to/ 2n = 

2n/oi*. The operator measures M and M on Jl d+1 , which define 
nonorthogonal expansions of operators Q and P, that is, 

Q= ^ xm(x)dx and P= J ym(y)dy, (2.1.2.35) 

describe, in contrast to the spectral measures / and /, inaccurate 
measurements of position and momentum distributions, which are 
obtained by smoothing out (2.1.1.40) and (2.1.1.41) with Gaussian 

weighting functions m and m. Nevertheless, the canonical operator 
measure K that generates the two spectral measures possesses certain 
spectral properties with respect to the complex-valued combinations 
of the two respective operators: 

A = (Qa>+2njP)v + lY2n. (2.1.2.36) 

Namely, applying A directly to the canonical amplitudes (2.1.1.34), 
we can easily verify that it is well-defined on these amplitudes: 

A\a)=a\a), a£C d+1 , (2.1.2.37) 

which, therefore, form a proper base for A in -5S? = X- (R <,+1 ). 

Hermitian conjugate operators C = A* are diagonal in the Barg- 
mann representation, 

( ch ) (c) = el c I’/ 2 (Cx [ c) = el c ,2/2 e(x | c) — ch ( c ), 
with a domain of definition 3) (c) = {x : || ch || < oo), where 

||efc|p=j | c P| h(c) \ 2 e-t c \ 2 dcdc*, (2.1.2.38) 

on which domain there is also defined the operator A by differentiation 

(ah) (c) = dh (c);dc. Thus, in the initial representation we obtain 
the spectral nonorthogonal decomposition 

A* = j c*K (dz), 3 (A*) 

— {j I c p |(x | c) 2 dcdc*< oo}. 



172 


V. P. Belavkln and V. P. Maslov 


Now let us describe a simple realization of a canonical measure¬ 
ment by an indirect measurement defined in the tensor product 
<W <gi W 0 , where W B is a copy of W- To this end we take the com¬ 
mutative self-adjoint operators 

X = <?® I 0 + I®Q 0 , Y=P®I 0 -I® P B , (2.1.2.39) 

where Q a = q 0 , P B — (2nj)~'d dq n , and I„ is the identity operator 
in Wo = (Jl d+l ). Suppose that E (dz ) is the orthogonal spectral 
measure of the set Z = (X, Y) and that 

to too) = I (w+w*/(2n) | «/* exp = | 0) 0 

(2.1.2.40) 

is the basic canonical amplitude in W 0 - We take an arbitrary ampli¬ 
tude x 6 SB and the corresponding tensor product (y v ® fj) (q, q B ) = 
X (q) t*(( 7 o) in W © Wo and define the characteristic function of the 
corresponding distribution thus: 

r (u, 14 *) = j e UVc T +c*uT) ^ | E y 0 1 |S), 

(2.1.2.41) 

*=(*. y)e* 2(d+1) 

where as usual, c = (xco — 2 njy) u* Y- n an d n, u* 6 C 2(d+1) . We 
write this function in terms of normal operators 

B = ^ cE (dz) = (N(o + 2 njY) u + /]/ 2n = <gi /„ + / ® C 0 , 

(2.1.2.42) 

with A the operators (2.1.2.36) and C 0 = (Q 0 co —2jt/'/ , 0 ) r+/|/2ji, 
in the form 

T (u, u*) = (ej fl * uT x O to 1 e jB *“ T x ® to) 

= to-’- , * uT Z I e j - 4 * uT X). 

where we have allowed for the property C D \j* 0 for the basic 
amplitude (2.1.2.40). Employing now the completeness properly 
(2.1.2.32) of canonical amplitudes, we obtain 

r (u, ii*) = j (e jA *"' x | c) (c | e iA ‘ u 'x) dc dc* 

= j ejvc'+jc'u' | (x | r) | 2 dc dc* - A- («, u*). 

(2.1.2.43) 

Thus, the characteristic function (2.1.2.41) of the indirect measure¬ 
ment of intensity of amplitude / £ W coincides for the ground stale 



2. Design of the Optimal Dynamic Analyzer 


173 


i|)J, when calculated in the z-representation of operators (2.1.2.39), 

with the characteristic function k of the canonical distribution 
k ( c, c*) = | ("/ I c) ! 2 for this amplitude. 


2.2 Optimal Detection and Discrimination 
of Acoustic Signals and Optical Fields 

In this chapter we develop the wave theory of hypothesis 
testing for solving problems of optimal recognition of sound and 
visual patterns. We formulate the necessary and sufficient conditions 
for the optimality of two-alternative and multialternative detection 
of wave patterns according to the maximum criterion for the measur¬ 
ed intensity of acoustic signals and optical fields. We consider prob¬ 
lems involving the discrimination of a wave pattern against an 
acoustic or optical background, problems involving the discrimina¬ 
tion of pure nonorthogonal signals and fields, and problems involving 
the recognition of mixed patterns described by noncommutative 
density operators. Complete solution of the last type of problem is 
then obtained for the case of mixing two pure patterns. The discussed 
results of solution of the corresponding extremal problems follow 
from the methods of linear programming in Banach partially ordered 
operator spaces [2.48). These results generalize the corresponding 
results of the quantum detection and estimation theory, which have 
been obtained for the two-alternative case by Helstrom [2.11] and 
for the multialternative case by Belavkin [2.4, 2.5). The necessary 
and sufficient optimality conditions for the quantum theory of 
hypothesis testing have been discussed by Kennedy [2.9], Yuen and 
Lax [2.15], Kholevo [2.24], Belavkin [2.4], and Belavkin and Vanc- 
jan [2.27]. 


2.2.1 Optimal Detection of Sound and Visual Patterns 

In this section we will discuss the problem of detecting wave pat¬ 
terns that are in a partially coherent superposition with an acoustic or optical 
background. The problem is complicated by the presence of interference. We 
start by considering the superposition principle for generalized mixed am¬ 
plitudes. We then formulate the necessary and sufficient conditions for the optim¬ 
ality of detection and give solutions to a number of problems considered in the 
quantum case in the review [2.301. 


2.2.1.1 The Superposition Principle 

The problem of detecting a sound or visual pattern de¬ 
scribed by a wave amplitude (p (q) taken from the Hilbert space 
36 = X 1 (Q) can be solved in a trivial manner by measuring the 
total intensity / (<p) = || cp || 2 only in the absence of an acoustic 
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or optical background consisting of other signals and fields in the 
frequency-spatial region £2 considered. If in the region of measure¬ 
ment there is another signal or field described by amplitude q > 0 £ SC 
the question of whether a wave pattern q is present cannot generally 
be unambiguously solved by simply measuring the total intensity 
of the resulting amplitude i|>, which may be higher or lower than the 
background intensity. Such a phenomenon is called interference 
and is the result of the wave superposition principle t|) = q -- q 0 , 
according to which the complex-valued amplitudes of the coherent 
signals q and q 0 rather than the intensities of these signals, are 
added. The intensity of the resulting signal has the form 

II t IP = II <P IP + 2 Re (q | q 0 ) + || q 0 |p. ( 2 . 2 . 1 . 1 ) 

To describe the result of the superposition of a mixed pattern and 
a partially coherent background caused, say, by thermal fluctuations 
that have an infinite total intensity of the acoustic or optical field, 
we can employ the correlation theory by considering generalized 
random amplitudes within the second-order statistical theory. 

Partially coherent signals and fields determined in a similar 
manner in the framework of the classical or the quantum theory are 
commonly described by bounded operators F from SC to another 
Hilbert space ST; for ordinary nonrandom amplitudes ip £ SC these 
operators are usually represented by the functionals F <>x = C4 1 I X)> 
denoted by F 4 . = ( 1(1 | and acting from SC to GX = C. The mean 
intensity of random oscillations excited in mode x £ SC, II X II = 
is determined by a Hermitian form in F: 

E, (F) = (F X | F X ) = (x | F + F x), (2.2.1.2) 

and is calculated for common mixed signals via formula ( 2 . 1 . 2 . 2 ) 
with the aid of a (generally infinite trace) density operator P — F*F 
of the intensity 1 (P) £ [0, 00 ], where F* is the Hermitian conjugate 
operator &C —► SC acting lor F = (ij- | as an operalor of multiplication 
c <—► i)t from A’ C to SC- The intensity (2.2.1.2) is a measurable 
quantity bounded by the norm of the positive operator P and equal, 
via the duality theorem, to 

ex (P) = (X I P%) < II P II = i"f {e| eI>P), (2.2.1.3) 

which for the case of white noise P —- e/, described by the isometric 
operalor T AV]/e, T*T = /, determines the local intensity 
f f, (P), the same for all modes x € SC. Note that every partially 
coherent signal F ran be considered as Ihc result of action of a con¬ 
traction filler D -- PI || P || on while noise of local intensity e = 
|| P || if we employ the polar decomposition F - TP i/2 , which 
determines uniquely the isometry operator T on the range of values 
F*fJC of operator F*. 
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For generalized signals with infinite trace density operators P 
it proves expedient, however, to consider only such quasimeasure- 
ments for which the operators D of the total effect lead^to finite 
intensities: 


D (F) == Tr (FDF)+ = Tr (PD). (2.2.1.4) 

In addition to one-dimensional projectors D = Ey. — lx) (X I- for 
which the intensity ( 2 . 2 . 1 . 2 ) is determined by the bounded form 
(2.2.1.3), we can always consider finite-dimensional operators D = 
2 I Xi) (Xi I as well as an y trace class operator 0 ^ D < /, since 

Tr {SD) < e Tr D if S < e/. 

Extending the superposition principle to generalized amplitudes 
F, F 0 : S£ —*■ SK, we find that the result G = F + F 0 of addition of 
the generalized signal F and the background F 0 is described by a 
density operator R = G + G, that is the sum of operators P = F + F 
and P 0 = F^Fq only if Re F + F 0 = 0. The latter condition, which 
defines the incoherence relation between F and F 0 , cannot be met for 
nonrandom amplitudes F = (<p | and F 0 = (<p 0 | since F + F 0 = 

I <p) (<Po I ¥= 0 even in the event of orthogonality (cp | cp„) = 0 if 
(p 0 or <p 0 # 0 , although the total intensity ( 2 . 2 . 1 . 1 ) is equal to 
the sum || <p || 2 + || <p 0 || 2 . 

Generally, the resulting density operator R can be represented 
in the form 

R = P + PVtTP'J* - pj/^p+pi/z + p o (2.2.1.5) 

where T = T + T 0 is the operator of mutual coherence of signal F = 
TP 1 / 2 and noise F 0 = T 0 P l/2 determined by the partial isometries T: 
F+&C-+$e and T ( ;. F;&C-+3e. 

Note that Y is a contracting operator: || T || ^ || T + || || T 0 || = 1, 
and a partially isometric operator if F 0 3£ e F$£. The latter con¬ 
dition determines the coherence relation between the generalized 
amplitude F 0 and amplitude F , which is always met for nonrandom 
amplitudes F = (tp | and F 0 — (<p 0 | for which F 0 = C = F3£. 
Representing the partially coherent amplitude F 0 in the form of a 
sum of the component ff 0 = TTPl 12 coherent with F and the com¬ 
ponent W = F 0 — H 0 that is incoherent and doing the same with 
the resulting amplitude G, or G = H 1 + W, where R 1 — F - 1 - H„, 
we can isolate from operators P „ and R a common density operator 
of the incoherent background N — W+W by writing the two oper¬ 
ators, with allowance made for the fact that W*Fl ; = 0, in the form 
P 0 = S 0 + N and R = Sj -j- N, where S t = H\H ,■ are the operators 
S 0 = P^T+TPl 12 and 

5 , = P + P'pusy 2 + S\! 2 U*D'/- - S 0l 


(2.2.1.(3) 
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with U Hie partially isometric operator of polar expansion, and 
r/ ) o /J = US a 2 . Incontrast to P 0 and R, for a trace class operator P 
the operators S t are usually also trace class operators of rank r (S ( ) sj 
r (P) and one-dimensional operators if r (P) = 1. 

Infinite Irace operators P may also be replaced with trace class 
operators if we consider Unite total intensities (2.2.1.4) with respect 
to a fixed D , assuming that S = D xl2 PD l i' i . The effective operator D 
is then replaced with the orthoprojector E on the subspace £ — 
D that determines the total intensity e (S) = Tr S by taking the 
trace e ( S ) = Tr ( ES ) on £. 

2.2.1.2 Classical Detection 

The simplest detection problem, that of isolating a pat¬ 
tern described by a kernel operator P >0 from an incoherent mixture 
R = P f N of this pattern with the background N, is solved by 
measuring the intensity of one of the possible signals, R 0 = N or 
/?i = R, by comparing this signal with the background level i (N) = 
Tr N. To this end it has proved sufficient to limit oneself to measuring 
the total degree of contrast i ( C ) = Tr C of the received signal by 
calculating the trace (C, E) = Tr ( CE) of the appropriate operator 
C-, — Rj — N, i =0, i , on any subspace £ = E$£ , CE = C, 
with the trace assuming finite values (C 0 , E) = 0 in the absence of 
a pattern, i = 0, and (C 1: E) = Tr P , i = 1, in the presence of 
a pattern even for an infinitely high level of the background i(,V) =oo. 

In the case of a partially coherent superposition R of pattern P 
and background P 0 , the difference C = R — P 0 may be a non¬ 
positive trace class operator with a zero or even negative trace, with 
the result that the detection criterion, which is based on the con¬ 
dition that the total degree of contrast i (C) is positive, may lead to 
incorrect results. Even if i (C) is positive, which is the case when 
the superposition if) = ip n <p of orthogonal amplitudes, (cp | tp 0 ) = 
0 , is coherent, that is, i ( C ) = || if' || 2 — || q > 0 || 2 — || ip |p, we can 
considerably increase the degree of contrast of amplitudes tp n and if 
if we sum, say, the coordinate distribution of the degree of contrast, 

c (x) | if (x) — 1 cpo (x) | 2 - I ip (x) | 2 + 2 Re q>* (x) <p 0 (x), 

(2.2.1.7) 

not over the entire region £2 hut only that part oT the region where 
c (x) is positive. As a result we arrive at the following classical 
problem of optimal detection of a pattern in a coordinate (frequency- 
spatial) region £2: we must find a mensurable subregion A° <= £2 
in which the upper bound 

x; (O sup <f, / (A)> = f c (x) dx 


(2.2.1.8) 
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of the integral of the contrast function c (x) = C ( x , x) is attained. 
This function is determined by the diagonal values of the kernel 
C {x ', x), which is the difference between the generalized matrix 
elements R (x ', x) and N (x ', x) of operators R and N in the coor¬ 
dinate representation. 

It is sufficient to consider the supremum (2.2.1.8) in the class of 
measurable subsets A E fl of the coordinate region Q = {a: 6 
3l d+1 | c (x) = 7 ^ 0 }, the support of the integrable function c ( x ), in 
which the supremum is attained only on the set 

A° = {x£Q| c(a;)>0}=Q + . (2.2.1.9) 

Its value, y.\ (C) — j c (x) dx, coincides, obviously, with the inte¬ 
nt 

gral over £2 of the positive part 

c + ( x ) — max {0, c{x)} = ±-{c{x) + \c{x) |), (2.2.1.10) 


where the functions c determine the solution to the duality problem 


(c) + = inf | j b (x) dx \ b ^ c} = ^ c+ ( x ) dx. (2 2 111 ) 
6 ^° n n 

The lower bound (2.2.1.11) over all positive integrable functions 
b (x) £ X\ (Q), majorizing almost everywhere the function c, is 
attained at b° = 0 V c = c+ and determines on the space of inte¬ 
grable functions c a positive gauge (c)+, which is zero only when 
c ^ 0. The set (2.2.1.9) specifies the optimal band of the frequency- 
spatial filter in which the best quality of detection, ( 2 . 2 . 1 . 8 ), is 
achieved. 

Reasoning along similar lines, we can solve the problem of optimal 
detection in the momentum (or temporal-wave) space X = Jt d+1 , 


*1(Q = 



( 2 . 2 . 1 . 12 ) 


where c (x) — C (x, x) are the diagonal elements of the difference 

R (x\ x) — N (x ', x) of the operators R and N in the momentum 
representation; in coherent superposition these diagonal elements are 


c(x) = | $ {xf— | <p 0 (x)| 2 = | cp(x) | 2 + 2 Re(p* (x) cp 0 (x). (2.2.1.13) 


The quality of such detection, x~(C) — <C)+, based on a momentum 

quasimeasurement may differ considerably from (2.2.1.11). For 
example, the canonical amplitudes (2.1.1.25) (p 0 = i| 3 00 and ij; — i|; 0I1 , 
which are similarly localized in the coordinate representation, 
differ by their momenta, =/= 0 , and can be thought of as two hypo¬ 
theses, corresponding to the absence and presence of a complex- 

12-0105 



178 


V. P. Belavkin and V. P. Maslov 


valued amplitude (p = r|i 0 „ — 'I’oo * n the coherent superposition i|) = 
<p -r ip 0 , that cannot be distinguished by the measurement of 
| cp 0 ( x) | 2 = | \|) ( x) |* (c+ = 0 since c (x) = 0 for all x £ £2). At the 
same time, such wave packets are easily distinguished in the mo¬ 
mentum representation: 

(C) + = | u | -1 ^ (e~ n I (*-i>)l’— l*~'‘ l’) dx ~ 1 

if | ))U" 1 | > 1 since in this case c t (x) ~ | (x) | 2 . 

In general, for every quasiselective measurement of intensity on 
a Borel space A - with a positive operator measure .1/ (A) ^7 l, A e X, 
optimal detection is determined by the solution to the problem 

xjj (C) = sup (C, M (A)> = x (A 0 ) (2.2.1.14) 

A<=.Y 

of finding the upper bound of the degree-of-contrast measure x (A) = 

(C , M (A)). The supremum (2.2.1.14) is attained on the | x |-meas- 
urable set A 0 , the support of the positive part x+ = 0 V * = 
(x — I x |)/2 of measure x: 

A 0 = n {A: x+ (A) = 0} = A+, (2.2.1.15) 

which realizes the lower bound in the positive measures X > x 
of finite variation: 

(x>+ = inf {X( A) | A>x} = x + (A'), (2.2.1.16) 

which determines the gauge (x)+= 0 <=> x 0 of measure x. 
2.2.1.3 Optimal Detection 

As the example discussed in Section 2.2.1.2 shows, the 
quality of detection, which is determined for a given intensity dis¬ 
tribution on X by the degree-of-contrast measure p (C, A) = 
(C, 1/ (A)), must be optimized not only with respect to measure¬ 
ment regions A s X but also with respect to the methods of measure¬ 
ment of this quantity. These methods are determined by the ways in 
which the positive operator-valued measure .1/ (A) ^ E is specified, 
where E is any orthoprojector in *!£ satisfying the condition CE = C. 
Here it is sufficient to find at least one resolving operator D = .1/ (A) 
that realizes the upper bound of the maximal degree of contrast 
( 2 . 2 . 1 .!'.): 

x° (C) — sup {(C, D)\D^E}. (2.2.1.17) 

DJ--0 

Employing the methods of linear programming in partially ordered 
Banach spaces 12.481, we can formulate the necessary and sufficient 
conditions for the optimality of the detection operator D employing 
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criterion (2.2.1.17), which is determined by the trace class degree- 
of-contrast operator C = R — P 0 . 

Theorem 2.1.1 The upper hound (2.2.1.17) is attained on operator 
0 ^ D° ^ E if and only if 

B° (E - D°) = 0, (B° — C)D° = 0, (2.2.1.18) 

where B° > 0, C. The operator B° here is the solution to the duality 
problem 

(C) + -inf {{B, E) | (2.2.1.19) 

for which the conditions (2.2.1.18) for admissible D° are also necessary 
and sufficient, with y.° (C) — (C)+. 

Proof. The sufficiency of the optimality conditions (2.2.1.18) for 
solving problems (2.2.1.17) and (2.2.1.19) can be verified directly 
by employing the property of the monotonicity of the trace, B ^ C =>- 
Tr ( BD) ^ Tr (CD), for every positive operator D. Allowing for the 
fact that B°E = B°D° = CD 0 for every 0 ^ D ^ E, we obtain 

(C, D) = Tr (CD) < Tr (B°D) < Tr (B°E) = (C, D°). 
Similarly, for every B ^ 0 and every C we obtain 

(B, E) = Tr (BE) > Tr ( BD°) > Tr (CD) 0 = (B°, E). 

The necessity of the optimality conditions (2.2.1.18) follows from 
the fact that the inequality 

(C, D) = Tr (CD) < Tr (BD) < Tr (BE) = (B, E), (2.2.1.20) 

which is valid for all operators D and B admissible in problems 
(2.2.1.17) and (2.2.1.19), must transform into the equality ( C, D°) — 
(B°, E) on the extremal operators D° and B°, in accordance with 
Lagrange’s principle of duality: 

sup {(C, D) | D^.E} =sup inf {(C,D)-\-(B, E — D)} 

D>0 D>0 j?350 

= inf sup {(C — B, D)-r(B, E)} 

a>o d;so 

= inf {(B, E) | B^C}. 

B>0 

Whereby, allowing for the fact that the trace of the product of pos¬ 
itive operators is zero if and only if the product itself is zero, we 
arrive at conditions (2.2.1.18) via the following relation: 

Tr [fi° (E - Z>°)] + Tr [(fl° — C) D°) = Tr (B°E) - Tr (CD 0 ) = 0. 

The proof of the theorem is complete. 

Note that the solutions to problems (2.2.1.17) and (2.2.1.19) 
exist for every Ilermitian trace class operator C and every bounded 


12» 
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positive orthoprojeelor E\ the solution to problem (2.2.1.17) is 
unique only if E is the minimal of the orthoprojectors for which 
CE = C, while the solution to problem (2.2.1.19) is unique only if E 
is the maximal E ■= I of the orthoprojector E. Indeed, employing the 
spectral representation of operator C, we write this operator in the 
form of the orthogonal sum 

C=Ix„lx„)0 Cnl==C + + C_ (2.2.1.21) 

of the positive and negative operators 

C + = 2 *„IXn)(X„ !, C-= 2 Xr.lXnMXnl. (2.2.1.22) 
x n >° *„<° 

where we have allowed for the fact that a Hermitian trace class oper¬ 
ator has a discrete spectrum of finite multiplicity, x„ £ II, which 
can be found by solving the eigenvalue problem C% = xx- The 
orthoprojeclor E satisfying condition CE = C can be written in 
the form of the orthogonal sum 

£■ = £++£„ -r E_, (2.2.1.23) 

where E+ = 2 I Xn) (Xi. I. E_ = 2 I Xn) (Xn I. and E 0 = E — 

x n >0 M n>0 

E+ — The operators D° = E+, B° = C+ are, obviously, 
admissible: 0 E + ^ E, C + > 0, C and optimal: 

C + (E — E +) = C + (E 0 — E_) = 0, 

(C+ - C) E + = -C.E+ = 0. (2.2.1.24) 

Every other solution D° to problem (2.2.1.17) satisfies conditions 
(2.2.1.18) for B° = C+: 

C+ (E - D°) = C+ - C+D° = 0, 

(C + — C) D° = -C.D° = 0, 
in view of which E+ = E +D° and E.D° — 0, that is, 

£+<£>“<£■-£_ = £+ 4- £ 0 . (2.2.1.25) 

Similarly, every solution B u to problem (2.2.1.19) satisfies con¬ 
ditions (2.2.1.18) for D° — E +: 

B" {E - E-1 ) = 0, (B° - C) E + = B°F. + — C+ = 0, 

which imply that B is cominulalive with E+ and, hence can be re¬ 
presented in the form of the orthogonal sum B u — B + - f- B 0 , with 

B + - B U E + ^ C + , B 0 (E - E + ) - 0, 

that is, 

B u C + -- B 0 , tf 0 >0, B 0 E = 0. (2.2.1.2(5) 
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Thus, the general solution to the problem of optimal detection is 
determined by the quasifilter (2.2.1.25) of the form D° = E + + D 0 , 
where D 0 is an arbitrary operator, 0 D 0 ^ E 0 , and an ideal filter 
D° = E + if E = E + + The general solution to the duality prob¬ 
lem (2.2.1.19) is determined by the operator of the form (2.2.1.26), 
with B 0 = 0 at E = /. The maximal possible degree of contrast 
realized by the optimal detector D° is given by the expression 

x + (fl-P„) = Tr ( R-P 0 ) + = S h„. (2.2.1.27) 

x„>0 


2.2.1.4 Coherent and Quasioptimal Detection 

Let us consider the particular problem of optimal detec¬ 
tion of a wave pattern described by a common amplitude cp £ t36 
in a partially coherent mixture with a generalized random amplitude 
H 0 '- 3£ -*■ &C■ The resulting amplitude G — | E) (<p | + H 0l with 
E ( a normalized vector || | || = 1 , defines a density operator 
R = G*G of the form 

R = I <p) (<P I + I <p) (<Po I + I <Po) (<P I -r p 0 , (2.2.1.28) 

with <p 0 = F*l ^36 and P 0 = F*F 0 the background-density oper¬ 
ator. Thus, we are required to solve the extremal problem (2.2.1.17) 
for the two-dimensional degree-of-contrast operator C = R — P 0 
of the form 

C = I <p) (<P I + I «P) (<Po I -f I <p 0 ) (<P I 
= I t) (t I — I <Po) (<Po I. 

which corresponds to the coherent superposition = tp -(- cp 0 of the 
common amplitudes (p and cp 0 . We will consider this problem in the 
minimal subspace % c; 36 generated by the amplitudes i |) 0 = q > 0 
and-i^ = (po -f- <P- For its solution we find the eigenvectors and eigen¬ 
values of operator C by constructing the secular equation C% = y-% 
for the coefficients of the expansion % = aoij-i,, -f- in the base 
{to. ti) °f space %: 

ti (ti I «oto -V <*iti) — to (to I «oto + «iti) = * («oto + «iti)- 

(2.2.1.29) 

Introducing the notation = || ||*, i = 0, 1, (3 = (to lti)> aild 

equating the coefficients of i|) ; , t = 0, 1, in Eq. (2.2.1.29), we arrive 
at a system of two homogeneous equations, 

(v„ + x) a 0 + Pctj — 0, |3a 0 - r (v, — x) a x = 0. 

(2.2.1.30) 
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This system has nonzero solutions only if the system determinant 
is zero, or 

(V 0 + x) (V, — x) — I p | 2 = 0. (2.2.1.31) 

Solving this quadratic equation for x, we obtain the eigenvalues: 

x± =^l ± |/(Ii+I») 2 _ | P | 2i (2.2.1.32) 

which are real in view of the Schwarz inequality 

I P ^ I (To I Tl) I 2 < I To I 2 I Vpl I' == V*Vi, 

and, obviously, have opposite signs: ±x ± ^ 0. At p = 0 the ampli¬ 
tudes i)j 0 and i) 1 ! are orthogonal, x+ = vy, x_ = v„, and the eigen¬ 
vectors q>+ and <p_ coincide with the normalized amplitudes i|vV v, 
and ipo !~V v oi respectively. Optimal detection in this case is reduced 
to the discrimination of amplitudes^] andifo by measuring the degree 
of contrast of oscillations in the resulting mode X + = ip V V], 
which is equal to the intensity of oscillations at x = Vj in this 
mode if the received signal is ip] and to zero if the received signal 
is ijv In the opposite case | p [- = v 0 V] of the colinearity of tj.-] and 
To, the values x ± are equal, respectively, to the positive and negative 
parts of the difference — v 0 : 

x±=4( v i-v 0 ± I Vj — v 0 |) = (v,— v 0 ) ± . 

The corresponding optimal detection is reduced to the measurement 
of the positive degree of contrast x+ = v t — v 0 in the mode x = 
Tv 1^1 =ToY^ifV] > v 0 , in the opposite case, v 0 ^ v lt the degree 
of contrast x+ is zero and no measurement is carried out, or x+ = 0. 
The optimal detection of a wave pattern q> of intensity fi = || tf ||- # 
0 in the coherent superposition 4' =< P ~ <1 o * s therefore reduced to 
the measurement of the maximal degree of contrast 

x + - Vw> (Re t ■+ - j/ (Bo r-fV If -M - | Y | 2 ) , 

(2.2.1.33) 

where y (<| n | (|) V^M'o is the coefficient of rolinearity of ampli¬ 
tudes (| and (| „. and /. is the signal-to-noise ratio. The corresponding 
ideal filler /•,„ | xJ (X» I is defined at x t # U by the eigenvector 

X- » + «f " rjL »H« with coefficient 

a, V"'' 0 |ia„ ( .; liny-] /--•-|/ (Re y •-V Xl 2 : -1 — | y | 2 ) , 

(2.2.1.34) 
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a 0 >0, found from the normalization condition || x+ II = 1. The 
case where x_ = 0, and therefore x+ = 0, is possible in the minimal 
subspace % only if q> and <p 0 are colinear, when | y | = 1, and 

x + = VV v o( cos 0 + l^-)+> (2.2.1.35) 

where cos 0 = Re y. The optimal filter in this case is matched with 
the signal mode x+ = <p/VV if cos 0 > — Vx, and % = 0 in the 
opposite case if cos 0 ^ —Y'K which is possible only if X ^ 1. 

The same filter Xo = <P/Vp matched with if is used to describe 
the asymptotically optimal detection at large signal-to-noise ratios 
1 = l/e> (Re y) 2 . The degree of contrast is then 

x 0 = p(l + /eRey), (2.2.1.36) 


which coincides with (2.2.1.33) to within e. In the next order we 
obtain a filter matched with the resulting mode Xi = VV and 
realizing the degree of contrast 


*i = R (l +-^-Rev 


ii_/e/2+rP \ 

4(1 + (jXe/2)Re y + e/4] ' ' 

(2.2.1.37) 


For an orthogonal background, qi _J_ cp 0 , we have y = 0, and the 
normalized eigenvector x+ corresponding to the eigenvalue 


x + = y r pv 0 (/ 1 + X+j/X) (2.2.1.38) 

can be written in the form 


X* = MV v o + (V1 + X + V^X) <p IV p)/(2 (1 + X) -f- V X (1 + X)). 

For Im f ^ 1 and a low signal-to-noise ratio X C 1 — (Im y) 2 , the 
maximal degree of contrast is realized at 

X + = (l//2)(e»<p/V r ?+q> # /^^), (2.2.1.39) 

with sin 0 = Im y, and is determined asymptotically by the expres¬ 
sion 

x+m Y pv 0 (Re y + cos 0 + V\ (Re y 4-1)), (2.2.1.40) 

with cos 0 = 1/ 1 — (Im y) 2 . For one, at y=0 we get x+s )^pv 0 
X (1 - 1/X). 

In the general case of the partially coherent superposition G — 
F + F 0 , the solution of the eigenvalue problem for the degree-of- 
contrast operator C = G + G — FqF 0 constitutes a complicated mathe¬ 
matical problem. If we isolate the coherent component from the 
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generalized amplitude F 0 , we can represent the latter in the form 

F 0 =4rVeFA++W, 


with IV the incoherent component, F*W = 0, and A is an operator 
in #£, which we assume to he hounded: || A || ^ 1. Next we select 
the positive constant e in an appropriate manner. Operator C then 
assumes the form 

C = P+-yVi(PA + + AP) (2.2.1.41) 


and is a trace class operator if P = F*F is an operator with a finite 
trace. 

For high signal-lo-noise ratios X — l.'e ^1, the eigenvectors Xn 
and the corresponding eigenvalues x n of operator C can be found via 
perturbation theory methods. In the first order in Ye the eigenvectors 
coincide with the eigenvectors cp„ of the signal density operator P, 
that is, P<f 0n = pt„ip on , and realize the following degrees of contrast: 

*<m = (<Pon |C<p 0 „) = n„(l+yeReVn). (2.2.1.42) 


with y„ = (A tp n | tp n ). The corresponding quasioptimal detection 
is reduced, therefore, to measuring the total degree of contrast 

*o = Tr (CE 0 ) = S F n (l + V r eRev„) (2.2.1.43) 

n£JV+ 

matched with the signal orthogonal modes cp n of the ideal filter 
£ 0 = S l? n )(<Pnl. N+ = {n: Rev„>-1/V / E}. 


nlN t 


(2.2.1.44) 


When the intensities of the signal and the noise are comparable, 
e » 1, the quality of such detection may be considerably lower 
than that of optimal detection. In particular, for the above example 
of orthogonal <p and ip 0 we have y = 0 and x 0 = pi, while the quality 
of optimal detection (2.2.1.38) equal to x + = pi (1 Y ^ t t) - > 
pi is more than twice as great as x 0 if the signal intensity is less than 
half of the intensity of the noise, and we have 

x+/x 0 — (1 -i- Y 1 + e)/2-► oo as e = v 0 /(4pi) —«• oo. 

(2.2.1.45) 


2.2.2 Multialtcrnative Detection and Identification 
of Wave Patterns 

In this section we will consider tile problem of delecting one of 
several simple or mixed wave patterns that is in a partially coherent super¬ 
position with the background. We will introduce the necessary and sufficient con¬ 
ditions for the optimality of such detection, using the criterion of the maximum 
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degree of contrast, and give these conditions a concrete meaning for the prob¬ 
lem of separating such patterns from an incoherent background. We will also 
give the complete solution to the problem of identifying nonorthogonal waves 
of the same intensity.This solution coincides with that of the problem of optimal 
discrimination between pure quantum states obtained in [2.4, 2.5]. Finally, 
we will discuss the quasioptimal method of multialternative detection based on 
the perturbation theory for degree-of-contrast operators. 

2.2.2.1 Statement of the Problem 

The problem of m-alternative detection of sound and visu¬ 
al patterns described in a given spatial-frequency region £2 by the 
wave amplitudes cp ( ( q ), i = 1, . . ., m belonging to the Hilbert 
space Si = (£2) can be solved in a trivial manner in the absence 

of an audio or optical background, <p 0 = 0, only on the assumption 
that these amplitudes are pairwise orthogonal, ((p ; | cp h ) = 0 for 
i S=k. It is sufficient to measure the intensity distribution e; = 

I ('I 5 I X) I 2 i n the received signal £ {qjj- }S=i over the orthogonal 
modes % h = <p fc ||, i = 1 , . . ., to , to determine correctly the 
pattern cp = cp ; with a nonzero intensity p ; = || (p; || 2 by specifying 
the number of the excited mode i: = p; S= 0- The other modes 

% h , k =/= i, remain unexcited in the process, and the case e; = 0 for 
all i = 1, . . ., m means that these patterns are absent from the 
measurement region £2. 

The simplest problem of multialternative detection in noise, the 
problem of isolating one of a set of orthogonal amplitudes {cp;} 
from an incoherent mixture R t = | cp;) (cp; | -j- TV with an optical 
or acoustic background not necessarily described by a trace class 
density operator N, has the same solution if we compare the inten¬ 
sities e i = (x, | R%t) ~ Pi + V; of the received signal R £ {.ft I ]j'Lo 
not with zero but with the background level V; = (x; I N%i) in the 
orthogonal modes Xi = fvll <Pi II, i = 1, . . ., m. 

In the case of nonorthogonal amplitudes (tp^ there is no way 
of measuring the intensity distribution in the received signal directly 
over the modes (pi/|| <p; l|. We must therefore find a set {x;}rLi cz Si 

m 

that satisfies the condition 2 I Xi) (Xi I ^ / and for which a pattern 

i— 1 

(pi can be confidently reconstructed from the distribution x ; = 

I (tp I Xi) I 2 corresponding to the received signal vj: £ {<Pi}i^=i- 

The same problem emerges in the multialternative detection of 
patterns {(p;}^ in the coherent superposition t|5,- = cp; + tp 0 with 
a nonzero background amplitude <p 0 even when all the amplitudes 
{<Pi}fi=i are mutually orthogonal and orthogonal to (p 0 . Although 
in the latter case we can still measure the intensities in the orthogo¬ 
nal signal modes Xi = cpr/iI cpj || and this yields a total degree of 

m 

contrast x 0 = 2 Pi» we can achieve a higher quality of detection 
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if we minimize the expression 

m m 

*=2 (Xi|CiXi)=2 l(X.I<h)l 2 -l(Xil <Po)l 2 . (2.2.2.1) 

1=1 1=1 

where 

Cl - |<Pi)(<Pi| + |<Po) (<Pil + l<Pi)(<Pol 

N'i) ('I'll — l<Po) (<Pol* (2.2.2.2) 

as we did in the case with m = 1 in the example at the end of Sec¬ 
tion 2.2.1. 

Note that in the coordinate representation the wave patterns 
{cPi)i!=i niay be indistinguishable even if they are orthogonal, as 
is the case, say, for harmonic amplitudes <p,- (/) = exp {2jy'/i/0} 
which are orthogonal in the frequency interval [0, <t>] and have 
the same homogeneous distributions, | (/) | s = 1. The maximal 

quality of ra-alternative detection achievable through measurements 
of the coordinate distribution of the degree of contrast 

Ci( x)= |<Pi (^r) 1 2 H 2Re q>* (x) <p 0 (x) = |i|); (z)| 2 — |«p 0 (x) | 2 (2.2.2.3) 

is determined by the solution to the extremal problem 

m m 

xl (C) = sup 2 (C-n /(A,)>= 2 I C t {x)dx, (2.2.2.4) 

™ i = l i=1 .0 


where the snpreinum is taken over the measurable nonintersecting 
subsets A; c Q of a coordinate region Q that can be bound by the 
union of the supports of the integrable functions c, (x), i = 1, . . ., 

m 

/it. This limit is attained, obviously, on the partitions •= 2 A? 

i=l 

of the measurable set in every point of which at least one of the 
functions r, (a) is positive and coincides on A? with the upper en¬ 
velope c v (x) -- max c j (x). Thus, the total degree of contrast 

i— I.m 

(2.2.2.4) coincides with the integral over Q of the positive part 
r+ (.<) max (U. c v (x)) of c y , which determines the solution of 
the duality problem 

(c), ini { l b(x)c.'x\b^s c h i 1, ..., m) = f c + (x)</j. 
h i; V. 

(2.2.2.3) 

Tin' lower hound (2.2.2.3) over all positive integrable functions 
b (j) it, which almost everywhere majorize every function c, (x), 
ddines the positive gauge of the vector function c - {c, }7Li, (c) + — 
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0 <S=> Ci (x) ^ 0. The best m-alternative detection in the coordinate 
region Q is reduced, therefore, to a search among the A; for the 
regions A° on which the measured degree of contrast c (x) is positive 
and reaches c+ ( x)\ in the opposite case of c (a) < c + ( x ) the pattern 
may not be detected for all x 6 £1+ and it can be assumed to be un¬ 
detected if c (x) ^ 0 for all i f Q. 

2.2.2.2 The Optimality Conditions 

Let us consider the problem of maximizing the quality 
of m-alternative detection of mixed patterns F-*■ VC with trace 
class density operators P t = F\F i = 1, . . ., m, in a partially 
coherent superposition G ; = F , + F 0 for which the mutual densities 
FfF 0 = YePiAi /2 are determined by the contraction operators Ap. 

->-■&£ (e > 0 is a parameter). The respective extremal problem is 
formulated for trace class operators of the degree of contrast, 

C i = R i —P 0 = P i + YV E ( P i A t + A i P i ), i = 1, ...,m, 

(2.2.2.6) 

R t = GiG,, in the class of quasiselective measurements described 
by any resolving operators {£>;}"Lj: 

i m m \ 

K°(C)=sup 2 (Ci, D t ) 2 D i < E , (2.2.2.7) 

D^O U=1 i=l J 

where E is an operator for which C t E = C ; for all i = 1, .... m. 

Theorem 2.2.2.1 The upper bound (2.2.2.7) is attained on the 
admissible operators Di , i = 1, m, if and only if there is a trace 
class operator B° ^ 0, C ; , i = 1, . . ., m, such that 

B°(E — D°)-= 0, {B°-Ci)D\ = 0, i = l. m, (2.2.2.8) 

m 

with D° == 2 D}. The operator B° then is the solution to the du- 

t=l 

ality problem 

(C) + =inf {(B, E)\B^Ci, i = 1. m}, (2.2.2.9) 

B^O 

for which conditions (2.2.2.8) are also necessary and sufficient 

m 

when D'1^0, 2 Dl^E, with x°(C) = (C} + . 

i=l 

Proof. The proof, which is similar to the proof of a particular case 
of this theorem, Theorem 2.2.1.1, will be found as a corollary of a 
more general theorem, Theorem 2.2.3.1. 

It can also be easily proved that the solution to problem (2.2.2.7) 
exists for all trace class operators C t and determines on subspace 
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% — E for which C ,£ = C t for all i = 1. m, a unique solu¬ 

tion B° — B°E to problem (2.2.2.9). 

Indeed, the lower bound (2.2.2.9) determines for the vector oper¬ 
ators C — {Ci}7L, the gauge <C) + , a positive homogeneous sub- 
linear functional on the space of families of the trace class 

operators C,-, i 1, .... m, that possesses the property (C) + = 
()<=>C f ^ 0 for all i’s. Bearing in mind that every linear functional 
C •-* <C, D) satisfying the condition <C, D> ^ (C> + is positive 

m m 

and has the form (C, D) = 2 Tr (C,, £>,), where 2 Di = E, we 

i = l i=l 

find that the set that is conjugate to {C | (C> + ^1} consists of the 
resolving families D = of bound operators that are admis¬ 

sible in problem (2.2.2.7). The existence of a solution to problem 
(2.2.2.7) follows, therefore, from the Hahn-Banach theorem, accord¬ 
ing to which for every vector C° of a calibrated space there exists a 
supporting functional D° defined by the conditions (C, D°) ^ 
(C)+ and (C°, D°) = (C°) + . For every solution D° to problem (2.2.2.7) 
the solution of the conjugate problem (2.2.2.9) on the subspace if = 
E$£ is determined uniquely by the formula 

m 

B°E = B°D° = 2 CM (2.2.2.10) 

i=l 

which is obtained by adding (2.2.2.8) over i = 1, . . ., m. Note 
that the above proof of the existence of a solution to problem 
(2.2.2.7) and of the uniqueness of the solution to problem (2.2.2.9) 
remains valid for the case of an infinite number of patterns m - oo 
if we require that (C f , E) = Tr C { —>-0 as i —>-oo. 

Conditions (2.2.2.8) can easily be met for m > 1 by analogy with 
the case of m = 1 only for commutative C h when these operators 
have a joint spectral representation 

ni 

C, - 2 XfnlXnMXnl. (X»IXm) = « Bm . (2.2.2.11) 

i = l 

The orthoprojector E can be resolved into an orthogonal sum 

in 

E : E 0 -f 2 E ;> where 

i i 

E, 2 IXnHXnl. N i = {«€^|x fI1 > o. x* n . k=£i] 

'• eN i 

(points n at whict x ir , max x jn X|, n refer to any one of 

j— 1,. . . ,m 

the noninlcrsrcling sets hl ft M ft ). The operators 

m »>i 

Dl E„ BO 2 2 X/,.IXnHXnl 2 C,E, (2.2.2.12) 

i— 1 i -1 
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are, therefore, admissible and optimal: 

B° (£ _ D o ) = = o, (B« - Cj) E t = = 0. 

Thus, optimal m-alternative detection in the commutative case 
is reduced to measuring the discrete distribution of the degree of 
contrast x in the proper representation of operators C t . The 
total maximal degree of contrast in this case is determined from the 
formula 

m 

x°(C) = S 2 Xfn= 2 max{x /n V 0}. (2.2.2.13) 

i=l nG^ i 

2.2.2.3 Optimal Identification 

Let us consider the important case of positive operators 
Ci = H\Hj = Si which occur, say, in the case of an incoherent 
superposition of wave patterns F t with a background F 0 , when the 
degrees of contrast (2.2.2.6) are the density operators P, = F\F 
The corresponding extremal problem (2.2.2.7) of pattern recognition, 
which is known as the optimal identification problem, is not trivial 
for noncommutative Si = 1, . . ., m, for m > 1 even if these 
patterns are pure, that is, are described by nonorthogonal amplitudes 
i|3 ; , i = 1, . . ., to. For the case of to = 2, however, the optimal 
identification problem can easily be solved by reducing it to the 
problem of optimal detection with one degree-of-contrast operator 
C = Si — S 2 . Indeed, allowing for the fact that the admissible 
operators B — L in the duality problem (2.2.2.9) are determined 
by the conditions L ^ B > 0, i = 1, 2, we can proceed from (2.2.2.9) 
to (2.2.1.19) by carrying out the substitution inf (L, E) = (S 2 , E) — 
inf ( B , E) where B = L — S 2 is the admissible operator of problem 
(2.2.1.19): B > {S t - S 2 , S 2 — S 2 } = {C, 0}. Thus, the solution 
D° to problem (2.2.1.17) makes it possible to represent the solution 
to problem (2.2.2.7) in the form 

x° (S) = (C, D°) + (S 2 , E) = (S u DO) 4- <S 2 , E -DO), 

which yields the optimal decision operators D a = D° and Z> 2 = 
E-D a . 

To investigate the problem of identifying wave patterns in the 
multialternative case with m > 2, we restrict the space $£ by the 
minimal space £° s $g containing all the ranges of values 'Mi = 
S t Vi’ ■ Since the 5, ^0, every operator B admissible to problem 
(2.2.2.9) is determined by the conditions B > 5;, i = 1, . . ., m, 
in view of which it is nonsingular on the subspace P in the sense 
that BD = 0 =>■ D = 0 for every operator D in £°. Otherwise, 
operator D + (B — S t ) D could be negative for at least one i £ 1, . . ., 
m. This last fact means that the first condition in (2.2.2.8) is met 
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only if E = D°, that is, the optimal decision operators D\ deter- 

m 

mine the decomposition of unity E° = 2 D°, the orthoprojector 

i=l 

on subspace £°, and operator B° can be found uniquely by summation 
of the remaining optimality conditions in (2.2.2.8). 

When the subspaces <34T,= H^ have a low dimensionality, say, 
ordinary amplitudes // ( = | for which ST,- = C, it has proved 

expedient to represent the solution to problem (2.2.2.7) via the 
following 

Theorem 2.2.2.2 The optimal decision operators D° determined by 
conditions (2. 2 . 2 . 8) for = H\Hi, i = 1, . . ., m, have the following 
form in space £° 

D1 = (L°)- t H* i \i° i H i (L 0 )- 1 i = 1. m, (2.2.2.14) 


/ m \ 1/2 

where V s - (2 ///p,//, I = B° is the solution to problem 

(2.2.2.9), and the p ; are trace class positive operators in iff f de¬ 
fined by the conditions 

(1, —Hi (L a )~ l H\) p? = 0, (2.2.2.15) 


(1 ; are the identity operators in Sfl' f). If these conditions are met, maxi¬ 


mal intensity of graded signals x° = 2 Tr p° is achieved. 

i= I 

Proof. Multiplying the remaining equations in (2.2.2.8) from the 
right by ( L °) 1 / 2 and from the left by (L°)~ 1/2 , where L° = B° , we 
can rewrite the optimality conditions in the form 

(E° — FXFi) Mi — 0, E° > F\F„ i = l, .... m, (2.2.2.16) 
where = //, (Z, 0 )-*' 2 and A/J= (Z°)'/ 2 . Thus, 

.1/S FtF l M\=-.M\FiF l ~FiVWi, (2.2.2.17) 

where p“ — FiM\F\, which leads to (2.2.2.14) if we carry oul the 
inverse transformation. If we substitute (2.2.2.17) into Eq. (2.2.2.16) 
and multiply the result from the right by F* and from the left by 
(FX)~ l , we arrive at (2.2.2.15) if we allow for the reversibility of the 
operators F": Oft', -*-1. The inequalities (2.2.2.15) are simply the 
inequality (2.2.2.10) in the form F,F\ •Sf, 1,-. The operator L° is 

T/l 

determined by summation ^ D\ E° of the optimal decision 

i= 1 

m 

operators (2.2.2.14), which yields IF 2 //"p"//,-, and this deter- 

i=l 

mines uniquely the positive operator B° = IP. 

The proved theorem reduces the solution of the optimal identifi¬ 
cation problem to finding the operators p5 that satisfy conditions 
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(2.2.2.15), which in the case of finitely mixed patterns H t constitute 
finite-dimensional algebraic equations and inequalities. For one, 
for pure patterns H t = (ap,- |, conditions (2.2.2.15) have the scalar 
form 

p! = (*, I (L 0 )-* %) P?, 1 Xti I (L 0 )-' *i), 

i = 1, . . ., m, (2.2.2.18) 

where L° = (|i|>;) pi (ip* I ) 1/2 - The numerical positive solutions of 
the system of algebraic equations (2.2.2.18) determine the one¬ 
dimensional decision operators 

D\= IXi)(Xi|. Xi = f R (2.2.2.19) 

(which are equal to zero for those i’s for which (ip; | (L 0 ) -1 1|5,- < 1) 

m 

and the quality of the optimal solution, x° — 2 Pi- 

i=l 

Solution of the pattern identification problem makes it possible 
to establish the quasioptimal multialternative detection scheme 
using the maximum criterion of the total degree of contrast (2.2.2.6) 
as the first approximation in ]/ e for decision operators of the form 

D t = (F oi + l/e F i; ) + (F oi + VI F li ) = FUF tl . (2.2.2.20) 

Assuming that F oi = ]/p lH t (L D ) _1 and D oi = FoiF oi , in the first 
order in the signal-to-noise ratio e <1 we obtain the following 
formula for the degree of contrast of quasioptimal detection x 0 = 

m 

2 S,D oi 

i—1 

m _ 

*o = 2 Tr <3i- i l‘i( 1 + /e(Vi+ Yi h )/ 2 ). (2.2.2.21) 

i=l 

where y t = H\A% (L^Ht , or y t = (.4^ | (L 0 )" 1 ^,) when g/£, = C. 

2.2.2.4 The Signal Representation 

It has proved expedient to represent solution (2.2.2.14) 
to the problem of optimal identification of wave patterns in the 

m 

so-called signal space, 67C m = © h which is the direct sum of 

i= 1 

Hilbert spaces e/F, = //, and which, in the case of ordinary 
amplitudes H ; = (rf* |, is equal to C m . Such decomposition is carried 
out via the partially isometric operator V: :55f? —► 5F"' of the polar 
expansion FI = a^ z V, a = HH* , for the operator H: cp £ Ft. *-+ 
IffjCp],™ 4 from yd into SF m , which is defined uniquely on the subspace 
1° by the conditions V + V = E° and VV + — e°, where e° is the sup¬ 
port of the correlation matrix <j = ere 0 . Note that the m-hy-m matrix 
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o — [o/J consisting of operator components CTj* = H t HX, i, k = 

1.m (a ih — (i|); | if = (\|) f |), is positive and, in the case 

of the linear independence of the signals nonsingular with support 

m 

e° — © 1, == l m . The components Vi = \ t V, i = 1, . . m, of 

i = l 

the isometric operator V: £°-*-5T m determined by the diagonal 
projectors 1 ( from onto SH f,- bring about, obviously, the decom¬ 
position of the unit element 

m m 

= = S V+1,V= S VWi (2.2.2.22) 

i=l i=l 

of space t° and are orthogonal if E° = l ra : 

V,Vt^etk= l,e 0 l* = «i*l*. 

Representing the operators H t in the form H t — hiV , with h t = 
IjO 1 ' 2 , we can write the necessary and sufficient conditions for the 
optimality of the separating operators D t in the following form: 

(X —a,)6? = 0, <7; = h\hi, i=l, m, (2.2.2.23) 

which are simply conditions for the decomposition of the m-by -m 

m 

projection matrix e° = 2 6?i $i = VD\V + . Theorem 2.2.2.2 in 

i=l 

this case assumes the form of 

Theorem 2.2.2.3 The optimal decomposition of the support e° of the 
correlation matrix a defined by conditions (2.2.2.23) has the form 

6° i = i-'hp\hi- < , i = 1. m, (2.2.2.24) 

o m 

where h - a l/2 , X = (hpVi) 1 / 2 , and p° = ® p; is a diagonal matrix 

i= 1 

p" - (p“6,J consisting of the positive operators p°: 3T,- 3T; and 
defined by the conditions 

p<> - i (hir'lt) p°, l m > i(hX~ l h), (2.2.2.25) 

TH 

or u°— i(]/op“) if a is nonsingular (e°=l), where i: a —► 2 

i= 1 

is the diagonalization operation [a /; ,] —*• [a, h 6 jfc ) of the m-by-m 
matrices a [a,,,! consisting of operators a ih : ,, The quality 

of optimal identification is determined by the trace in 7i' m , or x° = 
Tr it 0 . 

Proof. Representation (2.2.2.2 / i) can be obtained directly via the 
isomorphism 1 of spaces E° 'it and e° 2 /}* m . Here X _I = V (L 0 ) 1 ^*, 
an m-by-m matrix with elements (X*') -1 : SS" f ->-vr h , is the inverse 
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of matrix X = VL°V + with respect to e°: AA 1 = e“ = A 1 \. Matrix 
A — VU > V Jr consisting of operator elements X ik : k is directly 

expressible in terms of the square root h =Y a of the correlation 
matrix 

=V*n®A. (2.2.2.26) 

while the conditions (2.2.2.15) for determining the operators p”, 
which in the signal representation have the form 

(1 ( —fciX-'/iDpHO, 1,>A,A-‘A?, (2.2.2.27) 

represent the element-by-element notation for the conditions 
(2.2.2.25) imposed on the diagonal elements in &C m . If a is non¬ 
singular (which means that A is nonsingular, too), we can rewrite 
Eq. (2.2.2.25) in the following simple form: 

H°= i (M.-‘V) = t (AAA-i) = l (/V). (2.2.2.28) 

where we have allowed for the fact that i (a) p° = i (<zp°) (because 

p° is diagonal) and that crp° = (AAA -1 ) 2 , in accordance with (2.2.2.26). 
The proof of Theorem 2.2.2.3 is complete. 

We note an important particular case when conditions (2.2.2.25) 
can be resolved explicitly. Let us assume that the diagonal part 
i (A) of matrix A = crh 2 is commutative with A. Then conditions 
(2.2.2.25) are met at p° = t (|^o) 2 , that is, at p° = (A,;) 2 , i = 
1, . . ., m. Indeed, the diagonal matrix p° in this case is commutative 
with A and 


\=y Ap°A = Y A 2 p° = A VV = A i (A) = Yoi (Y O) . 


Moreover, AA -1 A = hi (A) -1 , where i (A) -1 is the diagonal that is 
the inverse of i (A), which always exists because the diagonal elements 
<j n = HiH\ of the correlation matrix cr are nonsingular and, hence, 
so are the diagonal elements h u of the matrix A = Y a on the spaces 
= HM- Thus, 

„ »<.> be 

i (AA -, A ) — i (hi (A) -1 ) = t (A) i (A) -1 = l m , 


and conditions (2.2.2.25) are satisfied. The optimal decision operators 
then assume the form 

8?=1|, D\ = V*l t V, = ViV t , i= 1, .... m. 


13-0105 


(2.2.2.29) 
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where l - h 'H, while the quality of optimal separation is deter¬ 
mined by the total intensity: 

111 rn 

x o = V Tr(*„)*=S Tr(o|/ 2 )*. (2.2.2.30) 

i- 1 i=l 

The above-noted property of commutativity manifests itself, for 
one thing, in the rase where alt diagonal operators a n coincide and 
are multiples of the identity element 1 ( 1 of space ST,• - ST, which 

is the same for all t — 1, . . ., m. In view of the assumption that 
is a trace class operator and, hence, p“ = (aa) 2 , this is possible 
only for a finite-dimensional ST. In Section 2.2.2.5 we consider 
concrete equidiagonal families of ordinary amplitudes Hi --- (i|; f |, 
for which ST - C. 

2.2.2.o Separation of Cyclic Systems 

Let {>f,}iTi be a family (or set) of nonorthogonal wave 
amplitudes that describe sound or visual patterns with a 

correlation matrix cr - [(\pj | if/,)l whose square root, h — jAo, lias 

the same diagonal elements lin - - a - h for all i. A: — 1, . ., m. 

The optimal identification of the wave patterns {if’,} is described by 
the one-dimensional separating operators {.Dji}™ i of the form 
(2.2.2.12), where xl! = I£, k = 1. ■ ■ • , m - is generally an over- 
complete system of polar decomposition, 

711 in 

= S = V xth ki , 

i— 1 i--l 

in m 

1 lx*) Ml = I r*r e\ 

h =1 h 1 

in the space f" induced by the set {if*}. Hearing in mind that p = 
a 2 (Tr h m) 2 , we can represent the maximal intensity x° ma 2 
of optimally separated amplitudes {x7} in the following invariant 
form: 

x° (Tr/i) 2 /m (Tro ,/2 ) 2 //n. 

Let us consider the following example when the above-mentioned 
condition of the equidingonality of matrix h Y a ' s met. "e will 
call the system of amplitudes of equal intensity || >|' ; || 2 - v 

,, 1 ‘jiuiangulnr if («)•,• | i|',,) vy for every i =/= l<\ that is, if the cosines 
„„/{-nulnal angles are equal to y. This is possible in the rase when 
y > 1,(1 — m), say, when i|' ; (j>„ • cp,-. where {(p,-}” o is an 

orthogonal system of amplitudes with intensities ]| <p 0 || 2 - vy and 
|| <|, || 2 v (I —y) at i =#=(). Hepresenling the respective correla¬ 
tion matrix o in the form 

a v ((I — y) I" 1 -| y.r T .r), ,r (1, . . ., 1)^1 (2.2.2.31) 
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and using the formula 

/ (l m + XX?X) = / (1) 1" + ^T (/ (1 + TXX'I) _ f (1)) X T X 

to invert it and extract a square root, we can write out the optimal 
system {/?} for y £ ] (1 — m)"\ 1 [ explicitly: 

x* = (i—(i + m y/(i— y))~' /2 )~- D 

The intensity of the signals separated by this orthogonal system is 

x° — v (m — (1 — 1/m) ("j^l — y + my — Vl — y)) 2 , 

and admits the maximal value x° = m\ in the event of orthogonality 
Y = 0 of the family {i^} and the value x° = p in the case of colin¬ 
earity of {!))/,}. 

For one, when tlie i|j; = | a/) are canonical equiangular amplitudes 
a, defined by a (d + l)-by-(d + 1) matrix of the scalar products of 
vectors a f £ C !,+1 of the form a*<xj - Xb for i =£ k, | a ; | 2 X for 
all i — 1, . . m, the quantity y = exp {k (6 — 1)} does not vanish 
and the maximal intensity of optimal separation is always lower 
than mp even if the vectors {a ; } are orthogonal (6 — 0) and tends 
to my only as X —► oo. Note that the maximal intensity of separation 
of canonical amplitudes is reached on simplex vectors £ C d+1 
defined by the condition 6 -- (1 — m)" 1 ; for one thing, at m — 2 the 
intensity of separation of a pair of canonical amplitudes, 

x° == v (1 — V 1 - y 2 ) =■ 1 — ]/l 

can be attained at 6 = —1 by employing orthogonal vectors a jt 
while at 6 - 0 this can be done only by doubling X - | a ; | 2 . 

Equiangular systems constitute a particular case of cyclic systems, 
which are defined by the condition that the correlation matrix a ih 
remain invariant under translations s £ Z: (i, A')>—*■ (i + s, k + s), 
that is, at a,), a (i — k). Such translation invariant systems as 
containing only a finite number m of distinct amplitudes must satisfy 
also the cyclicity condition a (l) a (l + s) for l — i — k < 0. 
Since the matrix h ]/o, as any other matrix function of a, also 
depends solely on the difference in the indices, or h i k -- h (i — k), 
the equidiagonality condition /i, ;, ; a - - h (0) is certain to be 
met and the solution to the problem of separating any cyclic, system 
can be written explicitly. 

Let us take the case of cyclic canonical amplitudes i|; h = | a*) 
defined by complex numbers a h 6 C whose real and imaginary parts 
can be interpreted as the mean frequency and duration of the wave 
packet | a,). There can be only two cases of the cyclicity of amplitudes 
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| a,) corresponding to the equidistant distribution of points a,- 
along a circle or a straight line with the center at a = 0. 

(1) Optimal estimation of phase. Let a f = . ; = \- —1. 

In this case we have a cyclic system 

a n , = exp {a (e~ 2n ^'~ k),m — 1} = a (i— k). 

To extract the square root of matrix a, we must carry out a discrete 
Fourier transformation via a unitary matrix U in = exp {2ni/Vm}/ 
Ym, n = 0, . . ., m — 1. A continuous analog of this problem, to 
which one can pass if m is sent to inhnity, is the estimation of phase 
0 of the vector a 9 = y^Xexp {2 jt/ 9} of the canonical amplitude 
t)'e = I ae) on the interval [0. 11. Diagonalizing matrix 

a l9 = (a I [a e ) - exp {X(e- 2 ^'<*- B > — 1)} 

via a discrete-continuous Fourier transformation u xn = exp {2 «t/.th}, 
n £ Z, we obtain its eigenvalues 

X„ = ). n e- } -,n\, n= 0, 1, .... J. n = 0, n < 0. 

The optimal system of decision vectors x£- x 6 10, 11, has the form 

°° i 

Xi = 2 e 2n > x " |n), where |n) = —-^(A + )"|0). 

n=o l »! 

with A * the creation operator in a* = £ 2 (T). It can easily be verified 
that the system x.\ detines the decomposition of unity. 

1 oc 1 oc 

/ -= j I Xx) (Xx I dx = 2 I") ( m \ j 2 |w)(/»|, 

0 ii.m—0 0 ti=0 

hut is not orthogonal. 

(2) Optimal estimation of amplitude. Let us take a t =■ ('Ac-' 0 , 
where i £ Z, A > 0, and = Y — 1. In this case the cyclicity con¬ 
dition is satisfied: 

a ,h — PX P 1 — A 2 (< —A) 2 /2} --- a ( i—k). 

The matrix a — lo fk l is diagonalized by the discrete-continuous 
Fourier transformation //,■>. — exp {2n/'tX}. X £ It), 11. For A 1 
the problem of optimal separation of the respective coherent ampli¬ 
tudes is reduced to the problem of optimal estimation of the real 
parameter x £ IR of the coherent amplitude >f v ‘ I ■re-’ 9 ). This estima¬ 
tion is realized by measuring the intensity in the proper representa¬ 
tion of the self-adjoint operator He .le"-’” in spare 'it ^ Af 2 (71). 
At 0 0 this is the frequency representation, while at 0 — rt 2 it 

is the temporal representation. 
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2.2.3 Optimal Testing and Discrimination 
of Mixed Wave Hypotheses 

In this section we will take up the problem of testing wave hypo¬ 
theses based on measuring the appropriate intensity distributions.We will derive 
the necessary and sufficient conditions for optimal testing of such hypotheses 
by the minimum criterion of parasitic contrast at a fixed level of the received 
signal by employing a method of linear programming in partially ordered 
Banach operator spaces. In a specific case these conditions formally coincide 
with conditions obtained earlier in [2.151 on the optimality of quantum measure¬ 
ments by the minimum criterion for the error probability. A genera) geometric 
solution will be given lor the case of a two-dimensional space, which is suffi¬ 
cient for describing the recognition of the polarization of a plane wave. This 
solution is similar to solution of the problem of measuring quantum mechan¬ 
ical spin [2.41. 

2.2.3.1 Wave Hypotheses 

The problem of recognizing sound and visual patterns 
based on measurements of the intensity of the received audio or opti¬ 
cal wave can be formulated within the framework of the wave theory 
of hypothesis testing discussed below. 

Let i = 1, . . ., m, be bounded operators from the Hilbert 
space M to another Hilbert space &C describing the possible general¬ 
ized random amplitudes at the "in” terminals of the receiver with 
density operators S ; = H\H t with a trace Tr S t < oo. The reader 
will recall that at ST = C the operators H x correspond to ordinary 
amplitudes tp, £ S6, i = 0, . . ., m, which define the bounded func¬ 
tionals H t = (\|q |: % £ SB *-+ (t|h I '/)■ Each operator Hi = 0, . . ., 
m , can be thought of as a hypothesis, according to which at the 
“in” terminals of the receiver there is one of the possible simple or 
mixed patterns G,, i -- 1, . . ., m, in a partially coherent super¬ 
position Hi — Gi -f H „ with an acoustic or optical background 
described by operator H 0 in the absence of wave patterns Gi . The 
problem of m-alternative detection of wave patterns G ; , i — 1, . . ., 
m, may, therefore, be considered as a problem of testing m 1 
hypotheses H t , i — 0, . . ., m, and vice versa. 

The optimal testing of the hypotheses H t , i = 0. . . ., m, is deter¬ 
mined by the solution to the problem of finding a quasiselective 
measurement D = {Z) i }jLo that maximizes the quality functional 

m m 

x (fl, D) - I </?,, A>. D, > 0, ^ D, E, 

i=0 i=0 

where R = {/? ; }"L 0 are trace class operators with a support E: 
RjE = Ri for all i = 0, . . ., m, operators that are usually repre- 

m 

sented by linear combinations /?, --- cqSj, of density operators 

k- o 

Si = H\H ,. For instance, in the problem of m-alternative optimal 
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detection by the maximum criterion for the total degree of contrast 
(2.2.2.7), the operators /f f are in effect the degrees of contrast /? 0 = 
0, R, = Sj — S u C,, i 1 , . . m, and the admissible operators 
{D,j^ 0 are determined by the decision operators D„ - E —D, 

m 

Dj, i = 1. m, where D -= V £),. For the problem of discrimi- 

1 = 1 

nating between the hypotheses Hi we can consider more general cri¬ 
teria defined, say, by the operators 

m 

fl„=2 C„ R,~(l + X,)C„ X, >0, i— 1.m, (2.2.3.1) 

i—1 

(hat appear in the problem of suppressing parasitic degrees of con¬ 
trast ( Cj, D h ) for i =/= k: 

( m m * 

2 (Cj 2 D h \ I <C|, D,) > e„ 2 O, < E\ 
i=l \ ' V | i=l J 

(2.2.3.2) 

under the condition that the useful degrees of contrast (C,-, D,), 
i - 1, . . ., m, are not lower than given levels e,. Indeed, if we 

solve the extremal problem 

( m m 

2 {Ri- Di) 2 E 

i=0 i=l 

( m 

2 D i) 0 -fXj) 

7=1 

*" * 

+ (Cf, £-D» 2 (2.2.3.3) 

7= I J 

for the operators /f ; defined in (2.2.3.1). we can write the 

solution to the problem (2.2.3.2) in the form 


tO ( l'< 

t u (C) 2 (Cl, E)-,-su I- 2 (R>-) 

1 -- 1 >.;> 0 l 1 = 1 

sup inf 1 2 ((r,, 2 A,\ 

/;.*>0 li - 1 \ \ / 

-r >-i (F, o,»)|2 i D, < £■[, 


(2.2.3.4) 


provided that we employ Lagrange's method of multipliers X ( , 
i 1. m. 
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Let us start with the classical variant 

f m m i 

y (R h M (A ; )> y A; =--* 

_ t , j-o i=0 I 

m 

= S IK (A?) (2.2.:L5) 

i—0 

of the problem (2.2.3.3) of optimal testing of hypotheses H in a lixed 
measurement described by the decomposition E = j M (dx) of an 

orthoprojector E, R t E = R t , on a Borel space X. This may be the 
coordinate selective measurement M (dx) — I (dx), X = Q, or i 

the momentum quasiselective measurement M (dx) — / (dx), X = 
IR d+1 , or the canonical quasimeasurement M (dx) — | x) (x | dx, 
X --= L‘ ,+1 , described in Section 2.1.2. The upper bound (2.2.3.5) 

m 

in measurable partitions X — '£• A,- reaches the gauge 

i=0 

(P) inf{>. (X)|L > i^O, .. m} -- p,. (X) (2.2.3.6) 

of the family p - {p, }? u of measures p, (A) {€,, M (A)), wliere 

the iniimum is taken over all the measures of finite variation 
| X | (X) < oo that majorize all p ; . 

Indeed, (C) ^ x y (p), since for every measurable partition 

m 

Q = 2 A,- ^ X, obviously, 

i=0 

m m 

S *(*,) = X(Q)< k(X). 

i=0 i =0 

The lower bound (2.2.3.G) is attained at the upper bound p r = 

m 

V p, of the family ofj measures {p;}H=o : Mr > {p,}jLo. A^p 

i=0 

p v , and is equal to the supremum (2.2.2.5) readied on the 

m 

partitions Q y A“ of the support Q = A' of measure p,- into 

i=0 

regions A", on which it coincides with the respective measure p ; : 

Pr (A?) == max p„ (A") =- p, (A"). (2.2.3.7) 

A=n... .,7ii 

In view of the last relationship, determining a hypothesis H t for 
a given measurement M is reduced to searching for the number of 
the nonempty region A“ on which the measured degree of contrast 
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reaches the envelope p v (A°) of the family {p,}. However, this 
method does not enable us to find the wave patterns for which 
p (A?) < p v (A?) for all i = 0. m. 


2.2.3.2 Optimal Testing 

To obtain a satisfactory solution to the problem of wave 
pattern recognition one must look for the supremum (2.2.3.5) not 
only over the measurement regions Aj but also over the various 
methods of such a measurement , which are described by the resolving 
operators D t = M (A,). Thus, there emerges a nonclassical extremal 
problem (2.2.3.3), which may be considered as part of the conditional 
problem (2.2.3.2) of testing the hypotheses H f in the degrees of 
contrast (C ; , Z),), which are compared with given levels e,•, i = 
I, . . ., m. The necessary and sufficient conditions for solving this 
problem are formulated in the following 
Theorem 2.2.3.1 The upper hound (2.2.3.3) is attained on operators 
Dj, i = 0, . . ., m. if and only if there is a trace class operator L" 

R j i 0, . . ., m, such that 

(Lo-Rt) D\-^0, i = 0, .... m. (2.2.3.8) 

The operator L° is then the solution to the duality problem 

</?>+-inf{(/., E)\L > R„ i - 0. .... m} (2.2.13.9) 

L 

for which conditions (2.2.3.8) are also necessary and sufficient for 

m 

Z)?>0, Z D\ = E, and x° (/}) - (R)+. Solution 1/ to this 
i —0 

problem for operators R- t R\. i (I, . . ., in, of the form (2.2.3.1) 
represents the solution to the conditionally extremal problem (2.2.3.2) 
in the form 

m 

T»(C)-^ ((C). E)-r). itl )-a>;E), (2.2.3.10) 

i=-1 

and the parameters can be jound from 

(e,-<C,. Oi*» 0, f , < (C„ Dd). i-..- 1. ..., in, (2.2.3.11) 

where l)\ are the optimal decision operators at R, It',. 

Proof. The sufficiency of the optimality conditions (2.2.3.S) for 
(2.2.3.7) and (2.2.3.it) can he verified directly by employing the 
property of mouotouieily of a trace, /. ^ II, => l r (/./>,-) ^ 

Ml 

Tr (Rjl),), for I), O. Allowing for the equality l.°R /?,-/>*, 

I • 0 

which is obtained via summation of (2.2.3.8) over t 0. in. 
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for every family {D,}?= 0 admissible in (2.2.3.7) we have 

m nt Tii 

S = S Tr(/?,fl { )<2 Tr(L®Z>,) 

i=0 i=0 i=0 

m 

= Tr (!*£) = S </?,-, £»?). 

i=n 

In a similar manner for every operator L admissible in (2.2.3.9) 
we have 

»il 771 

</,. E)^Tr(LE) - Z Tr(/,£>})> V R;D\^(L\ E). 
i—- n ?=o 

The necessity of the optimality conditions (2.2.3.8) follows from 
Lagrange’s duality principle 


sup 

D.SsO l 


I f m »< 

Z <*„ A) Z D i= E 

7=0 7=0 


■ in . m 

= sup inf Z (RD') 'r\E, E — Z 

D;^n L i=ft N j-.O 


=- lilt' SU]1 jZ (Ri — L, D,) + (L, E) 

l D^n 1 i=n 

=■-- inf {(/,, E)\L ^ R,, i~ 0, to}, 


according to which Z D,> — x° (7?; = (7?) = (L°, E) 

i=0 

and 


V 

i=l 


Tr [(L u — /?,) D')\ -- Tr (l"E) — Z < R i, R “>- 

i=« 


The necessary and sufficient condition for this sum of traces of 
products of positive operators to vanish is, obviously, Eq. (2.2.3.8). 

Employment of the duality principle in the conditional problem 
(2.2.3.2) reduces this problem by the elementary Lagrange method 
to problem (2.2.3.4), for which the necessity and sufficiency of con¬ 
ditions (2.2.3.11) can be verified directly. The proof of the theorem 
is complete. 

Note that the above proof remains unchanged in the case of an 
infinite number of hypotheses, m oo. From this theory follows, 
for one thing, Theorem 2.2.2.1 if we put R„ — 0, R t = C h i = 

1.m, and L B. The existence of a solution to problem 

(2.2.3.7) and the uniqueness on the subspace £ = E-Jt! of the solution 
lo problem (2.2.3.9) can be obtained from the proof in Section 2.2.2.2 
of these assertions for problems (2.2.2.7) and (2.2.2.9) to which 
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(2.2.2.7) and (2.2.2.it) are reduced bv llie substitutions C-, = /?, — R 0 
and B = L - R„. 

In the case of positive R ,'s the problem of testing the hypotheses 
H„ i 0, . . in. can be solved as a problem of separating m — 1 
signals Hi - R) r! by applying Theorems 2.2.2.2 and 2.2.2.2. For 
nonpositive s it has also proved expedient to go over to the signal 

m 

space Sf’"* 1 - ® vf’j, 3F, _ i 0, . . in, via a partially 

i II 

isometric operator V: M -*■ 5T m+1 of polar decomposition H a l/2 E, 
o = HH* for the operator H: cp £ SC I//(tp]j™o- As a result, the 
optimality conditions for the decision operators D " can be written 
in the form of conditions imposed on the decomposition e — 

Til 

2 6", 6“ = FZ>“I /+ , of the support e # =-. W* of the signal correlation 

>=o 

matrix cr,* = //,//£, i. k = 0, _ in: 

o o m 

(X — pi)8?--0, X ^ (i, = 3] klcllih, i 0, m. 

* a 

Here }. — VL°V*, h t = ijli, h ■- \/ o. and c] is the quality matrix, 

m 

which delines the operators R, - ^ Hlc)H h and which, for a 

It nil 

fixed in. it has proved expedient to consider as being a diagonal oper- 

,n , 

ator c, ® c/lj, in space vF m+1 because then the signal-matrices 
*=o 

p, = r/f(V + can he represented in the form p, liCjh. 

Even if the amplitudes H , are ordinary, that is, H, (t|' f |. and 
hence the correlation matrix is a number matrix a iu (if, | if*), 
it is difficult to write conditions of optimality explicitly for in >1 
for a nonsingular matrix a. Below we will study this problem for 
the case where the rank of matrix is equal to 2 and, hence, all the 
operators R /., and D, can he represented by 2-by-2 matrices in 
space t 1 = C 2 . 

2.2.3.It Two-dimensional Itecognition 

To the operators {/f,} in the optimization problem 
(2.2.2.S) we assign llcrmitian matrices that can he considered non- 
negative without loss of generality. Any 2-!>y-2 matrix can he decom¬ 
posed in Pauli matrices, which are 



„ v ' ; r ~ ,lJ , -j 

R v • .ro v ;/o„ • za, v r, / 1—1. 
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where v, x, y, and z are real if matrix R is Hermitian, and r = 
xa x -j- ya y + zcr 2 is a vector operator represented by vector r = 

(x, y, z) of three-dimensional real space !R 3 . The product of r and s, 

with r £ R 3 and s £ ft 3 , is equal to rs = r-s +/ (r X s), where r-s 
and r X s are the scalar and vector products of r and s. Note that 
Tr R — 2v and Det R = v 2 — | r | 2 (with | r | = ]/r-r), and that 
the nonnegativity condition R ^ 0 assumes the form v > | r |. 
Obviously, rank R = 2 for v > | r |, rank R =■ 1 at v = | r | # 0, 
and rank R — 0 at v = 0. 

The operators R t = (v ( +r,)/2, i — 0, .... m, where |v,| , 5 ; |r ; | 

m 

and 2 v f =l, can be interpreted as density operators related to 

i=0 

the tested wave hypotheses with a priori intensities v f = Tr R t and 
represented by vectors r ; (; (R 3 , which are known as polarization 
vectors. A similar problem arises when we must identify the photon 
polarization or the electron spin 12.4], Let us assume that polariz¬ 
ations {r,} satisfy the inequalities 

1 r h — r, | > | v,. — v; | (2.2.3.12) 

foi all k =£ i; in the opposite case, that is, | v ft — v ; | ^ | r J( — r ; |, 
the k 111 hypothesis dominates the ith hypothesis or vice versa: 
R h > R, or R h — Ri or R h < R h and one of the hypotheses (with 
the smaller v) can be ignored. 

The decision operators in the Pauli representation D ; = 6* — 
d,- are described by nonnegalive numbers 6,- ^ 0 and vectors d ; £ 3* 

m 

(| d, | ^ 6,), with the decomposition of unity 2 D ■, -= 1 assuming 

i = II 

the form 

m m 

2 6, = 1, 2 d, 0. 

i=0 i=0 

The solution of the problem of optimal recognition of polarizations 
Tj with intensities v, can be reduced to finding a real number k and 
a vector 1 ° £ ft 3 that defines the operator L° (k —1°)/2 that satisfies 

conditions (2.2.3.8) fora collection of D° - 6? — 1°, z -- 0, . . ., m. 

Theorem 2.2.3.2 The solution to the problem of optimal recognition 
of polarizations {r,} satisfying together with {v ; } condition (2.2.3.12) 
can be found if and only if there is a collection of numbers p“ ^ 0, i ~ 
0, . . ., m, such that 

m m 

2 (L — «•*) pi* +2 (V, — pi' >1, i = 0, ..., in, 

fc=0 h=0 


(2.2.3.13) 
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where the equality takes place at least for those i’s for which p“ =/= 0. 
The optimal decision operators have the form 6° = | d" j, d° = 
H? (r ; — I“), where 

hi . m 

I(2.2.3.14) 

i=0 ' i=0 

and the maximal received intensity is 



Proof. In terms of X, l®, v,, and r ; , the first optimality condition 
(2.2.3.8), L° — Rj 0, has the form 


X > I r/ — 1° I 4- v,. 


(2.2.3.16) 


The equation (L° — R t ) D° = (J can be written in another form 
if we nullify the scalar and real vector parts of the product (X + v f — 
l"° - r,) (6? - d ( ): 

(>•- v,)d5 -l- (1»- r,)6'j =---- 0, (X—v.) 61 + ( 1 ° — r,)-dj = 0. (2.2.3.17) 

The imaginary vector equation j (1° — r ; ) x d° -= 0, j --- ]/ —1. 
follows from the real vector equation in (2.2.3.17), according to 
which either d° is collinear with r, — 1° for every 6” ^ | d“ | or 

d" t). Since X — v ; 0, Eqs. (2.2.3.17) are equivalent to 

dV - 6" (r,- 1°)/(X- v f ), ((X- v,)*- lr, - 1°|)- 6‘! = 0, (2.2.3.18) 

in the opposite rase (X —- v, for a certain i in (2.2.3.10)) for i k 
we obtain 1° r;, with the result that inequalities (2.2.3.18) and 

(2.2.3.12) become incompatible. The opLimal decision vector can be 

written in the form (2.2.3.14). where p“ 6“ (X — v,) is nonnegative 


in accordance with the inequalities 61^0. X > v f , and (2.2.3.10), 
while I" is determined by the set {u“} in accordance with the fact that 

HI 

^ d', ! (). The second equation in (2.2.3.18) implies that inequal- 

iT’n 

ilies (2.2.3.10) become amplitudes for the values of i for which 

HI 

6" pi (X — v /; 0. Multiplying (2.2.3.10) by ^ p“ and finding 

i=n 

X from the condition that ^ 6" 1 forfi" u‘, ! (7.— v f ) p"|r, — 1 0 1 -- 

i " 



l «r;i:x 


we get condition (2.2.3.13) for 
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determining {|x?}. Since Tr L° = X, the maximal intensiy of (2.2.3.9) 
is equal to (2.2.3.15). The proof of the theorem is complete. 

Note that the equalities in (2.2.3.13) must be true for at least 
two indices i and k, since there is no such set {pi E -}, pi E =/= 0, for only 
one subscript i that satisfies the ith inequality. For every pair r f 
and for which (2.2.3.12) is valid there is a unique solution of the 
ith and &th equalities in (2.2.3.13) with p ; - = 0 for all / i, k , 
Hi > 0. Ha > 0: 

Hi = (! *k — T i I + v* — V/)' 1 , Ha = (I r < — r* I -f — v*)" 1 , 

but such a set {pi,} may not satisfy the other inequalities in (2.2.3.13) 
for j i, k. If there exists a pair r f , r A for which all the inequalities 
in (2.2.3.13) are valid at pi; 0 only when j — i, k, then the optimal 
decision vectors d° are zero for j =/= i , k (see (2.2.3.14)) and 

d? = (r , — r k )/2 | r, — r k |, d% = (r* — r,-)-2 | r h — r* |. 

Here the optimal decision operators D\ = | d" | -- d') are orthogonal 
and correspond to an error intensity x 0 — ( v i + v a) 2 | — r h | 2. 

In the case where the optimal operators D\ are nonzero for more 
than two i’s, they define a nonorthogonal decomposition of unity 
in the two-dimensional space if = C 2 . We will not try to find a gener¬ 
al analytical solution to the system of equation (2.2.3.13) with 
pi; =t*= 0 for more than two /’s; rather, we will give a geometric inter¬ 
pretation of such a solution. 

2.2.3.4 Geometric Interpretation 

Let us represent the Hermitian operators (2.2.3.10) by 
points r — (v, x, y, z) = (v, r) in the four-dimensional Minkowski 
space A 1+3 . To every nonnegative operator there corresponds a point 
inside the light cone v = [ r |. In these terms a priori neither the 

A’tli nor the ith hypothesis is dominant at R, = (v ; — r ; ) 2 and 

Rh — (\’h + r/,)/2 if and only if the interval r, — r h -- (v, — v>, 
r,- — r /( ) is spacelike. In accordance with (2.2.3.16), point 1° = 

(/, 1°), which represents the operator L° = (-- 1°), is the apex 
of the four-dimensional cone 

Y(l) = {r = (\, r): v -X +|r— 1® | =. 0} (2.2.3.19) 

covering all the points r, — (v ; , r ; ) and containing the subset 
{'Va) {r ; } of the boundary points r ia satisfying (2.2.3.16). On the 

other hand, the optimal points l are only those whose projections 1 
belong to the convex hull of the boundary subset of the spatial 
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projections r j , a = l), . . s, .v ^ m: 


V Tj IT; _ I v It- __ J 

. 1 J a — *» - — J rx 

a=0 a=0 


(2.2.3.20) 


where, in accordance with (2.2.3.14), jt^ = p, / 5] Hi a > 0(p; —0 

a a a=0 

if r, is covered by cone (2.2.3.19): v, -j- |r,- — 11 ^ X). We will say 
that I he subset {r J(i } has an apex if the points r ia lie on the cone: 
/ cz ¥- (l) with an apex l whose spatial projection I is a point 
on the convex hull {r^}. In these terms Theorem 2.2. 3.2 
can be formulated as follows: 

Theorem 2.2.3.3 To solve the problem oj optimal recognition of 
points r,- (v f , r ,), i = 0, . . ., m, separated by spacelike intervals 
(2.2.3.12), it is necessary and sufficient to find a subset {fj a } with an 
apex l u belonging to a cone that covers all other points of set {r,-}, that 
is, to specify a subset of vectors r Ja cz {r, }, a — 0, . . ., s whose convex 
hull contains vector 1 ° with respect to which the sum | r ia — 1 ° [ — v/ a 

is the constant X: 

|r ia - 1°| + v ja =X, a*<0, (2.2.3.21) 

while | r, — 1° | v f ^ X for all other indices i £ {j a }. The optimal 
decision operators are represented by points on the cone d° (6°, d;), 
6" | d“ |, with spatial vectors 





(2.2.3.22) 


where jt" 0 for i (J {/ a }, and {n^, a = 0, s} is any nonnega¬ 
tive solution to the system of equations (2.2.3.20). The minimal intensity 
in this case is 


*° = ^! (V|+ |r, — 1°|) Jif. (2.2.3.23) 

i=0 

Xote that every pair of points r,, r k separated by a spacelike 
interval defines, via two equations from (2.2.3.21), j a — i, k, a set 
of points If H 1+3 whose difference of distances to the points Tj and 
r,, is constant: 

| I" - r* | - | I" - r, | v, - v*. (2.2.3.24) 


These points lie on one of the two sheets of the hyperboloid of revol¬ 
ution with fori at r, and r, ( and eccentricity c | r f — r* |/ 
I Vf — V* | > 1. Here, if v, - v ; ,, the hyperboloid (2.2.3.24) becomes 
a plane normal to the segment r,nj r,,;ii (n >0, n f rtf, = 1) 







2. Design of the Optima) Dynamic Analyzer 


207 


at point (r ; -)- r,,)/2, while if V; v h , we select the sheet in whose 
plane lies the focus with the higher intensity, v f or v ft . Obviously, 
if the subset {r Ja }has an apex Z, the spatial projection 1 is the com¬ 
mon point of all the hyperboloids (2.2.3.24) corresponding to all 
the pairs of the set {r< } that belong to the convex hull {r ; - a }. We will 
call this point 1 the center of {rj a }. The uniqueness of operator L° 
implies that the apex of set {r ; - a } representing L° is unique, which 
means that the center of {r, a } is unique, too. It can easily be shown 
that for every vector I of the convex hull {r ; - a } the system of linear 
equations (2.2.3.20) has a unique solution {it° a } if and only if vectors 
ij a — Tj , a -- 1, . . ., s, are linearly independent. 

2.2.3.5 Simplex Solutions 

The reader will recall that a convex hull of a set {r f ) 

a 

of points Tj , a — 0, 1, 2, 3, is called an s-simplex (a segment if 
■s = 1, a triangle if s = 2, a tetrahedron if s ----- 3, and so on) if the 
vectors r^ 0 , r ; - , a = 1, . . ., s, are linearly independent. It is well- 
known that each s-dimensional face (an s-face) of an n-simplex 
(n ^ .s) is a simplex, too. We will call a subset that generates a 
simplex convex hull a simplex subset. 

Theorem 2.2.3.4 The problem of optimal recognition of polariz¬ 
ations {r f , i = 0, . . ., m} always has a solution that can be described 
by the simplex set {d;^, a - 0, . . ., s}, s sC m , of the nonzero rectors 

(2.2.3.22) corresponding to the simplex subset {r^} ^ {r,} with a cen¬ 
ter at 1° and a maximal sum 

^i a ~r I r j a |0 1 — max {v,-p |r, — l°l}. 

i=0, . . . ,wi 

This solution is unique if and only if the s-simplex generated by subset 
{ry a } is an s-face of the convex hull of all vectors r, o , . . ., Tj m with a 
common center 1°. 

Proof. By Theorem 2.2.3.3, the solution to the problem considered 
here is reduced to finding the cone (2.2.3.19) that covers all points 
{r,} and has an apex 1° with a projection lying inside the convex 
hull of projections {r ; - a } of the tangency points rj . Obviously, there 
is always such a cone. Let n ^ m be the number of tangency points 
rj , a = 0, . . ., n. If the subset {r ; - , a = 0, . . ., s}, s = m, is a 
simplex set, the validity of Theorem 2.2.3.4 is obvious. If this 
subset is not a simplex, then the convex hull {r ; - } can be partitioned 
into several simplexes with a common vertex via diagonal planes 
(r ; - 0 ,r; a , r Jfj ) or diagonal lines (r^, r, a ) when all the vectors r^ 
are coplanar. Hence, the center 1° is an interior point of one of the 
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s-simplexes (s < n ^ m) willi apexes r^, o = 0, . . t, which are 
the projections of the tangency points and determine the unique 
positive solution {n“ a } of system (2.2.3.20). The set {d“ } of nonzero 
vectors (2.2.3.22) is a simplex set if and only if the set {r; a } is a 
simplex and determines the optimal solution with maximal quality 

(2.2.3.21) and minimal error intensity (2.2.3.23). When center 1° 
is an interior point of a nonsimplex convex hull of the projections 
of tangency points, the optimal simplex solution is not unique (the 
partition into simplexes is not unique) and there are also optimal 
nonsimplex solutions. But if point 1° is a boundary point of the 
convex hull, that is, an interior point of an s-face, the optimal solu¬ 
tion is unique if the fare is an s-simplex. 

Corollary To solve the problem of optimal testing of several hypoth¬ 
eses in the two-dimensional space E — C 2 , it is sufficient to limit 
oneself to s — 1 4 solutions .... /, corresponding to a simplex 

subset of hypotheses r /0 , .... r^. Each such solution procedure can be 
realized in an indirect measurement described by an orthogonal decom¬ 
position in the observation space ■§£ = C 2 ® C 2 . 

Indeed, in the three-dimensional space It 3 there is not a single 
simplex subset r ; - o , . . ., r; s for s > 3 and, therefore, for every m 
there always exists an optimal decomposition in the two-dimensional 
spare f consisting of s — 1 ^ 4 nonzero derision operators D° a = 

b" a r d“ a of rank 1. It is well known that each nonorthogonal de¬ 
composition of unity in operators £>>„, . . ., Dj s of rank 1 ran be 
extended to an orthogonal decomposition in an (s — l)-dimensional 
space t c~ -Off.. Hence, we can limit ourselves to the four-dimensional 
measurement space -Vt , which can always be represented as the tensor 
product of two-dimensional spaces g: ■yf. — % ® £, corresponding 
to the composition of two identical systems. 

Note that the optimal solution may be degenerate (in the sense 
that a hypothesis r f may correspond to D t — 0) even if the set 
r„, . . .. r m is a simplex set (m 3), for example, at m = 2, v 0 = 
v, = Vo, if the vectors r 0 , r, and r 5 form an obtuse triangle. 

In conclusion of this section we will consider two particular rases. 

(I ) Optimal recognition of pure polarization. Here the polarizations 
are normalized to a priori intensities: | r f | =- v f , with the represent¬ 
ative points rj (v,-, r,) belonging to the cone v - | r |. Expression 

(2.2.3.21) , which determines the subset of points r Ja of tangency of 
this cone anil the covering cone (2.2.3.19), has the form 

l'i a -»°|--|r; a | = £. (2.2.3.25) 

In relation to tj this is the equation of an ellipsoid of revolution 
with foci at <> and 1" and eccentricity f | 1° | k < 1. In accordance 
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with (2.2.3.16), all the other points r, (J {r ; - a } must lie inside the 
ellipsoid. Hence, the problem of optimal recognition of pure polariz¬ 
ation is reduced to finding the ellipsoid described about points {r ; } 
with foci at 0 and 1°, where 1° is an interior point of the convex hull 
of the points of tangency {r ; - a }. The quality x° of the optimal solution 

o 

is equal to the length of the major axis of the ellipsoid, X. 

(2) Optimal recognition of equi-intensity polarizations. The a priori 
intensities v t — v„, i = 1, . . ., m, and the corresponding points 
are points of the hyperplane v = v 0 . The density operators R t = 
(v r ( )/2, all having the same trace v 0 , are represented by normaliz¬ 
ed vectors, | r f | ^ v 0 . The intersection of the covering cone (2.2.3.19) 
and the hyperplane v = v 0 is a sphere | r — 1° | = p of radius 

p = A — v 0 . Hence, the problem of optimal recognition of equiprob- 
ahle polarizations is reduced to finding a sphere described about all 
points r t : | r — 1° | jgf p with radius p and centered at 1°, the center 
belonging to the convex hull of the tangency points r ; - a : | T ja — 1° | = 

p. The radius p = A — v 0 determines the maximal intensity (2.2.3.15): 

x° = p + v 0 = A (2.2.3.26) 

(p ^ v 0 since | r ; | ^ v 0 for all i’s). The minimum of intensity 
(2.2.3.26) is obtained at p = v 0 : x° = 2v 0 . This corresponds to the 
typical equiprobable case | r ; | = 1, when there is at least one sim¬ 
plex subset {r^ } for which the center 1° = 0 is an interior point 
of the simplex. 

2.3 Effective Measurement 

and Estimation of Parameters of Acoustic 
Signals and Optical Fields 

In this section we develop the noncommutative theory 
of effective measurements and optimal estimation of unknown param¬ 
eters of wave patterns as applied to problems of sound and visual 
pattern recognition. We consider two variants of the lower bounds 
for the variance of the measured parameters, the variants being 
based on noncommutative generalizations [2.14, 2.31, 2.49] of the 
Rao-Cramer inequality [2.501, and introduce the notion of canonical 
states, for which we derive generalized uncertainty relations similar 
to the quantum mechanical uncertainty relations [2.11, 2.12, 2.311. 
We then establish the necessary and sufficient conditions for effective 
measurements, conditions that extend the conditions of effectiveness 
of quantum mechanical measurements obtained in [2.311 to the case 
of classical wave signals and fields. We formulate the necessary and 
sufficient conditions for the optimality of generalized measuremenls 
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of wave patterns, conditions that generalize the respective conditions 
substantiated for quantum systems in [2.32], Finally, we investigate 
the structure of optimal covariant measurements for symmetric 
wave patterns, which in the case of quantum symmetric fields has 
been studied in 12.12, 2.291. The exposition is based largely on the 
works of Belavkin [2.29-2.31], 

2.3.1 Invariant Bounds for the Variance of Parameters 

of Wave Patterns 

We will consider two variants of the lower bound for the variance 

of parameters of wave patterns, both based on noncommutative generalizations 
[2.14, 2.31, 2.49) of the Rao-Cramer inequality. In contrast to [2.14, 2.49), these 
bounds are represented in a form invariant under diffeomorphisms, the form 
will be u«ed to obtain generalized uncertainty relations and effective measure¬ 
ments of canonical parameters. 

2.3.1.1 Classical Bound 

In Section 2.2 we considered the problem of recognizing 
pure or mixed wave patterns taken from a given finite or denumer¬ 
able standard family. Generally, sound and visual patterns may 
contain unknown parameters that run through an infinite set of 
continuous values 0 £ 0 of Unite or denumerable dimensionality. 
For example, we may not know the mean frequency and the moment 
when the sound signal appears or the mean position and the wave 
number of the visual pattern, or we may a priori have no information 
on the expected amplitudes of the oscillations in the given finite or 
denumerable family of standard modes. 

It is natural to estimate the unknown parameters by the intensity 
distributions in the representations in which the wave packets with 
distinct values of 0 are clearly separated; for example, the frequency 
and position can be calculated as the mean values on the coordinate 
representation, while the mean time of arrival of a signal and the 
wave number of a wave packet can be calculated in the momentum 
representation (but not vice versa). 

We will call a family of wave packets described in a Hilbert space 
■Pf by amplitudes (To) resolvable in a representation defined by the 

decomposition of unity I = \ M (dx) on a given Borel space X if 
there exists a measurable map 0: .Y -*■ 0 satisfying the condition 
j 0(a)p e (di)- 0 j pe(<fc) V0£0, (2.3.1.1) 

where p 0 (dr) - (i|'a | M (dx) xpe) is the respective intensity distrib¬ 
ution on .V. Thus, the resolvabilily of the family {iji 9 ) means that 
it is possible to calculate the unknown 0 £ 9 in a given representation 
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given the observed distribution of the p e as the mean values of a 

function 0 (x) known as the unbiased estimator of parameters 0. 

It is natural to define the quality of the resolvability of family 

{ , 'l , e} by the size of the variance of the unbiased estimator 0, assum¬ 
ing that the quality for a given 0 is all the higher the smaller the 
standard deviation from 0 in the distribution induced on © by the 
measure p e of the wave packet To find the lower bound for this 
variance, we can use the classical Rao-Cramer inequality [2.501 
if the measure p 9 possesses the appropriate differentiability prop¬ 
erties in 0. For the sake of simplicity we take the case of one param¬ 
eter 0 £ 01. If we assume that there exists a second moment for the 

logarithmic derivative ye = d In p 9 /d0, which is the Radon-Niko- 
dym derivative of measure p 9 = dp 9 /d0, or 

p e (dx) y e (x) = dpe (dx)/OQ, (2.3.1.2) 

we can easily obtain the inequality 

j) (0 (x) — 0) 2 p e (dx) j (y 9 (x) —ye) 2 pe (dx) > J%, (2.3.1.3) 

where = j Pe (dx) is the total intensity of the wave packet i|)e, 

and y e is the mean value of ye: 

/eye = j 7e (x) p 9 (dx) = Jg = 2 Re (tf'el'I'e)- 

Inequality (2.3.1.3), which implies the inverse proportionality of 
the standard deviations <Ji ^ l/a A or variances 

» Y 

<te = j (0(x)-6) 2 pe (dx)IJ e , o* = \ (y e (x)—0) 2 p e (dx)/J e 

(2.3.1.4) 

follows in an obvious manner from the Schwarz inequality if we 
allow for the fact that the right-hand side can be represented, in 
accordance with (2.3.1.1), in the form of the square of the scalar 
product 

j 0 (x) pi (dx) — 0/g = j (0 (x) — 0) (y 0 (x) — y e ) p e (dx). 

In a more general situation, where the estimated parameters 0 = 
[0‘liLi are differentiable functions 0 (a) of unknown parameters a = 
of the density operators of mixed wave patterns S (a), we 
can easily obtain a matrix Rao-Cramer inequality that is invariant 
with respect to the choice of the state parameters: 

R > Da^Dx, 

V Y 


14« 


(2.3.1.5) 
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■where D — | d0'/da A | is the Jacobian of the ai->9 transformation, 

R — a- » is the covariance matrix 
e e 

R ih (a) j (0 1 (x) - 6* (a)) (0* (x) -0* (a)) p (a, dx) 

(2.3.1.6) 

of unbiased eslimators 0' (x) with respect to p (a, dx) = 
Tr S (a) .1/ (dx), 

j 0' (x) p (a, dx)--: 0' (a) J (a), ./ (a) --= Tr 5 (a), (2.3.1.7) 

and a* » is a similar covariance matrix for the logarithmic derivatives 
v v 

Yi, =- d In p (<x)/da h , k 1, . . ., n. We will derive the inequality 
for the general noncommulalive case. 

2.3.1.2 Symmetric Bound 

The lower bound of inequality (2.3.1.5) depends, natur¬ 
ally, on the choice of the representation determined by the method 
of measurement. By using the noncommutalive analog of the loga¬ 
rithmic derivative introduced by Ilelslrom, we can obtain a more 
exact bound for the variances of the unbiased estimators that does 
not depend on the choice of representation. 

If we assume that the family {5g} of the trace class density oper¬ 
ators is strongly differentiable in 0 in a certain region 0, we can 
define a symmetric logarithmic derivative by the following equation: 

geS 9 5 0 gg 2Sq. (2.3.1.8) 

It is easy to show (see [2.13]) that if | Tr (S^x) |- c Tr (5gx 2 ) 
for every Hermilian operator x, the solution to this equation exists 

and is unique, with Tr (5ggg) < oo. 

Let us consider the operator 

0 (x) !\f (dx), Tr(5gx)^07g, 

determined by the unbiased estimator 0 for a fixed measurement .1/. 
Since 

j (0 (x) —0) 2 po (dx) Tr (.<?„ j (() (.r)-Of-.l/ (dx)). 

Tr 15d J (0(i)- x) .1/ (dx) (0 (x) —x) |- (.r —0) 2 ) > Tr |5 0 (x -0)*|, 
it is sufficient to liud the lower bound of the variance at of operator x. 
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By analogy with the commutative case we have 
Je = Tr (xSe - 0/'e) = Tr [(x- 0) S' e ] = \ Tr [(x -0) (g e S e + S 0 g 9 ) 1 
= Tr (5 e ((a — 0) (ge — Ve) + (ge ~ Ve) (x — 0))I 
= <x — 6|g 0 — Ye>+- 

Thus, the total intensity J e is equal to the symmetrized scalar 
product with respect to of the operators x — 0 and ge — Ye> where 
y e = J' e /J e is the mean value of the operator ge of the logarithmic 

derivative, and J’ e = Tr (S e ge) = Tr S' e . Applying the Schwarz 
inequality 

| {x— 0 | g 9 - Ye>+ | 2 <<x-0 | x— 0>+ (g e —Ye | ge — Ye)+. 
we arrive at the sought inequality: 

o»>Tr [S e {x— 0) 2 l// e =aj>/ e /Tr[5 0 (g e — Ye) 2 ] = l/a» 0 . 

(2.3.1.9) 

Thus, the variance of any unbiased estimator cannot be smaller 
than the inverse variance of the operator of the logarithmic deriv¬ 
ative (2.3.1.8): 

a: „ = Tr [S e (g e - ye) 2 ]Ue. (2.3.1.10) 

u B 

A similar result can he obtained in the case where there are several 

parameters 0 = [0']iLi for the estimator 0 ( x) — [0* (x)]jLi satisfy¬ 
ing the unbiasing conditions (2.3.1.1), which when met make matrix 

(2.3.1.5) the covariance matrix of estimators 0*, and the mean square 
error at a fixed i? e assumes the minimal value. 

For the covariance matrix /f 0 , llelstrom [2.14] has established 
the lower bound by assuming that the operator function S B — S (0) 
is differentiable and using the concept of the operators g; of partial 
symmetrized logarithmic derivatives of the functions S (0) in 0*. 
He defined these operators by the following equations: 

g;S e -I- S egi = 2 (0S 9 W). (2.3.1.11) 

As in the classical case [2.50], this bound is defined by the matrix 
Ge = || Giu (0) || of the covariances of the solutions gi = gi (0) of 
Eqs. (2.3.1.1). This matrix for noncommulative g, is taken in sym¬ 
metrized form 

Skgi) 2) 


Gin (0) = Tr (5 fl (gig* 


(2.3.1.12) 
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(the mathematical expectations of Tr (Sag, (0)) are equal to zero). 
The corresponding inequality has the form 

R e >Ge\ eee ( 2 . 3 . 1 . 13 ) 

and is understood as the nonnegative definiteness of matrix 
(0) — G ik (0)1, where G ih (0) are the elements of the inverse 
matrix Gg 1 : G'i (0) Gj h (0) = 6j. Inequality (2.3.1.13) is the non- 
commutative analog of the Rao-Cramer inequality [2.50). The matrix 
Gg plays the role of a metric tensor locally defining the distance 
a (0, 0 -j- dti) = Gp, (0) d0' dQ h in the parameters space 0, similar 
to the Fisher information distance in classical statistics. 

We now turn to a more general situation where the state parame¬ 
ters are not the measured parameters 0' but other parameters a = 
{a*, l\ = 1, S = S (a). The parameters 0' are differentiable 

functions 0' = 0' (a) of the unknown parameters. The respective 
generalized Helstrom inequality (2.3.1.13) represents a bound for 

the covariance matrix R = R (a) of the estimators 0* in a form 
invariant with respect to the choice of the variables of state S (a), 

R > DG~'D T , (2.3.1.14) 

where D = | dd’ da h |, and G =G (a) is the covariance matrix 
(2.3.1.12) of the operators g h = g h (a) of symmetrized logarithmic 
derivatives of the operator function S (a) in a*. 

Inequality (2.3.1.14), which is equivalent to inequality (2.3.1.13) 
only if m = n and matrix D = D (a) is nonsingular, can be verified 
by a line of reasoning similar to the one that will lead us to inequality 
(2.3.1.17) (see Section 2.3.2.5). 

Inequality (2.3.1.14) can be reduced to the classical Rao-Cramer 
inequality only where the family {S (a)} is commutative. For non- 
commutative families other generalizations [2.22] of the Rao-Cramer 
inequality are possible, generalizations that are based on other 
definitions of logarithmic derivatives and that lead to other lower 
bounds for R differing from the invariant Helstrom bound DG~ l D T . 
For real-valued parameters a these generalizations may serve equally 
well as analogs of the Rao-Cramer inequality and coincide only if 
{S (cc)} constitutes a commutative family, in which case they are 
reduced to the classical Rao-Cramer inequality. However, in the 
event of complex-valued parameters a a special invariant generaliz¬ 
ation of the Rao-Cramer inequality becomes especially important. 
It is based on the notions of right and left logarithmic derivatives 
and was suggested independentlv bv llelavkin 12.31] and Yuen and 
Lax 12.491. 

Lot us assume that the parameters a* are pairs (ot('. a5) represent¬ 
ed by complex numbers: rt h jo tj, a -- (a*) 6 C". The 

estimated parameters O' O' (a. a), i 1. . . ., hi, are assumed 
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to be functions independently differentiable in a and a. 3 Let ns 

define the non-Hermitian logarithmic derivatives of S = S (a, a) 
thus: 

Sh h = dS/d a\ h%S = dSlda h , k = 1, . . n. (2.3.1.15) 

The operators h k = h k (a, a) are called the right derivatives with 
respect to a h (and the operators h\ the left derivatives with respect 
to a) and have zero mathematical expectations. The covariance 
matrix 

Hu, (a, a) = Tr [5 (a, a)] h t ht (2.3.1.16) 

is Hermitian and, assuming it is nonsingular, defines a positive 
definite metric ds 2 = H ih da' da h in a complex domain (9 a C n 
of the unknowns a £ (9. 

Suppose that a joint measurement of the parameters 0’ is described 

by a decomposition of unity that defines the estimator 0. This estim¬ 
ator is represented by a vector quantity that, in general, assumes 
complex values x = {x 1 } £ C m , is represented by a conditional 
distribution p (dx | a, a) = Tr [M (dx) S (a, a)], and satisfies the 
unbiasing condition (0 1 ) = 0 1 (a, a). Then the mean square error 
of measurement is determined by the matrix R = R (a, a) of co- 

variances R ,h = ((0* —0 1 ) (0* —0*)*), for which the following 
inequality holds true: 

R^DH-'D*, (2.3.1.17) 

where D = D (a, a), as in (2.3.1.14), is the matrix of the derivatives 
dQ'/da k , and D* is the respective Hermitian conjugate matrix. 

Even in the real case, that is 0 1 = 0 ! , inequality (2.3.1.17) leads 
to a lower bound that differs from the Helstrom bound (2.3.1.14). 
We will call the lower bound in (2.3.1.17) the right bound. Other 
bounds can also be considered, say, the left bound, which is based on 
the left logarithmic derivatives with respect to a. The proof of all 
such inequalities is similar to that of inequality (2.3.1.17), which 
is given in Section 2.3.2.5. The right bound in (2.3.1.17) is invariant 
under replacement of derivatives with respect to a h by derivatives 
with respect to new variables p* = (a) only if the functions 


3 The derivatives d/da and d/da are defined in terms of the partial 
derivatives d/da l and d/da 2 in the common manner: 

d/da = (d/da x + jd/d a a ), 
d/da = ~ ( d/da 1 — jd/d a 2 ). 
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p* = p fc (a) are analytic, that is, dfWda' = 0, and the matrix of 
derivatives d$ h !da' is nonsingular. Hence, the use of inequality 
(2.3.1.17) in invariant form R ^ where, as in (2.3.1.13), we 
employ derivatives with respect to the estimated parameters 0' 
(but, in contrast to (2.3.1.13), right derivatives rather than sym¬ 
metrized are used), is inexpedient since the condition for the equiv¬ 
alence of these inequalities includes not only the condition that 
matrix D he nonsingular but the analylicity condition 0Q' da h = 0 
as well (that is, the independence of functions 0* (a, a) on a), which 
is not our initial assumption. A similar situation for complex-valued 
parameters a exists in the classical case. 

2.3.2 Generalized Uncertainty Relations 

and Effective Measurements of Wave Patterns 

In this section we will introduce the notion of canonical families 
of wave patterns for whose canonical parameters we will establish uncertainty 
relations that generalize the quantum mechanical uncertainty relations obtained 
in the one-dimensional case by Helstrom [2.13j and in the case of multidimen¬ 
sional Lie algebra by Belavkin [2.311. We will then find the limit of accuracy 
in estimating the canonical Lie parameters of wave patterns and prove that 
such limits are exact only for canonical signals for which there are effective 
measurement or quasimeasurement procedures. The discourse will follow the 
scheme suggested in [2.311; for examples of uncertainty relations [or quantum 
systems the reader is advised to turn to [2.12, 2.131. 

2.3.2.1 Canonical Families and Uncertainty Relations 

In classical mathematical statistics an important role 
is played by canonical, or exponential, families of probability 
distributions, for which a special selection of parameters 0 and a. 
makes the Rao-Cramer hound exact. In Section 2.3.2.3 we will 
prove that in the noncoinmutalive case a similar role is played by 
density operators of the form 

S(p,F) (2.3.2.1) 

where the x h ,k 1, . . ., it, are linearly independent operators in ,i#.\ 
which may be non-ilermilian (xj x, ( ) and may not commute with 

the conjugate operators (x^x* =/= xlx;), and y y (P> P) > s 'l |e 
generating function of the moments of these operators in stale S 0 : 

y(P, P) Tr5 0 /^ sk ^, (2.3.2.2) 

which is Unite (y < oo) in a neighborhood of zero P It of the 
complex space The family of density operators (2.3.2.1) will be 
said to he canonical and the parameters p\ canonically conjugate 
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to the x h . In contrast to the commutative case, even for Hermitiart 

operators x h it is meaningful to assume that the conjugate parameters 
P 4 may have complex values. 

Of special interest is the case, which has no classical analog, of 

canonical states (2.3.2.1) where the p* are imaginary and the x k 
are Hermitian. The parameters 0* = Im pV(2jt) acquire a dimension¬ 
ality and meaning of quantities that are dynamically conjugate to 

the x h ; for instance, if x is frequency, 0 is time, if x is momentum, 

0 is displacement, if x is angular momentum, 0 is the angle of rotation. 
The canonical states (2.3.2.1) at p* = 2JI/0* assume the form 

S e = e 2njek *>'S l) e- 2niehx >‘ (2.3.2.3> 

and are unitary equivalent to state S 0 , which corresponds to a zero- 
value of 0. It has been established that if we put a = p and apply 
inequality (2.3.1.17) to the canonical family (2.3.2.3), we arrive 
at the exact formulation of the generalized uncertainty principle 

for any pair of dynamically conjugate quantities 0 ft and x h , where 
the first quantity in the pair may not correspond to the Hermitian 
operator that meaningfully describes in $£ the measurement of this 
quantity. 4 

Differentiating (2.3.2.1) with respect to p ft and comparing the 
result with (2.3.1.1), we get 

hi = Jr (x-^S = i, (P)- e«, (2.3.2.4) 

<?p f 

where x t (P) = -4r- e**** k , and 0; = —In % Tr [Sz; (p)]. 

Matrix (2.3.1.16), therefore, is the covariance matrix. 

H ih = Tr IS (i, (P) -0,) (x h (p)- 0*)*] = (2.3.2.0). 

Op 1 ap« 

of the operators x t (p) analytic in p and coinciding with x t at p = 0. 
The inequality (2.3.1.17) in the neighborhood of point p = 0, 


4 The Heisenberg uncertainty principle is usually proved only 
for such dynamically conjugate quantities described by noncommutative opera¬ 
tors p and q that satisfy, say, the commutation relations [ p, q] = 1/2 nj. The 
proof employs the well-known scalar inequality ((p — (p)) 2 ) ((? — (?)) 2 )^ 

I (Ip, ?1) l 2 /4, which is valid for any pair of operators p and q. Strengthening 
and matrix multidimensional generalization of this inequality in terms of the 
covariance estimations of an arbitrary family of noncommutative operators are 
suggested in [2.21], 
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therefore, can be written in the form of the uncertainty relation 

R > DS-'D+, (2.3.2.6) 

which establishes the inverse proportionality between the matrix 
S = || S ih || of the covariances 

S,„ = Tr [S (P, P) - p ( ) (x„- (2.3.2.7) 

of the operators x f , Tr [5 (P, P) Xjl = p,, and the covariance matrix 
7? of the estimators 0' of the functions 0* (P, P) of the conjugate param¬ 
eters p and p. At 0 = p, (2.3.2.6) assumes the canonical form 
R > S- 1 . 

In the scalar case (n = 1), x (P) = x for every p, and the uncer¬ 
tainly relation (2.3.2.6) transforms into strict inequality in the entire 
•domain G $ p. Putting 0 = Im p/(2n) and allowing for the fact 

that d0'dp = we obtain at x* = x the generalized uncertainty 

relation 

(2n)- R b > (1/4) S-' (2.3.2.8) 

in terms of the variances 7? e = ((0 — 0) 2 ) 0 , with S = Tr [5 0 (x — 

valid for any pair of dynamically conjugate quantities 0 and x 
■delining the canonical family (2.3.2.3). For the quantum case of 
pure states S 0 = | i|j 0 ) (i(i 0 |, the scalar inequality (2.3.2.8) lias been 
derived from inequality (2.3.1.13) by Ilelstrom [2.11] by a compli¬ 
cated procedure for calculating the matrix elements of the operators 
of symmetrized logarithmic derivatives. 

In the multidimensional case, when the operators x,, are pairwise 
commutative (but not necessarily with xj and S 0 ), the situation is 
the same: x h (P) — x h for every |i 6 0 and inequality (2.3.2.6) is 

•strict. The averages p,, and the covariances (2.3.2.7) at x h =- xj and 
P* 2.i/0* are independent of 0 and, therefore, coincide with the 

respective values at 0 - 0: p,, = Tr (SoX,,) and 

S ih - - Tr (S 0 (i, - p f ) (i* - p M )). (2.3.2.9) 

The uncertainty relation (2.3.2.8) in this case acquires a matrix 

meaning: 7? e is the covariance matrix of estimators O' of the canonical 
parameters belonging to a translation group in state S B , and S 

is the covariance matrix (2.3.2.9) id the generators x h of this group, 
delining the lower hound S~' I tin 2 for R B uniformly in every 0 6 31". 
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We now take up the case of noncommutative {x*}. Suppose that 
the operators Xj, form a Lie algebra: 

XiX h — x h x- t = CihXj, (2.3.2.10) 

where dk are structure constants. Here the operators x t (p) in 
(2.3.2.4) are linear combinations of the generators x t : 

i i (p)=L-*(-p)|i / , (2.3.2.11) 

with L (£) = £* C h (/ — e - ^)" 1 an n-by-n matrix that exists in 
a neighborhood 0 6 C n of zero t = 0, and the C h = || C{h || are 
the generators of the adjoint representation of the commutation 
relations (2.3.2.10). Expressing the covariance matrix H of the 
operators (2.3.2.11) in terms of the covariances (2.3.2.7) of the 

generators x f , we get instead of (2.3.2.6) the inequality 

R^DL + S- 1 LD + , (2.3.2.12) 

where L = L (— P). In the case of (2.3.2.3), the family of S B is 
unitary homogeneous with respect to the Lie group with Hermitian 

operators x h and canonical parameters 0 h . Similarly to (2.3.2.8), 
we obtain a more general relationship 

(2n)2i?e>|Lj5- 1 L e , (2.3.2.13) 

where L B = Q i G i (I— e~ iehc ’ h )~ i , G k = 2njC h . Inequality (2.3.2.13) 
determines in the domain O d 3l n of convergence of the series 
expansion 

(I-e- 6h °»)- 1 =. S e- m9hG *, 0 = {e i }£ 0 , 

T7l=0 

the lower bound of the mean square error in estimating the canonical 
parameters of the unitary representation e * of a Lie group. 

2.3.2.2 Effective Measurements and Quasimeasurements 

In classical statistics, estimations whose covariance 
matrix assumes the minimal value and thus transforms, locally or 
globally, the Rao-Cramer inequality into an equality are known as 
effective (locally or globally, respectively). In the noncommutative 
case, the concept of effectiveness introduced by analogy with the 
classical concept loses its universality because the generalization 
of the Rao-Cramer inequality is not unique and the definitions of 
locally effective estimates [2.14, 2.22, 2.49] based on different 
variants of this generalization are not equivalent. For this reason 
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we distinguish between the effective measurements (or estimates) 
for which the invariant Ifelstrom bound (2.3.1.14) is attained and 
those for which the right bound (2.3.1.17) is attained, with the former 
called Helstroni effective and the latter, right effective. As we 
show below, the notion of right effectiveness is more universal: 
measurements that are Helstrom effective are right effective, but not 
vice versa. Let us first prove that Helstrom effective estimates exist 
globally for canonical families of density operators (2.3.2.1) if the 

operators x h are Ilermitian and pairwise commutative and if for 
the estimated parameters 0 we take the derivatives 0,, = d In y dx* 

h* — 

of the generating function y (x) = Tr (5 0 c x X(l ), where x — fl - p. 
The parameters 0 ft selected in this manner coincide with the averages 
defined by the canonical subfamilies of the density operators, 

5 (x) = r' (x) e x * V 2 s oe ** V 2 , (2.3.2.14) 

with lmp* = 0: 

0* (x) = Tr [5 (x) ift] = d In y/dx\ (2.3.2.15) 

Taking for parameters a h the canonical parameters x* and differenti¬ 
ating the operator functions (2.3.2.14), we obtain the symmetrized 

logarithmic derivatives in y. h : g h = x h — 0,.. Thus, the covariances 
(2.3.1.12) coincide with the covariances of operators x h , 

Gih — Tr [5 (x) (X, — 0,) (^— 0ft)] = * (2.3.2.16) 

dy.< dxh 

which are equal to the derivatives d0j,dx* defining matrix D in 
(2.3.1.14). Therefore, inequality (2.3.1.14) assumes the form It ^ G, 

or [[ tt ih — C f ft || ^ 0, where It ih — ((0 ; — 0,) (0,. — 0,.)) are the 

covariance of the unbiased estimators 0 )t : (0 ; ,) -- 0,,. If for these 
estimators we take the results x k of measurements of the observables 

x h (which are compatible), then matrix It assumes the minimal value 
It Thus, for the canonical families (2.3.2.14) with commutative 

operators x t , there exists a Helstrom effective measurement of the 
functions (2.3.2.15) of the canonical parameters x (i , which is the 

usual compatible measurement of the observables x h . The domain 
of this effectiveness, obviously, coincides with the domain (') cz .T" 
for which y (x) < oo, x £ 0. 11 has been established that the converse 
is true in the following sense. 

Let the estimators Oft (i.e. the results of a measurement) have 
averages 0,, (a) and covariances H,,, (a) that are differentiable in 
a certain domain, and let the matrices It | H ih (ot)|, D - lull, 
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satisfy the conditions 

d (R~ i D){lda. i = d (R' l D{)/da l1 (2.3.2.17) 

(the regularity conditions). We can then introduce the canonical 
parameters x* = x* (a) defined uniquely by the derivatives 
dyJ/da. h = 2 (R-'D)l if we put x* (a 0 ) = 0 for a fixed a 0 . It can 
easily be verified that for a family of density operators S (a) of 
canonical form (2.3.2.14), with x* = x A (a) differentiable functions 
possessing a nonzero Jacobian, the regularity conditions are met in 
an effective measurement at 0* (a) = d In (x (x (a))/dx ft such that 
Rit, = G ih (x (a)) and 2 (R~'G)l = dn'/da. h . Proof of the converse 
assertion that under the regularity conditions the global Helstrom 
effectiveness comes into play only for canonical families (2.3.2.14) 
is given in Section 2.3.2.5 for a more general situation involving 
complex variables. 

Hence, we have proved the following 

Theorem 2.3.2.1 Under appropriate regularity conditions, in¬ 
equality (2.3.1.14) is transformed into an equality in a certain domain 
O c !T if and only if the family of density operators S (a) has the 

canonical form (2.3.2.14), where x u , k — 1, . . ., n, are commutative 
Hermitian operators in -W, and the canonical parameters v. h , k — 1, . . ., 
n , are functions of parameters a defined by the equations 

d In %/dx k = 0 A (a), k = 1, . . ., n. 

2.3.2.3 The Theorem Regarding the Canonical Form 
of the Family of Density Operators 

Suppose that in a certain domain 0 c: C" the unbiased 

estimators Q h possess averages 0 ft (a, a) and covariances Ru, (a, a) 
that satisfy the regularity conditions (2.3.2.17), to which we adjoin 
the analyticily condition 

-4- /?-•£> = 0. (2.3.2.18) 

dak 

Here we can introduce, as we did in Section 2.3.2.1, canonically 
conjugate parameters — (S' 1 (a) via the equations d$'/da h = 
(R-'D)}, and conditions (a 0 ) = 0 for a fixed <x 0 £ 0 with the 
functions (1'‘ (a) being analytic in view of conditions (2.3.2.18). 

Theorem 2.3.2.2 Under the formulated regularity conditions, in¬ 
equality (2.3.1.17) is transformed into an equality in a certain domain 
0 S C n if and only if the family {5 (a, a), a £ 0} has the canonical 

form (2.3.2.1), with S 0 = S (a 0 , a„) for an a 0 £ 0, the operators x h , 
k simultaneously possess in the property of the right 
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proper decomposition of unity 

I = j Af (dx), x k M (dx) = x k M (dx), x = {x*}£C n , 

(2.3.2.19) 

and the parameters p ft , k = 1, . . ., n, are analytic junctions p* (a) 
determined by the equations 

d lnx/<3p*= 0* (a, a), a£0. 

Optimal estimation is then reduced to a quasimeasurement of the non- 

Hermitian operatorsx h described by the decomposition of unity (2.3.2.19), 
while the minimal mean square error is determined by the covariance 
matrix 

R ih = Tr [5 (i,- 0,) (xh ~ ©*)*]. (2.3.2.20) 

Proof. Sufficiency is proved in the same way as in Section 2.3.2.1. 
Employing the fact of invariance of the right bound (2.3.1.17) under 
the analytic transformations a — P, we select for the variables a h 
determining this bound the parameters p* of the family of density 
operators (2.3.2.1). The elements <?0 i /5p ft of matrix D then coincide 
with the elements (2.3.2.5) of matrix H if we allow for the fact that 

0; —■ d In x/dP’- Since according to (2.3.2.19) the operators x* are 
commutative, XiX h — ^ XiX k AI (dx) = x&x,-, we have 0* == ji /s and 

Hu, = S ih , where the are the averages of the x k , and the S ik 
are the covariances (2.3.2.7) of these operators. Hence, inequality 
(2.3.1.17) assumes the form R ^ S. What remains to be proved is 
that the measurement described by the decomposition of unity 
(2.3.2.19) leads to an estimation for which R = S even when the 
operators are not commutative with the respective conjugates: 

XjiJ =/= x\Xi (which occurs when decomposition (2.3.2.19) is non- 
orthogonal). To do this, it is sufficient to allow for the representation 

Xj= j xM (dx), x,x)5= j x,x h M (dx), xgC", (2.3.2.21) 

which is obtained by integrating the equations in (2.3.2.19) and the 

adjoint equation M (dx) xt = x h M (dx). Thanks to (2.3.2.21) the 
covariances 

(*I - 0|) (xh — 0*) Tr [SM (rfx)l (2.3.2.22) 

of the estimators 0 h obtained as a result of a quasimeasurement of 
operators X), coincide with the covariances S ih of these operators, 



2. Design of the Optimal Dynamic Analyzer 


223 


which proves the effectiveness of this quasimeasurement for the den¬ 
sity operators (2.3.2.1). The proof of the converse of Theorem 2.3.2.2 
follows from the derivation of inequality (2.3.1.17) and will be 
discussed in Section 2.3.2.5. 

2.3.2.4 Discussion and an Example 

Thus, the condition of (right) effectiveness requires the 
existence of commutative operators possessing a joint right spectral 
decomposition and playing the role of sufficient statistics, which it 
is natural to call right effective. Here it is sufficient to restrict the 
discussion to the operators in the minimal subspace generated by the 
regions S (P, P) $£ with the density operators S (P, P) for all p (a) £ 
O for which a (0. Even if we consider only the real values of 
parameters 0 (a, a), optimal estimation can be described by non- 
Hermitian and noncommutative (with the conjugate) operators of 
the right-effective statistics and, therefore, may not be Helstrom 
effective. However, estimates that are Helstrom effective correspond, 
according to Theorem 2.3.2.1, to the particular case of right effective¬ 
ness where the x k are ITermitian. If the operators x k in (2.3.2.1) are 
non-Hermitian but commutative with the conjugate operators, the 
right-effective estimates also coincide with complexificated esti¬ 
mates, which are Helstrom effective. However, commutativity x h x* = 
x*x h may not occur either. 

Example. Let x h = <p h (a), where the tp h are entire functions 
C r C, and let A = {Aj, i = 1, .... r} be the annihilation 
operators satisfying the commutation relations A t A h — A h Ai = 0, 
AjA* — A k A t — 8;. It is well-known that the operators A have 
right eigenvectors | a) £ $£, a 6 C r , that define the nonorthogonal 
decomposition of unity 

r 

I = j | a) (a | JJ nr 1 Re a t d Im a i( A t | a) = ct ; | a). 

i=l 

It is obvious then that the operators x = q> (4) have a right proper 
decomposition of unity (2.3.2.19), where 

r 

M (dx) = dx f 6 (x — cp (a)) | a) (a | ]J n~'d Rea ; d Im a ; 

i=l 

(dx is the Lebesgue measure on and 6 (x — q>) is the Dirac delta 
function). Hence, optimal estimation of the parameters 0 /; = 

d In x/dP* the density operators (2.3.2.1) at x = cp (^1) is right 
effective and can be reduced to a coherent measurement and esti¬ 
mation of 0 = cp (a) by the result a. In the particular case where <p (a) 
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is a linear function and S 0 is a Gaussian state this fact has been estab¬ 
lished in (2.51. 

Note that along with right and left lower bounds one can consider 
other combined hounds via the factorization 0 = 0+ -j- 0_ by 
appropriately defining the right derivatives with respect to 0+ and 
the left derivatives with respect to 0_. An interesting question aris¬ 
ing in this connection is whether the class of effective estimations is 
exhausted by the estimations for which at least one such bound is 
attained. 

Let us now consider the (right) effectiveness of estimating the 
parameters p h of the canonical families (2.3.2.1). The inequality 
<2.3.1.17) corresponding to this case with O' 1 — p A has the form 
R ^ // ’, where H is the matrix of derivatives (2.3.2.5). Without 

loss of generality, we can assume that Tr (x h S 0 ) — 0. 

Theorem 2.3.2.3 The inequality R ^ H~ l transforms into an 

equality if and only if the operators x h in (2.3.2.1) possess a right joint 
decomposition of unity (2.3.2.19), the generating function of the moments 
<2.3.2.2) of these operators in state S 0 is Gaussian, % (P, p) = 
exp (P^P' 1 }, with H ih independent of p and p and linear functions 
y h - (H~ y ) h> Xj of the results x h of joint quasimeasurement of observ¬ 
ables x h are selected for the estimators p\ 

Proof. Sufficiency of the above-formulated conditions for the 
existence of right-effective estimation is obvious: the fact that matrix 

H coincides with the covariance matrix S of operators x h implies 
that the covariance matrix R = is equal to H~ l . Necessity 

follows from the necessary conditions of right effectiveness in 
Theorem 2.3.2.2, according to which the family S (P, P) must have 
the form 

S (P, p) = r 1 e VK **-V V '\ (2.3.2.23) 

where i|j = Tr [5 0 e*'' ljk ], p' 1 dQ k In if/d0*, and the operators y k 
possess the joint right decomposition of unity: 

I = j M (dx), y u M ( dy ) = j/*Af (dy), y {;/'■} £ C\ 

Comparing (2.3.2.14) with (2.3.2.1), we conclude that 0 ft y A = p' l j fc , 
whence 

0x-// hi p', *(0.o) x(P.P)-P l //i*P*. / =- (//-*)*• 

The proof of Theorem 2.3.2.3 is complete. 
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2.3.2.5 Proof of Inequality (2.3.1.17) 

We start with the one-dimensional case. Let z be a non- 
Hermitian operator in S£ for which 

Tr [zS(a, a)] = 0 (a, a). (2.3.2.24) 

Differentiating (2.3.2.24) with respect to a and employing definition 
(2.3.1.15) and the normalization condition Tr S (a, a) = 1, accord¬ 
ing to which Tr ( Sh*) = 0, we obtain 

dQ/da = Tr [5 (x — 0) h*]. 

Since the covariance Tr [5 (x — 9) h*\ obeys the Schwarz inequality 

| Tr (5 (x — 0) h*] | 2 <Tr [S (x— 0) (i —0)*] Tr (Shh*), 

(2.3.2.25) 

which reflects the fact that the determinant of the 2-by-2 covariance 

matrix Tr (Sh-fit), z =0,1, with h 0 = (x — 0) and h L = h, is non- 
negative, we can write 

Tr[S(i—0)(i*—0)]>j dQ/da | 2 /Tr (Sfch*). (2.3.2.20) 

This inequality, obviously, specifies the lower bound on the variance 
of the estimation of parameter 0 = 0 (a, a) in the class of ordinary 
measurements described by normal operators x. But since the nor- 

* a a A 

mality condition, xx* = x*x, was not used in deriving (2.3.2.26), 

this bound is the lower one for the variance of any estimators 0 
obtained as a result of arbitrary generalized measurements described 

in qJ£ by decompositions of unity 1 = I Jlf ( dx ), i ( C that may be 
nonorthogonal. Indeed, the nonnegative definiteness 

(x — x)M{dx)(x— x)*>0 (M> 0) (2.3.2.27) 

implies 

j | x—0 \ 2 M (dx)>(x —0) (i —0)*, (2.3.2.28) 

A A A 

where x = \xM (dx), and 9 = Tr (Sx). Taking the mathematical 
expectations of both sides of (2.3.2.27), allowing for the fact that 
the variance R of the estimator 0 = x is equal to Tr S X 
) | x — 0 | 2 M (dx), and combining the result with (2.3.2.26), we 
find that 

R^tTr[S(x-e) (z—9)*]>| D \ 2 /H. 


15-0105 


(2.3.2.29) 
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where D = dQlda, and H = Tr ( Shh *). This proves inequality 
(2.3.1.17) for the one-dimensional case. 

The equality in (2.3.2.28) occurs if, first, the averages of both sides 
of (2.3.2.28) coincide and if, second, the Schwarz inequality trans¬ 
forms into an equality. Actually, the first requirement establishes 
an equality in (2.3.2.28). Specifically, we have the following 
Lemma Suppose that the ranges of values S (a, a)M of the density 
operators from a certain family {S (a, a), a P0) generate the entire 
space ffl. Then the fact that Tr (SA) = 0 for every nonnegative definite 
operator A in S€ and all a £ 0 implies that A — 0. 

Proof. It is sufficient to prove that in 3€ there is no vector x of the 
form x = for which (x | A I x) # 0. But this follows from the 
well-known inequality 

Tr (S l/2 AS i/2 ) ^ (\p | | if), 

which is true for every nonnegative A at (\p | tp) = 1. 

Applying this result to the operator A that is equal to the differ¬ 
ence between the right- and left-hand sides of (2.3.2.28), we find 
that under the lemma’s hypothesis the equality in (2.3.2.28) occurs 
only if 

(x — x)M(dx)(x —1)*---0, or xM (dx) = xM (dx). 

This proves that right-effective estimation in a certain region 0 3 a 

exists if there is an operator of minimal sufficient statistics, x, 

possessing a right proper decomposition of unity in the subspace 

generated by the subspaces S (a, a)Sf. In the real case, x £ R, such 

an operator is obviously Hermitian. 

The second requirement for equality to occur in (2.3.2.28) is 

equivalent lo the condition of linear dependence, Sh = XS ( x — 0), 

where X — DIR , if the first condition for equality in (2.3.2.28) is 

met. Extending this condition over the entire region 0 3 cl in which 

the analyticity condition (2.3.2.8), dX/da = 0, is assumed lo hold 

true, we arrive at the equation dS da XS (x — 0) in S — S (a, a). 

Its solution combined with the boundary condition S (a 0 , a 0 ) — S a 

has the canonical form (2.3.2.1), where p (a) — 1 X (a) da is an 

» a 0 

analytic function, and x is the operator of right-effective statistics. 
This proves that in the one-dimensional case the existence of right- 
effective estimation requires that the density operators S (a, a) be 
canonical. This condition is formulated in Theorem 2.3.2.2. For the 

real c ase, x* - x, this fart is proved in Theorem 2.3.2.1. 

The multidimensional generalization can be carried out if for 

x — 0 and h we take the sums (x 1 — O') <], and //*?*. where i|,, i ^ 
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1, . . m and | ft , k = 1, . . n, are complex numbers. If we allow 

for the fact that here Tr [5 (x — 0) h*] = r]* (d0 4 /Sa k ) £ h , then from 
(2.3.2.25) at t h = (H~ x D + ) h ' we arrive at the inequality 

R ih Wk> Tr f S (i 4 -0 4 ) (>- 0*)* r ]i r ]k ]^(DH-'D*r k v l r)< l 

valid for an arbitrary x 1 for which Tr ( Sx') = 0*. Putting x 1 = 
jxW (dx), where (.1/ (dx) — /, i ( C m , is the decomposition of 

unity describing the estimator 0' = x\ and applying inequality 
(2.3.2.28) with x — x'it f and 0 =- 0 ! r|j, we obtain for the matrix R 

of covariances of 0' the first inequality in (2.3.2.29), which in view 
of the arbitrariness of i|; yields (2.3.1.17). 

Inequality (2.3.2.29) transforms into an equality at a (O only 

when x l M{dx) = x'M (dx) and dS/da h = k ki S (x 1 — 0 1 ), where 
Xn, = (R- l D)n,, whence, if we allow for the regularity conditions 
K ih , we arrive at (2.3.2.1). 

2.3.3 Optimal and Co variant Estimation 
of the Parameters of Wave Patterns 

In this section we will consider the necessary and sufficient con¬ 
ditions for the optimality of measuring sound and visual patterns by the criter¬ 
ion of mean square error in parameter estimation and by the maximal intensity 
criterion. To avoid substantiation of the operator integrals involved in the dis¬ 
cussion (this is done in [2.32]), we interpret them as operator-valued Radon 
measures. The solution to the optimal measurement problem will be found for 
homogeneous families of wave patterns for which it coincides with optimal 
covariant measurements of the corresponding parameters of quantized fields, 
with the latter measurements introduced in [2.29]. 

2.3.3.1 Optimal (Measurements 

The problems of optimal estimation of continuous wave 
parameters constitute essentially multialternative problems with 
an infinite-dimensional solution space (or manifold) X. Without 
loss of generality, we can assume that the information parameter 
space 0 coincides with X equipped with measure d\. Let us assume 
that a wave signal, which in general is described by a density oper¬ 
ator S, depends in a continuous manner on real- or complex-valued 
random parameters 0 = (0 U . . ., 0„),5 = S e , having a given a 
priori distribution P (dQ). The deviation of the estimate x £ X 
from 0 is penalized by an integrable cost function c x (0) of the form, 
say, (x — 0) 2 . On X we must find an optimal quasimeasurement that 
(a) is described by an operator-valued measure M (dx), (b) determines 
the decomposition of unity in the Hilbert space S£, and (c) minimizes 


15* 
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the mean estimation cost 

<c> = j j He (dx) c x (6) P (d6) = j Tr R X M (dx), 

where tig (dx) = Tr M (dx) S e is the observed intensity distribution 
on A' for a given 0, and R x = (0) S 9 P (dO) is the operator of 

the mean cost x £ X. We will now formulate the necessary and suf¬ 
ficient conditions for the optimality of solution .If 0 to this extremal 
problem, which in [2.321 were introduced to estimate the parameters 
of quantum states. This will be done in a manner similar to that of 
Theorem 2.2.3.1: 

Theorem 2.3.3.1 The lower bound 

inf {j (R x , M (dx)) | j M(dx) = i} (2.3.3.1) 

is attained on measure M° if and only if for almost all x £ A’ there 
exists a minorant operator A 0 ^ R x such that 

(R x — A 0 ) M° (dx) = 0 Vx£ A\ (2.3.3.2) 

The operator A 0 is a trace class operator , or Tr A 0 = (A 0 , I) < oo, 
that determines the solution to the duality problem 

sup {(A, I) | A ^R x ,x£X) (2.3.3.3) 

A 

for which conditions (2.3.3.2) are also necessary and sufficient (if we 
allow for the fact that M° ^ 0 and | .l/° (dx) — E). 

Proof. For the proof of this theorem as well as for the existence 
conditions for a solution see [2.32]. 

Allowing for the fact that the operators .1/ (dx) can be decomposed 
into operators of Ihe form | y_ x ) (x* I dk (x), where the y x are the 
generalized elements of space , we find that the problem of optimal 
estimation of wave parameters will be solved if and only if we can 
find a family of reference waves, {y*} satisfying the completeness 
condition 

j I Xx) (X* I dk (x) — I (2.3.3.4) 

and a llermiliau operator A for which 

R x - A > (i, (R x - A) x* = (», x 6 X. (2.3.3.5) 

.Note that, in contrast to problems of signal discrimination, in 
problems of parameter estimation the commutative case R X H X ' — 
R x R x . which can be reduced to the classical case, is of no practical 
interest and will not be discussed here. 
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The solution of problem (2.3.3.5) poses no fundamental difficulties 
in the case of a single unknown real-valued parameter 0 (x = R 1 ) 
and a quadratic penalty function 

C x (0) = (x - 0) 2 . 

The mean estimation cost operator 

/f x - j (x-0) 2 S 0 P(rf0) 

in the case of (2.3.3.5) can be represented, via three Hermitian 
operators 

/?<*> = j 9% P(dQ), k= 0,1,2, (2.3.3.6) 

in the form 

R x — x 2 R'°'> — 2xRW + if 

— (x — x) R° (x — x) + if< 2 '— xR^x, 
where x is an operator satisfying the equation 

i J R«» + i?«»i = 2ft<*>. (2.3.3.7) 

If we now put 

A=if< 2 >— xR^x 

and for x*take the complete orthogonal system of generalized eigen¬ 
vectors determining the spectral decomposition of the Hermitian 

operator x, 

(x— x)x x = 0, x = j x | Xx) (Xx I dx, 
the conditions (2.3.3.5) are satisfied in an obvious manner: 

(x — x)iJ<°)(x— x)^0, (x— x) Rw (x— x) Xx = 0- 

Thus, the solution of the parameter estimation problem by criterion 

(2.3.3.5) is reduced to measuring operator x satisfying Eq. (2.3.3.7). 
The result of such a measurement, x, leads to the minimal error 
(c) = Tr A 0 equal to the a posteriori variance 

ct 2 = Tr (/ft 2 ' — xift°'x). 

As an example, let us consider the estimation of the amplitude 
of a coherent signal of known shape received against a background 
of Gaussian noise. The density operator of the corresponding mode 
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has the Gaussian form 

S (0) = j | a) (a | n -1 exp | - | rC'd Re ad Im a, 

(2.3.3.8) 

where 0 is the amplitude, which assumes real values, 0 6 ft 1 . We 
assume that amplitude 0 has a Gaussian a priori density 

p (0) = (2n7)-'/2 exp {— 02/27}, 

where s is the a priori variance, (0 2 ) = s. It is then easy to find, 
via the formulas of Gaussian integration, the operators (2.3.3.6), 
which define the mean decision cost operator 

B x = - Q) S lx -=—- Q) + 2 f (n + 1/2) S. 

Here Q = j Re a [ a) (a | jx' 1 d Re a d Im a is the operator of the 
“coordinate” of the harmonic oscillator representing this mode, and 

S= f | a) (a | ((2s-f- n) n) _1 / 2 exp ( — _ illji^dReadlma 

J v. 2 s-fn n J 

is the density operator, with ^SeP (0) d0 = 7? (0> . Hence, optimal 

estimation of the amplitude of a* Gaussian signal is reduced to mea¬ 
suring the coordinate operator Q , whose resu It q determines the opt i mal 
estimate 

x = 2sq!(2s -f n -j- 1/2) 

with a minimal mean square error 

a 2 = 2s (n + 1/2) (2s n - 1 2). 

2.3.3.2 The Optimal Estimation Problem in the 

Multidimensional Case 

In this case (n >1) even for the quadratic quality 

criterion 

CAo)~ S(*,-0,) 2 

j=i 

the general solution to problcni (2.3.3.13) is unknown. Only in the 

particular case where the operators x (j- ; ) obeying liq. (2.3.3.7), 
with 


= j0j5 e p(0)dO, ...d0„, 4 = 0, 1,2, 
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commute with each other (x ; Xj = XiXj), optimal estimation is 
reduced, obviously, to joint measurement of these operators. 

In general, a good estimate of parameters 0j- can be obtained by 

an indirect measurement of noncommutative operators {x;} (see 
Section 2.3.2.2). However, this estimate is not necessarily optimal, 
even if the indirect measurement is ideal. 

For an example let us take the complex-valued one-dimensional 
case (X — C 1 ), which can also be interpreted as the real-valued two- 
dimensional: 

C x (0) = | x-0 | 2 = (Re(i-0)) 2 + (Im(x-0)) 2 . 

An exact solution to the problem of optimal estimation of a single 
parameter 0 has been obtained in [2.11] for this case of a quadratic 
penalty function, a Gaussian state of the form (2.3.3.8), with 
0 6 C 1 , and a Gaussian a priori probability density 

p(0) = s-‘exp{— | 0 | 2 /s), s=(|0| 2 >. (2.3.3.9) 


The density p(0) is normalized with respect to 
dX (0) = n~ l d Re Qd Im 0. 


In this case, by the standard formulas of Gaussian integration, we 
can easily find the mean decision cost operator 


R , 


(x* 


K-J-S + 


- A*)s/x— =-l - A) -} 

1 / \ n+s+1 I 


*(" + !) 
H-n + 1 


s. 


where A = j a | a} (a | dp, (a) is the quantum annihilation oper¬ 
ator, and 

R = f I «) (“ I exp { L^-} dX (a) 

is the density operator S = j S 9 p(0)dX(0). Assuming that 

A = ^^-S, Xx = c-‘| (H-lxi)x), 

where | a), a = (1 + (n + l)/s) x, are coherent vectors, and c = 
s/(s + n + 1) is a coefficient that can be found from condition 
(2.3.3.4) if we allow for the completeness of coherent states 

j | a) (a | dX(a) = I, 


and allowing for the equation A | a) = a | a), we find that con¬ 
ditions (2.3.3.5) are met: 

(x* — cA*) S(x— cA)^0, (x*— cA*) S (x — cA)\c~'x) — 0. 

(2.3.3.10) 
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Thus, optimal estimation in the one-dimensional complex-valued 
quadratic-Gaussian case is reduced to a coherent measurement de¬ 
scribing an ideal proper indirect measurement of the annihilation 
operator .1 whose result a determines the estimate 



s -p n -f-1 

with a minimal error 

o2== «("—!) 
s-j-n-fl 

This error is equal to the error of the appropriate classical problem of 
estimation in a Gaussian linear channel with a noise intensity of 
n -- 1. The quantity n (the mean number of the noise quanta) is 
determined by the noise proper in the wave channel, while the unity 
corresponds to the “effective noise” thanks to the inaccuracy in the 
ideal indirect measurement. The measurement noise of unit in¬ 
tensity can be interpreted as the noise produced by an ideal wave 
amplifier or as the noise produced by an ideal optical heterodyne. 

2.3.3.3 Optimal Measurement of Wave States 

Let X be a set of hypotheses concerning the slates of 

a wave held, and {R x , r ( X) the respective decomposable family 
of density operators R x - ® RIP' in the Hilbert space Si- = © St <n) . 

n ft 

Then the set of measurements described by operator-valued measures 
M on „Y (M (-)^O, ^./!/ ( dx) = I) of the decomposable form 

.1/ (dx) = © .!/<''> dx is sufficient. The optimal strategy is described 

n 

by the family of operator-valued measures on X (71/< n ) (■) ^ 0, 
| (dx) = /(">) defined independently in St 1 ''' 1 for every n by 
the conditions 

(R' x "' _ .\<">) _]/(.") (dx) =- 0, R' z n * < A("> VrfA' (2.3.3.11) 

(the maximum intensity criterion). Here A<"f are Hermilian trace 
class operators in St m that are nonnegntive (for R x " > 0) and ran 
lie represented in the form 

A- - - j Rp'Mi")(dx)Rp\ 

Problem (2.3.3.11) is incomparably simpler than the general prob¬ 
lem of optimal discrimination of a (indecomposable) family {R x } 
and for every n has a finite-dimension of space St (M) if the signal 
space / is finite-dimensional. In what follows, the index n will he 
dropped. 
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Let 1l x = R x 3£ be the range of values of operators R x in njP., let 

r 

11 (dx) be their algebraic sum for all x £ dx, and let 11 — J 11 (dx) 

be the sum of all the suhspaces 1i x cz $£. Each nonnegative operator 
R x can be represented in the form R x = where t)i x is the 

operator from 11 x into 11. The following conjectures are multidimen¬ 
sional generalizations of the appropriate assertions of Theorem 
2.2.2.2 (for a discrete set A). 

Theorem 2.3.3.2 (1) Subspace II is sufficient for solving problem 

(2.3.3.11). Every operator A satisfying conditions A > /?, V r ( I 
for R x ^ 0 has an inverse A -1 in 11. 

(2) The solution to problem (2.3.3.11) in the sufficient space 11 has the 
form 

M(dx) = A"'\(’ 3 C |i(<fa:)tlxA _t , where A=(j t^p^dx) ij-J j /_ 

(2.3.3.12) 

and p is a measure on X whose values p (dx) are norcnegative operators 
in 1L X defined by the conditions 


(t|£A H’.t— 4) li (dx) = 0, i|4A '4<4 V.r £ A 

(2.3.3.13) 


(I x is the identity element in 1l x ). 

(.j) If the subspace 11 (dx) does not intersect with the sum 11 (dx) of 


all the remaining subspaces 1l v , y $ dx, the operator p (dx) is strictly 
positive in 1l x and is defined by the condition = I x , x f X. 


2.3.3.4 Fields with Group Symmetry 

Equations (2.3.3.13) are considerably simpler than 
Eqs. (2.3.3.11) since the dimensionality of each operator equation 
in (2.3.3.13) is equal to rank r (R x ). For the case where r (R x ) -= 1 
the solution has been found [2.4] under the condition that the square 
root of the correlation matrix has equal diagonal elements. 

An analog of this condition in the general case where r (R x ) ^ 1 is 
the condition of group (say, cyclic in [2.5]) symmetry of the family 
{**}• 

Let A be a homogeneous set with respect to a group G, that is, 
group G acts on A transitively, and let U (g), g 6 G, be a unitary 
representation of G in ST- The family {R x , is said to be G- 

homogeneous (or G-invariant) if A is a homogeneous set with respect 
to group G and U (g) Rg' x U + (g) = R x . 

Let G be a finite compact or locally compact group, dg be the left 
Haar measure on G, the family {/?*} be homogeneous and continuous 
in U (g). The following conjectures are true: 

Theorem 2.3.3.3 (1) The sufficient space 11 is a subspace in fiC 

cyclically generated by the family {U (g), g 6 G} over 1L 0 = /?,„ $6, 
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where x„ is any element belonging to X. The operators R x in M can be 
represented in the form 

R x = U(g) VglEG, 

where U (g) is a subrepresentation induced in 11 c , \|> an operator 
from M 0 into IL, and G x the left coset G x = {g: gx a — x) over the 
stationary subgroup G 0 = G*„ of element x 0 . 

(2) The optimal strategy (2.3.3.12) has the covariant form 

M (dx) = [ U(g)\-^*A^U*(g)dg, (2.3.3.14) 

C'dx) 

where A = ( ^ U (g) i)|ii|)*(/ + (g) dgj ' is the G-invariant, G (dx) = 
U G x the union of the G x over all x 6 dx, and |i a non-negative 

-v£ dx 

operator in M 0 satisfying the conditions 

(i|) + A -, i|)—/)p, = 0, i|)*A' , v|):S;/. (2.3.3.15) 

(3) If the representation U (g) in ! M is topologically irreducible, 

A 

then operator A is a multiple of the identity element I of space U 0 : 

A * 

A = hi and operator jx is proportional to the proper projector jx of 
operator R = i|) + v|) corresponding to its maximal eigenvalue A,: |i = (xn, 
(R - A) = 0. 

The proportionality factor can be made equal to unity by appropriately 
renormalizing dg. For the particular case where G is Unite and its action on X 
is effective this result was obtained earlier in [2.24]. If G is an Abelian group, the 
case is trivial and can be of no interest. 

(4) Let U a (g), o) 6 12, be the field of nonequivalent irreducible 
representations U^ (g) in space 38 a , and dot the Plancherel measure. 
Then (2.3.3.15) can be represented in the form 

a a 

(2.3.3.16) 

where It u = \r (g) Li a (g) dg is the Fourier transform of the operator 

correlation function r (g) — \p*U* (g) i|). If the family [U a (•)} is 
discrete and dio is the dimensionality of representations U a (g) (formally, 
if ■; ,„ is infinite-dimensional), then conditions (2.3.3.16) assume the 
form 

Tr (/f u u) 1 '-dt.>= (t, Tr , r ^ (/f u fi)- ,/ - R„ dto</. 

(2.3.3.17) 
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If 27 „ is one-dimensional, (2.3.3.16) and (2.3.3.17) lead us to the following 
solutions: 

ft= ( j Tr r7if a K l J 2 d “) 2 > P = ( 2 *t'J 2 d “) 1/2 > 

Si Si 

which were found in [2.251 (that is, the case of group symmetry for pure slates 

is “equidiagonal”). The rank of operators determines the multiplicity of 
representations U, t> (g) in the representation U (g) in 27. 

(5) Suppose that the multiplicity of representations U a (g) in the 
representation U ( g) is unity. Then the operators R a are one-dimension¬ 
al , R m = t()J (g> r|) u , and Eqs. (2.3.3.16) and (2.3.3.17) assume the form 

(j i u rfo)/c m —7)n = 0, (2 Sodw/Cu— / m )[i = 0, 

where S a = Tr^ R a , and c„, = [Tr^ (i tt) |x)] 1/2 . 

fn particular, if all S a are commutative, then operatcr j,i is a 
multiple of the proper projector it of operators which corresponds 
to the eigenvalues with maximal ,u — ^ j Au'dwj" |or ft = 

(2 I'-H 2 da>yy. n=nn, (5a, — hj JI = 0. 

2.3.3.5 Application to Fields with Indeterminate Phase 

and Group Symmetry 

To apply the above results to the case of a decomposable 
G-homogeneous family of density operators S x = © R x " it is 

71 

sufficient to supply all the spaces and operators in (2.3.3.11)- 
(2.3.3.16) with an index n and then sum over n. In particular, if the 
representations U { "' 1 (g) in Jt (n) are nth tensor powers of the represent¬ 
ation of U ( g) in X, then the solution of the problem of optimal 
recognition of audio and optical fields is reduced to finding the ir¬ 
reducible representations U a (g) contained in (/<”> (g). The oper¬ 
ators R\ if 1 determining (2.3.3.16) and (2.3.3.17) are 

4 n ’= j>> (8)U n (g)dg 

where 

r m (g) = (g~‘) p n ). 

For example, if the states S x are Gaussian, the family of signals 
{<p x , z (X) is G-homogeneous: U (g) cp gx = (p x , and the correlation 
noise operator L (or N) is G-invariant: U (g) LU + ( g ) = L, then the 
family of the iJ<"> operators is also G-homogeneous with respect 
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to the appropriate tensor powers U m (g) of the representation U (g) 
in the subspace 11 generated by vector q --- q. Vt for a certain x 0 £ .Y. 
In this manner we can find the exact solution to the following prob¬ 
lems: resolution of several nonorthogonal partially coherent signals 
or fields that form a homogeneous family of permutations with re¬ 
spect to a certain group (symmetry gloups 5 (r) and their subgroups), 
estimation of the time lag of pulsed signals and the carrier frequency 
in quasiperiodic signals (cyclic Z groups), joint measurement of the 
duration and the frequency of a wave packet (the sympleclic group), 
separate or joint measurement of momenta and position of quantum 
systems (and ensembles of such systems) with r degrees of freedom 
(the Z ( r) groups), detection of photon polarization and electron 
spin (the SL' (2) group), detection of complex signals and fields 
with equal intensities of rank r against a thermal background (the 
SL (r) groups and their subgroups), and the like. 
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Mathematical Models 
in Computer-component Technology: 
Asymptotic Methods of Solution 

V. G. Danilov, V.P. Maslov and K. A. Volosov 


3.0 A Brief Survey 

The most important electrophysical parameters of modem 
microelectronics devices and the quality, reliability, and effective¬ 
ness of the technology for designing such devices depend to a great 
extent on how extensively and intelligently the results of the model¬ 
ing of the various stages in the technological processes are employed. 
There exists a vast literature devoted to this subject (e.g. see [3.1]). 

Active employment of modeling techniques results in the follow¬ 
ing: 

(a) designing of microelectronics devices takes less time; 

(b) designing errors are eliminated; 

(c) designing and manufacturing expenses are reduced. 

Modeling in the field considered here is a way of optimizing the 

separate manufacturing processes, such as lithography, etching, and 
precipitation, that has gained wide acceptance and proved its 
worth. It is convenient for study of the complex links between the 
competitive physical mechanisms in successive multistage technol¬ 
ogical processes. 

In designing computer components, modeling is employed to 
calculate the modes of functioning of these components. Its success 
has called for development of more exact models, which in most 
cases prove to he nonlinear. 

The various stages of the production technology in microelectron¬ 
ics include the control of processes involved in the transfer of mom¬ 
entum. mass, electric charge, and energy. Although the physical 
processes manifesting themselves in these transfer mechanisms are 
highly diverse, they are described by equations of a special type, 
namely, the equations of momentum transfer (say. in the iN'avier- 
Stokes form) and quasilinear parabolic equations <d'diffusion, chem¬ 
ical kinetics, and energy of charge transfer. 

At present in the study of transfer processes with a view to obtain¬ 
ing results that give a more precise description of physical reality, 
the focus has shifted to nonlinear mathematical models. 

An important feature of computer-component production technol¬ 
ogy is that the equations constituting the mathematical models 
contain small parameters. This is due to the competition between 
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the various forces acting simultaneously in a model. Thus, a small 
parameter emerges when we apply the method of similarity and 
dimensional analysis [3.2] and is connected with scaling criteria. 

The presence of a small parameter enables the researcher to apply 
asymptotic methods, say, those discussed in [3.3]. This, in turn, 
makes it possible to considerably broaden the class of problems that 
allow for analytical solutions and to consider the effect of the in¬ 
homogeneity of the medium and nonlinearity of the process. Asymp¬ 
totic formulas make it possible to calculate the characteristics of 
a process in much less time and with considerably fewer other re¬ 
sources of a computer than by direct numerical integration. This 
aspect becomes especially important when flexible technological 
modules and complexes are introduced. 

All mathematical models of transfer processes can be divided 
into two large classes. The first covers models in which the transfer 
coefficient is constant, that is, does not depend on the transferred 
quantity u. The second covers models in which the transfer coefficient 
K (u) is a function of the transferred quantity u. In the second class 
the models of special interest are those in which the function K ( u) 
has a singularity at a certain value of the transferred quantity 
u = const, that is, a derivative of this function, d a Kldu a , a > 1, 
has a discontinuity or, in other words, experiences a jump. From 
the mathematical point of view this second class has localized so¬ 
lutions and is characterized by a finite speed of propagation of per¬ 
turbations. 

The methods used in studying the second class have been discussed 
in detail in [3.3], The present paper is restricted to examples of 
mathematical models that describe the diffusion of a light beam 
along an optical wave guide, the heat transfer in a superconductor, 
and the like. 

The first class of models has long been developed in the literature. 
There are more than one hundred papers on the subject, but very 
few mathematical studies have employed nontrivial asymptotic 
methods. The present paper fills this gap to some extent. We will 
discuss these methods using models of processes of precipitation, 
oxidation, diffusion, thermal conduction, and the like. 

The plan for the discussion follows. In Section 3.1 we explain 
the mathematical statements of the above-posed problems and 
provide examples of exact solutions. In these the solution of the 
initial problem is expressed in terms of solutions of certain non¬ 
linear ordinary differential equations known as standard equations. In 
the simplest cases the solutions prove to be self-similar (or invariant). 

In Section 3.2 we give the necessary data on the properties of, 
and methods used for studying, standard equations. 

In Section 3.3 and in the subsequent sections we solve the problems 
posed in 3.1. The models employed describe the respective processes 
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with sufficient accuracy. For this reason the mathematical problems 
are quite complicated, and it is usually impossible to construct 
exact solutions. However, the presence of a small parameter makes 
it possible to use asymptotic methods for constructing the solution. 
And it has been found that the asymptotic solutions can be construct¬ 
ed from the solutions of the standard equations. In Section 3.3 we 
consider a time-dependent model of silicon oxidation in dry oxygen. 1 
In Section 3.4 we discuss a model for silicon oxidation in halogen- 
containing media. 

Section 3.5 is devoted to models of mass transfer. For one, we 
build an asymptotic solution of the precipitation problem. In Sec¬ 
tion 3.(5 the topic is the diffusion of light in an active medium and 
the propagation of nonlinear thermal waves. Section 3.7 is devoted 
to models associated with Ginzburg-Landau equations. Finally, in 
Section 3.8 we give typical exact and asymptotically bounded as 
e —<-0 solutions (which we term bounded synergets) of quasilinear 
and semilinear hyperbolic and parabolic equations that emerge in 
problems associated with microelectronics component-production 
technology. 


H. 1 Models of Stages of Production 

and the Functioning of Computer Components 

3.1.1 Models of Stages of Production 
of Computer Components 

la this section we formulate the problems that lead to quasilinear 
and semilinear parabolic equations and systems of such equations. It has been 
demonstrated that in dimensionless variables these equations contain a small 
parameter. In accordance with the plan outlined in the brief survey, this section 
gives Iho mathematical models for all the physical and chemical processes 
considered in the paper. The solutions to the problems formulated are given in 
subsequent chapters. 


3.1.1.1 Processes of Silicon Oxidation 

In modern production technology of microelectronics 
components, the heterogeneous processes, that is. processes that 
proceed in llie bulk or at an interface between two or more phases, 
are employed in obtaining various film coatings, in surface and bulk 
alloying of .semiconductors, in epitaxial growth of single-crystal 
materials, and in guttering of various harmful impurities in micro¬ 
electronics components [3.4, 3.51. 


1 The most complete physical model of this process can be found 
in the works of N. A. Kolobov I3.3-3.fi). 
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One of the most important basic processes in the production of 
microelectronics components is the high-temperature oxidation of 
silicon, which is widely used in manufacturing high-quality insu¬ 
lator-semiconductor systems (IS systems). Under thermal oxidation 
three phases participate in the formation of IS systems, namely, 
the gas (the oxidizer), the oxide film, and the surface region of the 
semiconductor substrate, and the oxidation reaction takes place at 
the interface between the two solid phases, which considerably com¬ 
plicates the picture of the processes occurring in the system and thus 



requires developing a detailed physical model, whose perfection 
determines entirely the range of applicability and the accuracy of 
the mathematical models suggested. 

The physical complexity of the oxidation process leads to an 
extremely complex general model [3.3]. The methods used to study 
this model can be applied to models of other heterogeneous processes. 

Generally the oxidation of semiconductors amounts to the inter¬ 
action of these semiconductors with oxidizing agents—oxygen, water, 
carbon and nitrogen oxides, and the like—leading to the formation 
of soluble, volatile, or stable oxides [3.4, 3.5]. 

The mathematical model of the oxidation process consists of an 
equation describing the diffusion of oxygen in silicon in the field 
of the space charge (Figure 3.1) and a Poisson equation describing 
the potential distribution. Curves 1 depict the distribution of oxygen 
concentration in silicon dioxide and curves 2, the distribution of 
potential. 

16-0105 
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In dimensionless form, the diffusion equation is 

dv 1 d*u 1 d I dq> \ 

dl Pe dy- ' Pe dy \ dy ) ' 


(3.1.1.1) 


where y, l, j 0 , t 0 , Pe = j l/(t 0 D), tp = edi/kT, and v = C (x , t)/C 0 
arc, respectively, the dimensionless coordinate, the dimensionless 
time, the characteristic size (thickness of the silicon dioxide film), 
the characteristic time, the Peclet number (with D the diffusion 
coefficient), the dimensionless potential, and the dimensionless 
concentration. In the expression for the dimensionless potential, 
cl> (j-, I) is the dimensional potential of the space charge at the in¬ 
terface between the silicon and silicon dioxide, k the Boltzmann con¬ 
stant, T the dimensional temperature, and e the electron charge. 
Finally, in the expression for the dimensionless concentration, C 0 is 
the dimensional concentration of oxygen at the gas-solid interface 
(the solid is the silicon dioxide film). 

The experimental data (3.4, 3.5] suggest that Pe<l, which 
makes it possible to introduce a small parameter, e -= Pe. The 
boundary conditions for the diffusion equation have the form 

v (0, f, e) = 1, v (y 0 (f), t, e) = 0. (3.1.1.2) 


Here y 0 y 0 (I) is the unknown dimensionless coordinate of the 
internal silicon-silicon dioxide interface; this will be found in the 
course of solving the problem. 

To calculate the potential distribution in the oxide we must solve 
the appropriate Poisson equation, which in the one-dimensional case 
assumes the form 


<P d>(j. t ) _ I e I Q (x, t ) (3 113) 

rii- ee 0 ’ ' - ‘ ‘ ’ 

where Q (j, t) is the space charge in the oxide, and e and e 0 are the 
dielectric constant of the oxide and the permittivity of empty space. 

The physical model of the process implies (see 13.3-3.5]) that at 
the internal interface between the silicon and the silicon dioxide 
there is a negative potential <h 0 , whose size is determined by the 
energy balance of the free energy liberated in oxidation. 

If the mobile charge carriers obey the Maxwell-Boltzmann statistics 
(and this agrees entirely with the rase considered here), ‘hen 


Ql',1) |e|f(j) 


/ <<I'(r. l)\ 

/><I>(r, l)\T 

exp( ) -exp 

( W ) ] 


, 1 ^ 1 1 

■U‘ 



lll.il 


Diffusion processes proceed at a considerably lower ale than 
electrodynamical processes Hence, in Die model consioered the 
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electric potential at the silicon-silicon dioxide interface depends 
weakly on time. 

In dimensionless form, the equation for Ihe potential lias the 
form 

0- = i%> G e) (-^-) 2 sinhtp. (3.1.1.5) 

Let us assume that e 3 /' 2 = L- D lx a < 1, which agrees with the case 
considered, with Lp =- ee 0 kTI2 \ e \- C 0 the square of the Debye 
shielding length. 

The boundary conditions have the form 

tp (0, t, e) = 0, <p (y 0 (t)< t) <D 0 < 0. (3.1.1.6) 


Remark 3.1.1.1 Generally speaking, the equation for potential 4> 
must be solved in the region 0 < x < oo with the boundary con¬ 
dition CD ( —oo, l) — 0. We can assume that the potential is shielded 
by mobile charge carriers of both signs (negatively charged molecular 
ions of oxygen, 0 2 , and oxygen vacancies of the oxide, FJ, may 
serve as such carriers). Then, estimating the potential via Gauss’s 
theorem, we can formulate the problem for cp on a finite interval. 
The boundary conditions then have the form of (3.1.1.6) and are 
approximate. Such an approach makes it possible to disregard the 
processes occurring outside the oxide film. 

Summing up, we arrive at the following system of equations: 


-e 2 — =0 

dy 2 ^ dy \ dy ) U ’ 


e3 "V Z=V ^ V ' f ) sinhc P- 


(3.1.1.7) 


The movement of the silicon-silicon dioxide interface is determined 
by the flux balance equation 

-jf- = C* I — -jp--T v -4p- \ I , (3.1.1.8) 

d t V dy dy / |y=j/„<<) v ’ 

where C* is a given constant [3.3-3.51. 

Thus, Eqs. (3.1.1.7) and (3.1.1.8) together with the boundary 
conditions (3.1.1.2) and (3.1.1.6) constitute a complete mathematical 
model of the process of thermal oxidation of silicon when the kinetics 
of thermal oxidation is close to steady-slale. 


3.1.1.2 Distribution of Chlorine in Silicon Dioxide 

Let us examine the diffusion of chlorine in a silicon 
crystal. When gaseous chlorine comes into contact with a silicon 
plate, there occurs classical diffusion of chlorine in silicca. The 
distribution of the chlorine concentration in the neighborhood of 
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point x 0 is shown in Figure 3.2. This distribution resembles a 
boundary layer distribution, and on the whole the chlorine is dis¬ 
solved poorly in silicon. The situation changes drastically when 
oxygen appears at the beginning of the solid-phase chemical reaction. 
This reaction leads to the emergence of an elastic stress field at the 
silicon-silicon dioxide interface, and the held promotes an anomal¬ 
ous distribution of chlorine as an impurity. Let us study more care¬ 
fully the physical reasons for this anomalous distribution of chlorine 
in the Si-Si0 2 system. 



It has been established experimentally that at the Si-Si0 2 bound¬ 
ary, which moves at a rate tv*,,),,, the distribution of the impurity 
has a pronounced maximum whose position is closely related to the 
transition region between the silicon and the silicon dioxide 13.4-3.6]. 
Formation of the transition region depends to a great extent on the 
change in the free volume of the unit cell of the crystal when the 
transition is made from the Si phase to the SiO : phase. 

We suggest the following mechanism of formation of anomalous 
distribution of impurities 13.3], The impurity particles diffuse into 
the solid phase and simultaneously there occurs a solid-phase rhemi- 
cal reaction, which leads to a local deformation at the Si-Si0 2 inter¬ 
face and, in turn, generates an elastic stress held (note that in an 
elastic stress held the rale of solid-phase reaction increases (3.71). 
The products of the reaction of chlorine with the substances of the 
transition region are assumed to he stable only in the elastic stress 
held and disintegrate outside this region. 
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Figure 3.2 shows the experimental distribution ([3.41, and later 
[3.8]) of chlorine concentration in the Si-Si0 2 system. The maximal 
value of the concentration is taken for unity. In the same figure we 
depict the assumed distribution of the elastic stress field. In the bulk 
of Si0 2 , the high gradient of the chlorine concentration is in oppo¬ 
sition to the flux and is maintained owing to the elastic field stress. 

An elastic stress field appears not only in chemical reactions ac¬ 
companied by a significant change in the volume of the crystal lat¬ 
tice, as is the case in the above example, but may also be generated by 

(a) a gradient in the impurity concentration, 

(b) a temperature gradient produced in pulsed heating of the 
sample, 

(c) electro- and magneto-elastic effects, 

(d) ultrasound waves. 

On the basis of these assumptions we offer in this section a phenom¬ 
enological mathematical model suggested by N.A. Kolobov together 
with the present authors that takes into account the chemical reac¬ 
tion and the dependence of the diffusion coefficient on the impurity 
concentration and its gradient 13.4]. 

The existence of solutions that can describe, say, the distribution 
of an admixture of chlorine was discovered in mathematical models 
of transfer processes [3.3]. 

Let C ( x , t) be the concentration of chlorine in the solid, with x 
and t the coordinate and time, and let the diffusion coefficient have 
the form 


D = 


l + Pil ac/dx\ ’ 


(3.1.1.9) 


where p, and D n are constants. This formula describes the decrease 
in the diffusion coefficient as the concentration gradient grows, with 
D 0 the diffusion coefficient at a given temperature. By virtue of 
formula (3.1.1.9), which is a generalization of Fick’s law, the diffusion 
flux is expressed thus: 

r D 0 ac 

l + p! | OC/dx | dx • 

We introduce the function F 0 ( C ), which models the solid-phase 
chemical reaction proceeding in the medium: 

F 0 (C) = C’G(C), G(a,) = 0, G(a 2 ) = 0, G(a,) = 0 t 

G (0) = 0, dGldC |c= ai <0, dG/dC | c=a> < 0, (3.1.1.10) 
lc(C)>o 

with G (C) > 0 for 0 < C < a,, G (C) > 0 for « 2 < C < a 3 . and 
^max Q 1- 

An example of function G (C) may be the following function: 
G (C) = AC (C — a 3 ) (a 2 — C) (C — a 3 ) exp C, with A = const 3> 1- 
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The equation describing the diffusion of the impurity has the form 

TF-il i+t.Mw.i |r)-r.<O-0. < 3 *.i.U) 

Now let us go over to dimensionless variables in this equation, as¬ 
suming that 

C (-r, t)!C m3x v (x, t), x/x 0 = y, t’/t 0 = t, x\it 0 D 0 ---- Pe. 

with r mai1 x 0 , and t a the maximal concentration and the characteris¬ 
tic size and lime, respectively, and putting - dj. Substitut¬ 



ing into the expression for the Peclet number the values of the quan¬ 
tities characterizing the given process, namely, 

x 0 ~ 3 x 10~ 4 m, t 0 ~ 10 3 s, D 0 ~ 10" 11 in 2 /s, 
we obtain the estimate 
Pe ~ 10. 


Assuming that Pe^ 1 is a small parameter, f = Pe* 1 . we can rewrite 
Eq. (3.1.1.11) in the new variables thus: 


dr d / 1 dr \ 

dt C \ 1 - T - | dvjdy \ dy j 


o. 


(3.1.1.12) 


with |i, a positive constant and function F, (r) satisfying the follow¬ 
ing conditions: 

F i (v)----i*G(r), O («,)-- 0, i 1.2, 0(1)0, 

G ( 0 ) - 0, dGIdr < 0, dGlilr |, ,<0, 

where G (r) is positive for r £ pi. «,) ami negative for r £ («,. a 2 ). 
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The boundary conditions for Eq. (3.1.1.12) assume the form 

P lx-*.-® = V |jc-*+oo = ^1* 

We will study this equation in Section 3.4. 

The solution to Eq. (3.1.1.12) is depicted in Figure 3.3 and de¬ 
scribes a formed impurity front moving into the bulk of the crystal. 
The rate of motion of this front is bounded above: 


1 

d 1 

( G (v) v<i 

) 

Pe 

dv 1 

i 1 + P 2 1 dv/dt | 

' v=a t 


The authors of this paper developed, together with N.A. Kolobov, 
a general model for the process of anomalous diffusion of chlorine: 


du 

TT 

dv 

It 


P^--g- + Vi« + V 2 P = 0 , 

+ 6iV + 6sf>+632= °’ 


-57- —Pi v-p,u- p 3 p 


dp_ 

dt 


1 3 2 p , , 

Pe, dx 2 + l l U ' 


T ?4 Z — 

l 2 v = 0, 


dz 

IT 


1 j_ 

Pe 4 dx 


(* +^i^+^ 2 M+M- 3 Z = °- 


Here u, v, w, p, and z are the concentrations of, respectively, molec¬ 
ular oxygen, silicon, silicon dioxide, atomic oxygen, and the 
chlorine impurity (see Figure 3.2). The region where the given system 
is studied can roughly be divided into three zones: the silicon di¬ 
oxide zone (I), the transition region between the silicon and the silicon 
dioxide with an admixture of chlorine (the region is filled with 
Si a OpCl v of unknown stoichiometry and is characterized by strong 
inner stresses caused by the difference in the lattice parameters) (II), 
and the silicon phase zone (III). By Pe* we denote the diffusion Peclet 
numbers Pe; = L 2 /(Z),t 0 ), i = 1, 2, 3, 4, where L and t 0 are the 
characteristic thickness of the silicon dioxide layer and the character¬ 
istic time during which the process sets in (i.e. the time it takes for 
the law of growth of the silicon dioxide layer with time to become 
linear (3,3, 3.6]), Z) f are the diffusion coefficient: 

! D n in zone I, 

D i2 in zone II, 

D i3 in zone III, 

and Vi> 6; , Pit h and p ; are the reaction rates fixed for each zone. 
The coefficient of chlorine diffusion in the elastic stress field is 
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inversely proportional to the concentration gradient: 

dz \ _ 1 

1,1 l l + A \ dz/dx | P ' 

The boundary conditions have the form 

wU=o = 1, yU=n=--0, io |,= 0 - 1’ p|.v=o = 0, 

2 | .-c=0 0. U |x— 1 » -- 0, V | x ~,oo ~ J t IP lx-* (I — 

pU-» = 0 , z|^„ = 0 . 

The constants p,, p a , p 3 , 6 3 , and [5 4 change sign depending on the 
sign of dzldx , namely, they are all positive for dzldx negative and 
negative for dzldx positive. Further discussion of this model lies 
outside the scope of the present article. 

Hence, there exists a real possibility in a number of cases of select¬ 
ing a chemical reaction that will enable alloying various crystals 
with poorly soluble impurities. This, in turn, may lead to fabric¬ 
ation of new microelectronics elements with unique properties. 




3.1.1.3 Sorption, Adsorption, and Precipitation 


These processes occur in the gaseous and liquid phases. 
The physical bases of oxidation adsorption at the interface between 
the gas and the hydroxylated surface of the oxide are discussed in 
great detail by N.A. Kolobov in the Appendix to (.3.-11 (see also 
(3.4, 3.5, 3.91). The Appendix also contains the model of the process: 


du du 

-sr+^iiT 


1 dw d 

m j dt dy 



1 (U , If), (3.1.1.13) 


with p and m l constants, u the dimensionless concentration of the 
substance contained in the medium surrounding the surface, it' the 
dimensionless concentration of the substance deposited on the sur¬ 
face, y the dimensionless coordinate in the direction normal to the 
surface, / the isotherm of the process, and e -Dt 0 ilr the small 
parameter (here D is the diffusion coefficient, l„ the characteristic 
time, and /, the characteristic size). Similar models describe various 
modifications of the precipitation process, say, chemisorption. 

In the liquid phase the precipitation is sometimes accompanied 
by chemical reactions, with the result that the mathematical model 
assumes the form 


du 

~df 


+ fl¬ 


ail 

~ 


dw 

lit 


= /(«. 


If), 


1 itw 

//I I ftt 


_1_ 

IV rhi 


(■£) 


(3.1.1.14) 


with p and »i, constants. The first equation describes mass transfer 
accompanied by chemical reactions, and the second (known as the 
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kinetic equation) describes the properties of the chemical process 
(its kinetics). In (3.1.1.14) the functions u and w stand for the con¬ 
centration of the substance contained in the phase surrounding the 
surface and the concentration of the substance on the surface, 
v ( x , t) is the rate of admission of the substance, F ( u ) is a smooth 
function describing the variation in u due to chemical reactions, 
/ is the isotherm of the process, and Pe is the diffusion Peclet number, 
Pe = L 2 /(Dt 0 ), which is a small or large parameter. Methods for 
constructing asymptotic solutions to (3.1.1.14) are developed in 

[3.31. 


3.1.1.4 Microwelding of Current Leads in Computer Components 

Microwelding is widely used in the manufacture of noil- 
detachable contacts in assembling computer components and other 
electronic devices. To calculate the heat condition in this process 
it is usually necessary to know the temperature field generated by 
a number of point heat sources combined in a certain configuration. 
The results are then employed to select a configuration of the sources, 
a shape of heat pulses, and a design so that one of the following 
conditions is met: 

(a) no complex phase transitions have time to occur in the micro- 
welding zone, or 

(b) the thermal effect must be such that only selected phase tran¬ 
sitions occur in the microwelding zone in the necessary direction. 

In the first case we must ensure that the temperature in the vi¬ 
cinity of the heat source drops off rapidly in time; in the second we 
must select the given temperature distribution. 

The process of heat transfer in microwelding is described by a> 
heat equation, which in dimensionless form is 

p (it, x) C (u, x) 4^ -e 2 (V, X (it, x) Vit) + R (x, t) = 0, 

(3.1.1.15) 

where (,) stands for the scalar product, p, c, and X are the density, 
specific heat, and heat conductivity and constitute dimensionless 
positive functions (these piecewise linear functions are replaced in 
a mathematical model with smooth functions), R (x, t) is the dimen¬ 
sionless source function describing the configuration of the heat 
sources ( x £ R-, t £ /?+), u = TiT 0 is the dimensionless temperature, 
and e 2 = X 0 t 0 /(p 0 C 0 L 2 ) is a parameter, with p„, C 0 , ^ 0 , L, and t 0 
the characteristic values of density, specific heat, thermal conduc¬ 
tivity, distance, and time, respectively. 

The problem involving only one electrode has been considered in 
[3.10], If there are n electrodes, the function R (x, t), which models, 
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the distribution of the sources, lias the form 

71 3 

R(x, t)=-=S 'If ( x < 0 ex p{ — af 2 ( x ~ x j) 2 }> (3.1.1.16) 

t=i >=l 

where the A, are finite smooth functions, Xj the dimensionless coor¬ 
dinates of the electrodes, and a f constants that determine the 
fractional width of the heat pulses. 


3.1.1.5 Liquid Epitaxy 


This method is employed in the manufacture of micro¬ 
electronics elements so as to obtain high-quality-low-defect single¬ 
crystal semiconductor materials. The epitaxy method [3.111 consists 
of crystallizing a substance from its solution or melt (the solution 
of the melted components that we wish to crystallize in a low-melting 
solvent). The parameters and structure of the epitaxial layer are 
controlled on Earth by varying the temperature, the rate of growth 
of the layer, the cooling rate, container geometry, the placing of the 
substrate, etc. In outer space in conditions of low acceleration 
there is the possibility of varying the size of the vector of residual ac¬ 
celerations that directly influence the quality of the layer. 

The epitaxy process is described by a system of Navier-Stokes equa¬ 
tions in the Boussinesq approximation of slow flow of a fluid [3.11]: 


V q , d(D 

2 *’ ~aT 

PC PC _ 

dt W dj 

—p— , u = 

py 


dm 

dx 


SC 

dy 


V 2 c 

Sc 


db) 

Sy 


u = 


di|) 

dx 


V 2 0) -f- F , 


where F -— cos <psin cp j Or are the bulk forces, Gr = 

gpZ. 3 C 0 'v- the Grashof number, p = (dpldC) Pt T p _1 , 0 < y < t, 

0 <T jc <T 1. Here g, p, /,, C 0 , v, p, u, and v the acceleration gener¬ 
ated by the mass force, the expansibility at constant pressure and 
temperature, the characteristic distance, the concentration calcu¬ 
lated from the composition-property diagram, the kinematic viscos¬ 
ity, the density, and the components of the velocity vector; Sc = 
vfl is the Schmidt number, and w, ij>, and C are the dimensionless 
hydrodynamic vortex and stream functions and the concentration. 
The direction of the acceleration caused by the mass force makes 
an angle <| with the y axis. 

The boundary conditions are 


C - C D , ii = tt, r - 0, x = 0, x = 1, (I < y < 1, 
dC/dy = U, ii = It, r -- U, y 0, y = 1,0 < x < 1, 
where C D is a constant. 
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The Grashof number may be either greater or less than unity, 
which makes it possible to introduce a small parameter, e. The 
Schmidt number exceeds unity considerably, say, when GaAs lay¬ 
ers are grown. 

In the present model we assume that the temperature of the melt 
is constant and that only the flow of the liquid and the concentra¬ 
tion distribution of the crystallizing component in the low-melting 
solvent are considered. The liquid-solid phase transition is accom¬ 
panied by liberation of latent heat of fusion, and the temperature 
distribution also affects the process. 

3.1.1.6 A Mathematical Model for Phase Transitions 

In dimensionless variables this model has the form 

Id.121: 

= (3.1.1.17) 

lim d (re"— u\ l (x, t))ldx = 0, n= 1 or re — 4, 

A' -*■ ± OC 

where \ is a constant, u 1 ( x , t) a given function describing the tem¬ 
perature in the external medium, u nl the temperature of the phase 
transition (a known constant), e = Pe < 1 is one small parameter, 
[1 = a'(XT jj) < 1 is the second small parameter of the problem, and 
o, X, and T„ are the normalized Stefan-Boltzmann constant, which 
allows for the degree of blackness of the body, the characteristic 
value of thermal conductivity, and the temperature. The thermal 
flux in the phase transition is .specified by the following relationship: 

(re)-g- = ?(«",-«"). 

Here we have assumed that heat transfer by radiation plays an im¬ 
portant role. 

3.1.1.7 Electron and Hole Transfer in Semiconductors 

The mathematical model of this process [3.131 consists 
of a system of parabolic and elliptic equations, which in dimension¬ 
less variables have the form 

V 2 cp = Q (n — p — f ), 

Tr: - (V, p„ (Vre — reV<p)> -T g, 

-ff = < V > MVp-rPVq>)) —g. 


(3.1.1.18) 
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where q is the electric potential, n and p are the electron and hole 
concentrations, ;i, and p, are the maximal values of these concent¬ 
rations, </, i*,,, and u n are the charge of the particles and their mobil¬ 
ities. g is the recombination generation function, Q = 9n 0 (t'lt'oTrK 




' , 

Pin in ■(" 


t*max \ 

I -h (///•*)*■* / 


_ 1 _ 


g -- (up — III ) It,, ( n — n,) + T n (p />,)!, n 0 is the intrinsic 
electron concentration in the semiconductor, e, and e 0 are the di¬ 
electric constant of the medium and the permittivity of empty space, 
/ ( x , y, t) is a known smooth function describing the total density 
of impurities in the semiconductor (donors and acceptors), the vari¬ 
able l assumes one of two values (n or p), the subscript i assumes 
two values (1 and 2), t,, and t„ are the lifetimes of holes and 
electrons prior to recombination, and tp T , q, ujnax, pinin, Ani, Pi, 
and Xj are fixed constants. 

def 

The quantity e == Q (Q — 10~ 3 ) is the small parameter in this 
model. For a concentration characteristic of the problem discussed, 
a second small parameter (the diffusion Peclet number) can be con¬ 
structed using the characteristic values of mobility p ol , the charac¬ 
teristic time interval (say, t,,), and the characteristic distance. 


3.1.2 Models of Functioning of Computer Components 

In this section we describe models for heat transfer id a supercon¬ 
ducting matrix, the diffusion of a light beam in an optical fiber, and the forma¬ 
tion of stable spin waves in ferromagnetic liquid. 

3.1.2.1 Heat Conduction in a Superconducting Matrix 

In view of the recent discovery of a new type of supercon¬ 
ducting materials with a transition temperature of about tttl-KKJ K 
and higher, the use of such materials in technology and computer 
components becomes ever more important. The design of a supercon¬ 
ductor resistance matrix presupposes good heat conduction and a 
good thermal contact of the superconducting material with the nit¬ 
rogen thermostat. Superconducting materials with a high critical 
held (type II superconductors) usually have a low mean free path of 
electrons and, hence, a lower thermal conductivity, which potential¬ 
ly makes them unstable |3.l'i, 3.1T»|. The copper layers, which form 
the framework of the matrix, are insulators (compared with the su- 
| creoudurlor) and possess high thermal conductivity. 

I.el us consider a superconducting resistance matrix immersed in 
a nitrogen thermostat with a temperature 7'„|3.l.’>. 3.l(i|. In the 
destruction of the superconducting stale (the phase transition from 
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the superconducting state to the normal conducting state), the tem¬ 
perature of the superconductor changes from T 0 to the critical tem¬ 
perature T c above which the superconducting state is destroyed. There 
exists a distinct boundary between the superconducting state and 
the normal metal state (Figure 3. ;). Three zones can be specified on 
the diagram: o)j, or the region of normal conductivity, co 2 , or the 



Fig. 3.4 

narrow transition region (which is natural for type II superconduc¬ 
tors), and <a 3 , or the region of the superconducting state. The bound¬ 
ary between oi 2 and m 3 can move in either direction. Since the 
phase transition occurs fairly rapidly, we must retain the second 
time derivative in the heat equation [3.14-3.17!. 

Heat conduction in a composite superconductor consisting of the 
resistance matrix and the superconducting layers is described in a 
uniform magnetic field by the following equation [3.16-3.171: 

-£)-«£(*<“>&) 

-\-F (u, x, t) - 0, (3.1.2.1) 

where p is the dimensionless density of the medium, K ( u) is a posi¬ 
tive function describing the thermal conductivity coefficient of the 
medium, u = TIT „, /’--[— J\R :- a ( u — 1)]^, p = const, 
a = TJ{T C - f„), ./ 0 = J - J m (1 - B!B n - a (u - 1)), 

1 — B'B m — a (u — 1) >0, with J the current flowing in the re¬ 
sistor matrix, J m and B m are the upper values of the critical cur¬ 
rent and of the magnetic field induction for a given superconductor, 
T 0 is the temperature maintained in the nitrogen thermostat, R = 
a 2 B is the resistance of the composite semiconductor, 

C — a^u 3 is the volume specific heat of the superconductor, a t = 
const >0, i = 1,2, 3, F ( u , x, t) is the source-sink distribution 
funclion (the rate of heat release), and e _1 = p 0 C 0 L z /(k 0 t 0 ) is the 
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small parameter of the problem, with the quantities supplied with 
the “0” subscript being the characteristic values of the density, spe¬ 
cific heat, thermal conductivity, and time, and I. being the char¬ 
acteristic distance in the problem. 


3.1.2.2 Diffusion of a Light Beam in an Optical Fiber 

and in an Optically Active Medium 

Lei us consider the problem of light diffusion in a medi¬ 
um with small transparent reflecting particles. At a certain moment 
in time the medium is illuminated by light from a source. The source 
is then switched off. Obviously, the intensity of the beam at the wave 
guide exit will become equal to zero, since the beam undergoes mul¬ 
tiple reflection in the medium, that is, the beam must travel a very 
long path before it arrives at the exit. Employing probabilistic ideas 
to the motion of a particle and calculating the reflection and absorp¬ 
tion probabilities of the particle, the authors of [3.181 arrive at the 
following hyperbolic equation: 

d~u 1 d 2 u , 2v du 
dx* “ 1 2 dt 1 


where c and v are the speed of light in the medium and the frequency. 

When light passes through an active medium, we must add, start¬ 
ing from a certain value of light intensity, a certain number of par¬ 
ticles to the intensity of the flux. The flux intensity reaches its max¬ 
imum and then decreases as the population inversion of the upper 
energy levels decreases due to the presenre of excited particles. In 
this case the intensity is described by the equation 


v du l d 3 u 
r 2 dt c 2 dt 2 


<1 

~dx 




- 0, 


( 3 . 1 . 2 . 2 ) 


F («„) tt, F («,) 0, dF dn | „ „ =?*= 0, / — 0, 1. In dimension¬ 

less variables, Eq. (3.1.2.2) has in one of the approximations the 
form 

e ,-e 2 ^--e--^--E(u), 0, (3.1.2.3) 

,n a / 2 dx- 


where the variables marked with a tilde placed over llieni are dimen¬ 
sionless. 


3.1.2.3 Formation of Stable Spin Waves in a Ferromagnetic 

Substance 

This process can be used in tbc memories of modem com¬ 
puters and In the biological computers of the future |3.l'd. 3.20|. 
I'be lia-n trend in the development of modern niemorv devices is 
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still an increase in the storage density and storage space. We be¬ 
lieve that this trend will continue. 

For certain values of the parameters there appears in a ferromag¬ 
netic film a steady-state (stable) modulation in the form of a quasi- 
periodic “focusing.” This is reflected in the distribution of the maxi¬ 
ma and minima of the magnetization vector. As the magnitude of 
the “supercriticality” increases as the system goes through a series 
of stages of “development,” against the background of large modula¬ 
tions there appear modulations on a smaller scale. The generation 
of capillary waves on the surface of a liquid may serve as an analog 
of this physical process and is easily observed in experiments 
[3.21-3.24], The mathematical models of these phenomena are ex¬ 
tremely close. 

The same phenomenon is observed in the generation of Langmuir 
waves in a plasma and the generation of waves on the surface of a 
liquid insulator in an electric field or of a liquid ferromagnetic sub¬ 
stance placed in a variable magnetic field. The generation of steady- 
state waves was also observed on the surface of melted metal heated 
by modulated ionic beams [3.23]. 

All the phenomena mentioned above are described by a single- 
mathematical model. 

To study the dynamics of the wave field we can employ averaged 
equations. The deviation of the level of the surface, C (x, y , t), can. 
be represented in the form of a sum of four terms [3.23]: 

£ = [a + e' lhx + a_e- ihx -\-b+e ' t,y -f &_e~ 1 ' ,s ][e _i<l>< + c.c., 

where c.c. stands for the complex conjugate of the first term, k 
is the wave number, and co the frequency. 

The common method of deriving the truncated equations is to 
employ the results of the Hamiltonian description of the nonlinear 
interaction of gravitation-capillary waves [3.24], When going over 
to the wave packet approximation, we must retain four packets cor¬ 
responding to two pairs of counterrunning waves. 

The system of equations for the envelopes has the form [3.241 

da, : .. d 2 a , d 2 a , 

_±_ + Vrj oa+ _L iK ± __±_ .. 

dt dx 4 A* dx 2 2k *)y 2 * = 

- i (If -)- Fb+bk) ai — ia ± [ T \ a ± | 2 

Jb ± , >fc+ i Vg ■ r ' l> x J_ 

r )t ~ 1 ” dy 4 k Ui/ 2 2 k 

- yb ± i (H - Fa t a_) bt • ih , | T I b r | 2 -^ .S' j h- + \ 2 

- H ll in ; 2 I a. 2 )], 
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where 7', S, H, F, and H are constants, y is the damping constant, 
and r fe . is llie group velocity. This model will be analyzed in 
Section 3.7. 


3.1.3 Examples of Simple Mathemalieal Models 

In this section we discuss simple models referring to equilibrium 
precipitation dynamics and a model of modulation of steady-state spin waves in 
a ferromagnetic substance. We also build new solutions to the Ginzburg-Laudau 
equation. Some of the mathematical models discussed in Sections 3.1.1 aDd 
3.1.2 allow exact solution in particular cases; for others no exact solutions 
are known. We will give the exact solutions in cases where they are known and 
thereby demonstrate a class of solutions that constitute bounded (as e 0) 
synergels. These will be discussed in Sections 3.5 and 3.7. 


3.1.3.1 The Exact Solution to the Model of Equilibrium 

Precipitation Dynamics 


When the influx of the precipitated substance to the sur¬ 
face is constant, the mathematical model of the dynamics of the 
■molecular process is [3.9| 


Ov 

lit 


_L_i_ _£i_ = „ n 
dy ' m dt dy 2 


V -- 


i’[ ,<--»- -► 1_, dvldy -► 0, 



v | ,,=ct — ( b/a ) y , 


— oo 1 / <C Cf. 


(Here C is an unknown constant that must be found, and a and b 
are constants that satisfy the condition a — 6 = 1.) Assuming that 
v = r (t), cp = tp (t), and t — (y — Ct)'e (in this example we assume 
that t = I, so that t -- y — Ct ), we arrive at an ordinary differ¬ 
ential equation for the function r (x): 


„ dv dv 

C —-r U -3- 

d t 1 dJ 




(3.1.3.1) 


The I.ndary conditions for v (x) are 

V(-OO) 1 , -g( — oo). U, I-(O) (h'a)’-. 


(3.1.3.2) 


Integrating (3.1.3.1), we get a lirst-ordor equation: 

(-C ! ,i) i-6,Vi/>.) (3.1.3.3) 


Assuming that r 1 and dr ill 0 as x - 
the condition <i — h - 1, we lind that ( 


— oo and allowing for 
itm (m 1). A parti- 
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cular solution to Eq. (3.1.3 3) lias the form 
X = JH±1Z3 \ D f 

u J V — q> u J I) (X+l)A_ av l A_|_(, 

(&/<!)*• (b/afi 

(3.1.3.4) 


The denominator of the integrand vanishes at v = 1, since a — b = 
1. If'we denote expression on the left-hand side of (3.1.3.4) by 
(y),“ we get x = 7 X (p). 



Fig. 3.5 

Generally speaking, the improper integral in I r (v) is divergent at 
v = 1_, that is, x —► — oo as ir —*-1 _, but the inverse function 
v = v (x) exists because the conditions of the theorem on inverse 
functions are met. 

[Let us restrict our discussion to the case where A, = 1. We have 

V 

j / \ n m +1 f vdv 

11W) — D j- ) 0 _ w+b 

b/a 

J^ln | v 2 —av + b | 1/2 

+ 2" } (o-l)(o-i>) ] \b/a 

n m + 1 . r I 2 , , I I o — l (0/(1 - 4 ) 1 1/2 |t> 

= D —■—In ti 2 —ay + o -r 

U L 1 1 I V—b I J (b/a 

(3.1.3.5) 


= D- m - + l 

U 


17 — 0105 
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The solution t ( v ) is depicted in Figure 3.5, and the curve 


<pW 

is depicted in 


J n-blv lir - 

l 0 

Figure 3.6. 


if n>(6/a) x . 
if Vi sj(6/fl) x 


T 



3he case involving a variable flow velocity u iy, t) and other 
cases of models of precipitation will be discussed in greater detail in 
Section 3.5. 

3.1.3.2 Spin Waves in a Ferromagnetic Suhstance 

Let us take the simple example of the modulation of 
steady-slate spin waves in a ferromagnetic suhstance (the statement 
of problems of this class has been carried out in Section 3.1.2). 
This phenomenon can easily he elucidated if we employ the model 
of capillary waves on the surface of a liquid. 

Let us examine the nonlinear interaction of two wave packets. 
If in F.qs. (3.1.2.4) we put a - a (y, t) and b ± — 0 for the amplitude 
of the envelope, we obtain the following equation: 

ilIa * + lT + S] I « I 2 - ipfl, 

(3.1.3.6) 

where If Gk!{ 4o)), (1 — const, T 0.0625 wA -2 , 5 0.625mA' 2 , 

y 2vA is the damping constant, and P = const. 

In this situation the authors of [,3.231 observed a series of grooves 
on silicon (Figure 3.7) at the following values of the constants: 
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density p = 0.9 X 10 3 kg/m 3 , surface tension a — 23 X 10~ 3 N/m, 
kinematic viscosity v =•• 4 X 10 -6 m 2 /s, wavelength X = 3.2 x 
10~ 3 m, to = 2n X 70 rad/s, and the characteristic size of the re¬ 
gion studied was 0.2 m. At these values of the physical parameters 
the “deep water” approximation is valid. 



Fig. 3.7 


The typical modulation period is equal to mX, with m varying 

between 2 and 4. The characteristic ratios in this case are v/co = 

0.07 and u K /y K — 3.4. 

These values of the parameters suggest that Eq. (3.1.3.6) can be 
made dimensionless and that there is a small parameter, 0 < e < 1 
in the model. 

Suppose that q = y/(Xm), x = ty, u = a [(S + T)/y]V 2 , a = f)/y, 

h = HIy, and e 2 == r g /(2 kX-yam 2 ) <Z 1, where e is the small pa¬ 

rameter. Then Eq. (3.1.3.6) assumes the form 

du. . « d^u T . _ 

TT~ ie #tf~ u=lhu ' + iu I w| 2 — iau. (3.13.7) 

The value h = 1 is said to be the threshold value, and the first 
stable “quasiperiodic focusing” mode is observed at h = 1 + th 0f 
where th 0 is the small supercriticality term. 

We will seek the solution to Eq. (3.1.3.7) in the form 

u (x, r|, e) = U (r|, e) + eW (x, q, e) + O (e 2 ). 


Then for the functions U and W we arrive at the following equations: 

~fof +iU \ U l 2— iUa -riU*-U^0, (3,1,3.8) 

dW . « d 2 W 

~d7~ ie + W ih » u * + i\V\U\* 

+ 2 i | VW | W—iaW. 


17* 


(3.1.3.9) 
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If we put 

We get the following system of equations: 

e 2 + (— 1 + °) n, — n K -n 2 (n? + n\) = 0, 

‘ (3.1.3.10) 

-e 2 -^jfT-(l-a)n 1 -n 2 + «, K + «5) = 0. 

Near the threshold of parametric wave excitation [3.231, it is 
necessary that n t = n.,C = n, where the constant C in view of 



(3.1.3.10), identically unity, C = 1 (see also [3.21, 3.22]). Then from 
system (3.1.3.10) we obtain the equation 

— e 2 -f an — 2n 3 — 0, (3.1.3.11) 

whose exact solution lias the form 2 

n = -(cr/2) i/2 <a (t] y o/e), m ± = ± ]/2/cosh £, ^ =T 1/o/ e - 


Equation (3.1.3.11) lias two steady-slate stable solutions: to = 1 
and to = —1. The function | <o_ | is exponentially close to unity 
at a sufficient distance from point i] 0, namely, the following esli 
mates hold true: 


Similar 



e ,v -|-o(e ,v ) if N>i and r) > — JVe_ln e/ \ a = 6, 
e" + o (e N ) if t) < Ne In e/ [/ a. 


(3.1.3.12) 

estimates hold true for <o+. 


1 The fact that parameter f is small will be employed below to 
construct the asymptotic solution (3.1.3.17). The exact solution is well-knowD 
and can bo obtained in a trivial manner. 
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The function w_ (1) can be matched with the steady-state solu¬ 
tions via the so-called decomposition-of-unity procedure. We de¬ 
note this new function by to. (|), with | = r \Yale.. 

Let 


Et (D= { 
E 2 ©={ 


0 

1 

0 

1 


if ri < 6, 

if r| > 6 -f- 6,, 6, >0, 
if r)>—6, 
if ri<—6—6, 


(3.1.3.13) 


he two smooth, infinitely differentiable functions. Then 


[®_(i)(i-* t (0)] if e>o, 
[®. ©(!-£,©)] if 6<0. 


(3.1.3.14) 



Let us describe how the function co.. can be used to construct a 
single groove (Figures 3.8 and 3.9). Note that Eq. (3.1.3.11) and 
the functions <n_ are invariant with respect to the translation group, 
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The functions E t are also shifted by a quantity 

F / t-HU \ I 0 if t 1 + T 1*< 6 - 

1 ' 8 / 1 1 if Tj + "n, > 6 + 6j, 6>0, 

F = I ° H ’> + t '*>- 6 > 

2 V 8 / l 1 if T1-+-T1, <—6 — 6,. 


(3.1.3.15) 


In a manner similar to that employed in (3.1.3.14), we can set up 

IV 

the function to_ (E): 

Mi+ii) 

{ (MS+ £,)(!-£,(! + £,)) if 5+i,>0. 

I I®-(6+E.)(l + «.(E+W) if i + Si<0. 
| 1 =const>6 ) . (3.1.3.16) 


Then functions (3.1.3.14) and (3.1.3.16) can be employed to construct 
a single groove (the asymptotic solution to Eq. (3.1.3.7)): 

u = (1 + i) (a/2)'/ 2 w_ ft)+ 0(e). (3.1.3.17) 


A more detailed study of problems of this kind will be carried 
out in Section 3.7. In the two-dimensional case the similar solu¬ 
tion to the equation e 2 ^j — o) + co 3 = 0 has the form 

(u-VT/cosli(Tl±L). 


3.2 Properties of Standard Equations 

Here we list the properties of ordinary differential equations that 
will be needed in our future discourse. 

3.2.1 Seniilinear Differential Equations 

In this section we discuss the basic properties of seniilinear stan¬ 
dard equations. 

The exact solution to the model of diffusion of a light beam in an 
optical liber (the model constructed in Section 3.1.2) has the form 

u(x, I. a) •/ ( T F bt ) , 


where the function satisfies the standard differential equation 

6 17 ~ 77 (<■“ W - ^ If) - R (X) - 0. (3.2.1.1) 
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This equation belongs to the class of ordinary differential equations 
of the type 




which represents all the standard equations encountered in this paper. 
At K (x) = 1 such equations are known as semilinear: 

b -^r--^--B(6) = 0. (3.2.1.3) 


The properties of monotone semilinear solutions to Eq. (3.2.1.3) 
for an R (0) ^ 0 that has only two roots on the closed interval 
[0, 1] have been investigated in two situations [3.25-3.29]: 


fl€C‘([0, 1]), R( 0)=0, Z?(1) = 0, 


dR 


X 


dR 


dB e =0 ' dB 6=1 


: 0 ; 


(3.2.1.4) 


0, R( 1) = 0, 
< 0 , /?(©)> 0 . 


(3.2.1.5) 


/fee*«o i]), R( o) = 

dR I dR I 

dB |e=o ’ dB |e —i 

Equation (3.2.1.3) in which the function R (©) satisfies conditions 

(3.2.1.4) is known as a Kolmogorov-Petrovskii-Piskunov (KPP) 
equation after the mathematicians who obtained these equations 
and studied them in the now classical work [3.26] and who arrived at 
nontrivial results. It is now well-known that when conditions 

(3.2.1.4) are met, Eq. (3.2.1.3) possesses smooth monotone solutions 
0^ 0 (E)^ 1 only if 2 Y I dR/dQ | 6 =o I > with 


0 (E) ~ 1 — exp (— l 0 l) as | -v oo, 

0© ~ exp (/£) as | oo, 5>2]/| dR/dQ | e=0 1, 

0 (|) ~ exp (ll) + c 2 |exp(2|) as — oo, 
b = 2V I dR/d& | 8=0 |, (3.2.1.6) 


when dR/dQ \ e=o >0. When dR/dQ | © =0 < 0, one should simply 
substitute 1—0 for 0. See [3.43] and the Remark on p. 320. 

Equation (3.2.1.3) in which the function R (0) satisfies conditions 

(3.2.1.5) is known as the Zeldovich equation [3.3, 3.28] and differs 
in principle from the KPP equation. First, the solution to the Zeldo¬ 
vich equation that satisfies the conditions 0 (E) -> 1 as £ —► oo and 
0 (E) — f 0 as E — ► — oo exists only for a single value of parameter 
b and behaves, as | E | —oo, in the same manner as (3.2.1.6). Sec¬ 
ond, a reversal of sign of R (0) in the Zeldovich equation leads lo 
an equation with entirely different properties. 
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3.2.1.1 Kolmogorov-Petrovsldl-Piakunov Equations 

A particular case of Eq. (3.2.1.3) is the equation 

*-f£—4gr-' 0(l-e) = O. (3.2.1.7) 

This equation has an infinitude of solutions of the traveling-wave 
type, that is, functions that satisfy the conditions 

0 ^ 0 ^ 1 , 0(—oo) - 0, 0(-foo) = 1, 

ilO/d^^O for t£( — oo, oo), (3.2.1.8) 


with b nUn = 2. The following theorem (see [3.26] and also 

[3.25]) holds true: 

Theorem 3.2.1.1 For every 2 there exists a solution to Eq. 
(3.2.1.7) satisfying conditions (3.2.1.8). 

The results of this theorem are generalized in [3.3] to incorporate 
equations of the (3.2.1.2) type in which the function 0 (1 — 0) is 
replaced with an R (0) that is smooth for 0^ 0^ 1 and satisfies the 
following conditions: 


fl(©)>0 for O<0<1, R (0) = R (1) = 0, 
dR 


dB |e=o 


>0 

- u , , a 


dB e-=i 


< 0 . 


(3.2.1.9) 


As is well known, solutions of the traveling-wave type (i.e. solu¬ 
tions satisfying (3.2.1.8)) exist in this case if 

b>b mj ,=2V\dRldQ | e=0 |. (3.2.1.10) 


Let us calculate the constants l and l B in (3.2.1.6). After we differen¬ 
tiate Eq. (3.2.1.3) with respect to £ and apply L’Hospital’s rule, we 
find that, as f —*■ — oo, 

b^l + \dR/de\w\/l. (3.2.1.11) 


This function is depicted in Figure 3.10. Obviously, if b >b mln 
(a given constant), then 

0<|Z|<oo, h b/2-Y 6-/4 - dR/de 1 0=0 . 

Let us calculate the constant Following the same line of reasoning 
as in deriving (3.2.1.11), we find that , as c —oo, 

, , , | dR/dB | e= || f def PB/dc,* | 

0 + T, ’ dB/dl | t =„ u - 

(3.2.1.12) 
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This function is depicted in Figure 3.11. Since 0 -+■ 1 as E —► oo and 
the value of b ( l ) is finite (nonzero), we obtain 

gS 

Z 6 = -6/2 + i/6 2 /4+ |d/?/d0| e= ,|. 

Whence the following relationships: 

0 = l_exp(— | /„ |i) + o(exp(— 1 1 0 11)), 1-► oo, 

dQ/di = 1 1 0 1 exp (— | l 0 | 5) + o (exp (— 1 1 0 j l)) 

= — Mol (1 exp (— | l 0 | £))+ | l 0 | 

+ ° (exp ( — Moll)) 

= — Mo I © + Mo I + 0 (exp (—Moll)) 

= Mol (! — ©) + 0 (exp ( — Mol !)). |->-°o. 

The above reasoning proves the validity of Theorem 3.2.1.1. 




Fig. 3.10 


Fig. 3.11 


In applications an important equation is the one involving the 
sink function: 

5p- + *(0)--°. *(0)>O for 06(0, 1). 

This is combined with conditions (3.2.1.4) and the conditions 

©l^+- = i, ©U~„ = o. 
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The velocity of a simple wave in this problem is negative, 

*=-(j«(««)(! (f-) ! *)-, 

0 — ao 

and the following estimates hold true: 


0 « exp (Z|), Z = 6/2 + ]/ 6^4 + dRIdQ | e=1 >0, 

l —OO, 


0 w 1 —exp(— Z,E), Z,— —6/2 + V 6 2 /4 — | dRIdQ |e=i I. 

S -► + oo, 

so that the wave travels with the velocity 
b<b aln = -2 Y | dR/dB | e=1 |. 


Finally, here is an example that illustrates how important it is 
that the derivative of the source-sink function, dRIdQ, for 0 £ [0, II 
in Eq. (3.2.1.3) be continuous. In the papers [3.26, 3.27) this condi¬ 
tion is ignored. 

Let us consider the function 


0 



exp (— 1/E) if |>0, 
0 if E<0, 


(3.2.1.13) 


which is smooth for c ( fl 1 and satisfies the simple wave equation 
for equations of the KPP type [3.26] 

ft 4!---^-- 01n2e [6- 1 ne(2 + ln0)) = O, 0£[O, 1). 

“b “b" 

(3.2.1.14) 

In this case the function R in Eq. (3.2.1.3) has the form 
R = 0 In 2 0 [6 — In 0 (2 + In 0)] 

and has an unbounded first derivative at point 0 — U. This results 
in the localization of solution (3.2.1.13) to Eq. (3.2.1.14). 


3.2.1.2 Zeldovich Equations 


A particular case of Eq. (3.2.1.3) in which the function 
R (0) satisfies the conditions (3.2.1.5) is the following one: 


bo 


de 

<a 


d»e 

dl* 


- 02 ( 1 — 0 ) . 0 . 


(3.2.1.15) 


The exact monotone solution to this equation has the form 


«(l) 


_1_ 

14 exp (-5/ 1^2) ' 


(3.2.1.16) 
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The constant fc 0 , known as the Zeldovich constant, is in the present 
case equal to l/|/2. As | | | —*- oo, we obtain the following esti¬ 
mates: 


0 = 


0 (exp (£>„£)) as ? oo, 

1 — exp (— 6 0 £) + 0 (exp (—6 0 |)) as 


->- + oo. 


These results can be generalized to incorporate equations of the 
(3.2.1.3) type in which the function @ 2 (1 — 0) is replaced with a 
smooth function R (0) satisfying conditions (3.2.1.5). As is known 
(see [3.3]), in this case the traveling-wave solution (i.e. satisfying 
condition (3.2.1.8)) exists only for a single value of constant b and, 
as | i | —»- oo, we arrive at estimates of the (3.2.1.6) type, with 

l = h- 

The Zeldovich equations have been studied in [3.30] in connection 
with problems of the theory of combustion. The physics of these 
problems implies that the function R (0)must be nonnegative. How¬ 
ever, a study of localized solutions to nonlinear equations (see 
Section 3.8 and the book [3.3]) leads to the need to study equations 
of simple waves for the Zeldovich equations with a nonpositive 

R (©)• 

A particular case of the Zeldovich equation with a nonpositive 
R (0) is 

+0 2 (!-©) = °. (3.2.1.17) 


Let us prove that the solution to this equation satisfying the 
conditions 


d8/d£=£0, 0U-._oo-.-O, ©|^ + „->-l, (3.2.1.18) 

has no exponential asymptotic as £ —*■ —oo. The existence of such 
a solution is proved below. 

Let us assume that the contrary is true, that is, that there are 
positive constants < 0 and h > 0 such that 


1 — exp(1,1) + o (exp(!,£)) as |->- + oo, 
0(exp(f 2 |)) as t -»— oo- 


Then, as | g | —»- oo, (3.2.1.17) yields 
—&*,+ /; + 1 --= 0 , 61 ,- 71 - 0 . 

Ileal solutions ^ exist only if bl>2. The second equation implies 
that b = U. Note that the following equalities are valid: 

b J (tc) 2 *--* - \*V-e)de---L. 

— CO 0 


Hence, b and L are negative, which contradicts the initial assumption. 
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The singular point A is a complicated singular point of the saddle- 
node type with a single distinct direction (direction 1 in Figure 3.12). 
The singular point B is a node for JM >2/e*fl/d0|e-i (a 
confluent node for | b \ = 2 YdRIdQ | e=1 ). The eigenvalues and 
eigenvectors of the linearized equation have the form 

X ± = b/2±y r b 2 /4 - dRIdQ | e =i , v.=-(k., 1), 

n + =(A+, 1). 

The integral curve ADB, which corresponds to the solution to Eq. 
(3.2.1.17) that satisfies conditions (3.2.1.18), enters the singular 
point B along the direction of the eigenvector v_. The proof of Lem¬ 
ma 3.2.1.1 is complete. 

There exists a natural generalization of Lemma 3.2.1.1, namely, 

Lemma 3.2.1.2 Suppose that the junction R (0) in Eq. (3.2.1.3) 
satisfies conditions (3.2.1.20) and point 0 = 0 is an algebraic branch 
point of this function, R (0)— ©P, {$ > 1. Then the solution 0 (t) 
satisfying conditions (3.2.1.18) has the following asymptotic behavior: 

©(?) = 0(|5r 1,<p - ,) ) as i-v-oo, 

0(5)= 1 -exp(l|)+o(exp(l£)) as 5 -»-+ oo, 
l = 6/2 — yb 2 /A - dRIdQ | e =i <0. 

Proof. The proof can be obtained in the same manner as was done 
with Lemma 3.2.1.1 and is not discussed here. 


3.2.2 Nonlinear Standard Equatirns 

In this section we consider a method for studying nonlinear stan¬ 
dard equations. The method is based on the reduction of the standard equation 
to known equations for simple waves for the KPP equation [3.26] of the Zel- 
dovich equations [3.30], The properties of the solutions to these equations are 
given below. The main results concerning the properties of localized solutions of 
standard equations are contained in Theorems 3.2.2.1 and 3.2.2.2. 

Let us take an ordinary differential equation with constant coeffi- 
cien Is, 

= ( 3 - 2 - 2 - 1 ) 


where K (%) and F (x) are positive for % £ (0, 1), K (0) = 0, K (1) > 
0, and K (j) ~ x ft_1 as X—»-0, A; >1. By 0 (£) we denote the 
smooth monotone solution to 


b 


de 

dl 


d*e 

dl 2 


R (0) = 0, 


where dR(@)ld@ is a continuous function of 0£[O, 1], 


( 3 . 2 . 2 . 2 ) 
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Theorem 3.2.2.1 The transformation 

*<*)-8r = -f|- (T<X)) (3.2.2.3) 

reduces liq. (3.2.2.2) Zo A'</. (3.2.2.1), where F (x) = R (•/). A (x). 

Remark 3.2.2.1 The inverseof function •/ (t), or t (%), exists be¬ 
cause of the assumption that 0 (E) is monotone. Indeed, Eq. 
(3.2.2.3) and the monotonicity of ©(E) imply the monotonicity of x (t). 

Remark. 3.2.2.1' We get the same results using 
0 = exp[(Z>+ Yb 2 —6m ln ) t/2], t-»- —oc (see p. 320). 

Proof. Transformation (3.2.2.3) leads to the following: 

dx . 1 d9 (x (x)) 

dr K (x) d? 

jL ) = _^e _t_ d±_ 

dx \ dx ) d|> d0 (x (x))/d? dx 

d^e i i de (x (x)) i d*e 

~ d?* ,d0 (x ( X ))/dE K(x) dl K( X ) d? ■ 

Using these relationships to express the derivatives of 0 and sub¬ 
stituting the result into (3.2.2.1), we arrive at (3.2.2.2). The proof 
of the theorem is complete. 

The lefl-hand side in (3.2.2.3) contains an expression that has the 
physical meaning of the flux of the transferred quantity. The trans¬ 
formation (3.2.2.3) is known as the localization transformation and 
has been introduced in [3.3]. 

Remark 3.2.2.2 If the function R (x). A' (y_) has a singularity at 
X ■- 0, then inslead of Eq. (3.2.2.1) we should consider the equation 

*(X> (*<*>-£)]+*<*> = 0- 

Examples involving the construction of some exact solutions to 
equations of the (3.2.2.2) type and the respective partial differential 
equations are discussed in [3.3] (see also Section 3.8). 

Lei us now lurn to Eq. (3.2.2.1) and assume that the source-sink 
function F in this equation is the ratio R (y.) A’ (x), with R satis¬ 
fying conditions 13.2.1.9). Then the solution to Eq. (3.2.2.1) can 
he expressed in terms of the solution to the equation of simple waves 
for the Kl’l’ equation by the method discussed in Theorem 3.2.2.1. 
Let ns illustrate this pictorially. Let 0 (E) be the solution to Ihe 
simple-wave equation 

- hJ 3- + 4r + /,(W) 0 


(H.2.2.4) 
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Curve 1 in Figure 3.13 represents the function 0 (£), the solution to 
Eq. (3.2.2.4). In the same figure curve 2 represents the derivative 
dO/dl. The graph of the function / (0) = (d@/d£) (0 -1 (0)), with 



0 _1 (0) the inverse of 0 = 0 (|), is shown in Figure 3.14. Both Fig¬ 
ure 3.14 and Theorem 3.2.2.1 imply that Eq. (3.2.2.1) with F (%) 
equal to R (%)IK (%) has a solution x (t) with a semi-bounded sup¬ 
port (this solution is shown in Figure 3.15). 



Let us study the behavior of the function % as x -► 0 and y v 1. 
Without loss of generality, we can consider the case where the front 
of the weak discontinuity lies at point x == 0. As t— >-0, we have 

X (*) = (Vi T o (1)), (3.2.2.5) 

where y l = (a) is a certain constant. Indeed, in view of (3.2.2.3), 

it is sufficient to prove that the function depicted in Figure 3.14 
satisfies the condition df/d& |e =0 # 0. To establish^the validity of 



272 


V. G. Danilov, V. P. Maslov, and K. A. Volosov 


(3.2.2.5) , we calculate the derivative 

(PB/dg 1 I def , 

~ de/dg It—co 

The estimate (3.2.2.5) then follows from (3.2.2.3) and the estimate 

(3.2. 1.6) as 1 —*•—oo. 

Let us consider the behavior of x as X~*"l- For the function 
0 (E) the asymptotic behavior as E +oo is specified in (3.2.1.6). 



This together with (3.2.2.3) implies that % has the following asympto¬ 
tic behavior as t—>-oo: 

* ~ 1 - exp (- J TTir)+ 0 ( exp (-nffir)) • 

The estimates for x when ft (0) satisfies conditions (3.2.1.5) or 
(3.2.1.20) can be established in a similar manner. 

Summing up the above statements we arrive at an important theo¬ 
rem concerning the solutions to Eq. (3.2.2.1): 

Theorem 3.2.2.2 Let the /unctions F (x) and K (y) in Eq. (3.2.2.1) 
hare the form F (x) = y?(‘ (x). q >6, h> and K (x) = 
k[> (x) X*" 1 . with the functions p (x) and (i (y_) being continuously 
differentiable for 0, (1 (y) =^= 0 for y £ 10, I), ('< (1) = 0, and 
dF!dy_ | r=1 #0. Then there exists a monotone continuous nonnegative 
solution to Eq. (3.2.2.1) that has a semi-bounded support (y (t) = 0 
for t < 0), satisfies the condition dy h /dx | r n ~ O, and is such that 


3. Mathematical Models in Computer-Component Technology 273 


(a) if k + q > 2, 1, and G (x) >0 for x 6 [0, 1), then 

X(t) as i 0, 

X(t)=l-exp(- A) +0 ( cxp (-^)) asr^oo, 

Z„ = - W2 + /6V4 - dfl/d© | e=1 , 

w/iere b — b 0 is the Zeldouich constant in Zeldovich equation 

t d0 d 2 0 r> /r»\ n. 

b ° ir _ ^r“ i?(0)=O: 

(b) t/ fe + g = 2, g<l and G(x)>0 /or x£[0, 1), then 

X (t) = O (tVI*- 1 )) = 0 (T‘/(t-«)) as t -»■ 0, 

X (t) = 1 — exp (— Z 3 r) + o (exp (— Z 3 t)) as x oo, 

where 

l 3 = (- b/2 + V 4 + j <W?/d0 | e-i I)/ (ftp (1)), 

6 >2 y dR/dQ | @—oi 

(c) if k + q >2, q < 1, G (x) < 0 for x € 10, 1), then 

X (t) = O (t 1 /< 1-, >) as x —0, 

X(t) = 1 — exp ( — Z 4 x) -fo(exp( — Z 4 r)) as t -»• oo, 

Z 4 = (6/2 - VbV 4 - Zft7d0 | 9= i )/ (fcp (1)) < 0, 

b< -2/dif/d0| e=1 , 

to/tere i? (0) = A:p (0) 0 ftt «-‘G (0), p(0) > 0. 

Proof. The proof of the theorem follows from Eq. (3.2.2.3) and 
Ihe properties of the solution to Eq. (3.2.1.3) (see also Eq. (3.2.2.2)) 
tliscussed in Section 3.2.1. 

Let us consider the ordinary differential equation 

bN (x)4- (K (x) •f-) - F (X)- 0, (3.2.2.6) 

where K (x) and N (x) are positive functions, F (x) >0 for % £ 
(0, 1), K (0) = 0, K (1) >0, and K (x) = k 9 (x) f' 1 . By 0 (c) 
we denote the smooth monotone solution to the equation 

WV(0)-g---g--*(©) = 0, (3.2.2.7) 

where dR (0)/d0 is continuous in 0 6 10. II. There is a theorem I hat 
is similar to Theorem 3.2.2.1: 


18 — 0105 
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Theorem 3.2.2.3 The transformation 

*<*>-Sh~S-< T( *» (3 - 2 - 2,8) 

reduces Eq. (3.2.2.7) to £g. (3.2.2.6) with F (x) == R (y)/E (*/_). 
Proof. The proof is similar to that for Theorem 3.2.2.1. 

The properties of the solutions to Eq. ((3.2.2.7) are specified by the 
following 

Lemma 3.2.2.1 Let the function R (0) in Eq. (3.2.2.7) have the 
properties specified by one of the conditions (3.2.1.4), (3.2.1.5), or 
(3.2.1.20). Then there exists a monotone nonnegative solution to Eq. 
(3.2.2.7) with 0 £ [0, 1] such that 

(a) if R (0) satisfies (3.2.1.5), then 

0(|) « exp(/g), l = bN( 0), as 1 —►— oo, 

0 (1) « 1 —exp (— /„!) as | oo, 

l 0 = - bN (1 )/2 + ^6 W 2 (l)/4 +1 dR/dQ | e =i |; 

(b) if R (0) satisfies (3.2.1.4), then 

0 « exp (Z|) as 1 —>-oo, 

© « 1 — exp ( — Zji) as 1 + oo, 

l = 67V (0)/2— V b 2 N 2 (0)/4— dfl/rf0 | e=0 , 

—6jV( l)/2 + ^6 2 7V 2 (l)/4-f-1 dR/dQ | e=1 |, 
where 6>2A r ~‘ (0) ]/ dR/dQ |e=o'» 

(c) if R (0) satisfies (3.2.1.20) and has an algebraic branch point at 
0 - 0, or R (0)~ 0P, p >1, then 

0(1) « 0(| | r 1/(p -°) as 1 oo, 

0(1) « 1 — exp(/ 4 l) as l-*- + oo, 

l x ~bN(i)/2 — ^6 2 iV 2 (l)/4— dR/dQ | e= i <0, 

where b<- 2A'-‘ (1) V dR/dQ | e=1 . 

Proof . To prove this lemma, one can employ the line of reasoning 
used in Section 3.2.1. 

Slimming up (lie aforesaid, we arrive at the following theorem on 
(lie properties of llie solution to Eq. (3.2.2.6). 

Theorem 3.2.2.4 Let the functions F (%) and K (x) in Eq. (3.2.2.0) 
have the form F (-/) x q(: (x), 9>0, *>1, dFld %| x =i # 0, 

and K (-/) /.p (•/) x* _1 , and let the functions p (x), G (/), and 

AC/) be continuously differentiable for x==^ 0, 6’ (x) C 0 for 
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y £ [0, 1), and G (1) = 0. Then there exists a continuous monotone 
nonnegative solution to Eg. (3.2.2.6) that has a semi-hounded support 
(% (t) = 0 for x < 0), satisfies the conditions dy h ldx \ x= o = 0, and 
is such that 

(a) if k -f q >2, q >1, and G (%) >0 for x 6: [0, 1], then 

X (t ) x 0 (t'/i*-')) as x —>- 0, 

X(t) « 1 — exp( — / 0 T/fcp(l)) as T-»--foo; 

(b) if k-\-q--2, q<l, and G(x)>0 for x£[0, 1), then 

X(t) »0(T 1/ ( ft - 1 )) = 0(r | /(‘-’)) as x 0, 

X(t) « 1— e.xp( — fjT), l 3 — l 3 / (kp (1)), as t->+oo 

(here b >2jV _1 (0) ]/dR!d& | 0=1 ); 

(c) if k + q> 2, q< 1, and G(x)<0 for x€[0, 1), then 

X (t) « 0(as x —*- 0, 

X( T ) ~ 1 —exp(—Z 4 x) as x -*-+ oo, 

h — IJ (^p(l)). b^-2N- l (l)VdRld&\ e =i , 

where R (©) = kp (0) 0 A+9 " 1 G (©), p(0) > 0. 

Proof. The proof of this theorem is similar to that of Theorem 

3.2.2.2'. 


3.3 A Time-dependent Model of Thermal Oxidation 
of Silicon 

In this section we consider a time-dependent model of thermal 
oxidation of silicon for the case where the effective Debye shielding length de¬ 
pends on the coordinate in the region occupied by a growing oxide layer. 3 


A model of thermal oxidation of silicon has been described in Sec¬ 
tion 3.1. It consisted of the equation for diffusion of oxygen in a 
solid and of a Poisson equation describing the potential generated 
by the space charge formed in the Si-Si0 2 interface. The mathemati¬ 
cal statement of the problem is 


dv 

~dt 




*2A -i 


® 3 = v l ’ e ) sinh< p- 


(3.3.0.1) 


18* 


See also [3.3-3.6], 
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The movement of the Si-Si0 2 interface is specified by the equation 

+ I , (3.3.0.2) 

dt V dy dy f |„= OT (0 ' ’ 

where C* is a given constant. The boundary conditions have the 
form 

v (0, t, e) = 1, v(y 0 (t), t, e) = 0, 

<P (0, t, e) = 0, <p(j/ 0 (O- t, e)^O 0 <0. 

Equations (3.3.0.1) and (3.3.0.2) together with the boundary con¬ 
ditions (3.3.0.3) constitute a complete mathematical model of the 
process of thermal oxidation of silicon in the case where the kinetics 
of the thermal oxidation is close to steady-state. 

We will seek the asymptotic solution of the problem formulated 
above in the form 

V (y , t, e) = [eW 0 (y, t, x) + e 2 H', (y, t, x) 

+ 0(O]^sto. ».«>/*. (3.3.0.4) 

<P(y. t, e) = [E 0 (t) -t-eE,(y, t, x) -j- O (e 2 )) T=S(!( , , lE) E , 

where 5 (y, t, e) = S 0 ( y , t) + eS 1 (y, t, e), with’5 0 (y, t ) = 

P (0 (y o (0 — y)i P (t), and S j (y , t, e) being smooth functions. 

Here is a theorem that describes the structure of the asymptotic 
solution and provides a method for solution. 

Theorem 3.3.0.1 Problem (3.3.0.1)-(3.3.0.3) has an asymptotic 
solution of the form (3.3.0.4). The function W 0 (t) is then determined 
thus-. 

T 

w 'o( T ) = (»o(0) 2/ *Iexp(F 0 (T))J j exp ( — F 0 (x')dx', (3.3.0.5) 

o 

with W 0 (t) ~ Cx as x —+ oo, and the function F 0 (t) is the solu¬ 
tion to the boundary value problem 

T 

- = (e*l> Fo) F 0 ) ( j exp ( - F 0 (x')) dr') , 
o 

F 0 |t= 0 - ®0i 11 -*=» 0. 

The function S has the form S (x , t) - (;/ (/) — y) -j- tS { (x, t). 
The movement of the boundary of the region (the interface) is specified 
by a parabolic lau\ that is, 

y n (t) - |/ 2 C*i -f- i/ 0 (0). (3.3.0.0) 

Proof. We substitute solution (3.3.0.4) in (lOq. (if.3.0.1) and nulli¬ 
fy the coeflicienl of the same powers of f. We arrive at a system of 
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equations of the type 
3x 2 


(3.3.0.7) 


^(-t) 2 = "VinhF 0 ; 


9 3 2 H / 0 as 0 dS , 

t <w, / 

' SS o \2 

TO 

TO 

I 

ax 2 \ 

dy ) 

i 2 — (w eF<> 

ax \ w ° (ax , 

\ ds 0 dSi 

1 dy dy 


—* 

1 _ 1 

+ 

+[k( w > 

*)]( 

d*w 0 as 0 . a 

(ur d Fo \ 

dS 0 

— dy 3 x dy dy 

l ” 0 ax ) 

dy ’ 


a 2 F„ g£i , 3 2 Fi I dS„\2 

3x 2 dy dy 


i I 

ax 2 \ ay / 


(3.3.0.8) 


= IF 0 F, cosh F 0 + IF, sinh’F 0 . 
The boundary conditions for system (3.3.0.7) are 


IF 0 | x=0 = 0, 

F 0 | T=0 = d) 0 <0, 


TF 0 = 1; 

F 0 lx~oo = 0. 


(3.3.0.9) 


Let us consider system (3.3.0.7). In view of the first condition in 
(3.3.0.9) and the fact that S \ y =y a (t) = 0 we get 

X 

lF 0 (T) = Cexp(F 0 (T)) j exp ( — F (t')) dx', (3.3.0.10) 

o 

where C — C (y, t) is an unknown function. Susbtituting this expres¬ 
sion for function (3.3.0.10) into the second equation in (3.3.0.7), 
we arrive at an equation for finding F 0 : 


■~l^ = ( sinhf °) exp ( f »W) 1 e.\p( —F„(t'))cZt\ 

(3.3.0.11) 

F 0 \ x=0 ==® 0 <0, F 0 \^ = 0. 

Let us study the behavior of (3.3.0.10) as x -»- oo. Obviously, 


W 0 ~ Cx = Cp (t) (y 0 ( t) -y) + 0 (e). (3.3.0.12) 

Note that at y = y a ( t ) the function S (y, t, e )/e grows without lim¬ 
it as e-> 0. For this reason the boundary conditions of the initial 
problem correspond at y — y 0 ( t ) to the boundary conditions as 
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t —*- oo belonging to the system of equations (3.3.0.7), (3.3.0.8). 
Thus, (3.3.0.9) yields 


?py 0 (*)-l. 

Hence. C — C ( t). Without loss of generality we can put p 2 = 



y o 0)=5h y 0 ( 7 )=iOh y 0 (i7)='2h 

Fig. 3.16 


P leads to the renormalization of S and has no effect on the final re¬ 
sult (see [3.3]). The final result is 

c=-(!/o(or 2/3 . p(o=(f/ 0 ('))- ,/3 . 

Now, from the flux balance equation (3.3.0.2) we can liml t/ 0 (/), 
which determines the movement of the Si-SiO., interface. Indeed, 
in view of (3.3.0.2), we have, as x —► oo, 

c* (cp -|- pn' 0 . 

hnl the last term decreases exponentially as x —*■ oo, whence 

dyjdt C*ly 0 (t), y 0 (t) - V*yt + y a (0). 

As a result of a number of manipulations, system (3.3.0.8) can he re¬ 
duced to the following system of equations for functions H x 
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and F 1 : 


Wi 


9t 2 


3t 

W„ 




dFi 


dr 


■W , 


dS t 


dx 2 dy 


££o \ 

3x / 

dF 0 


2 w( w <> 4r) (3- 3 - 0 - 13 ) 


P*- cosh F,-^ sinh F 0 = 
The boundary conditions are 

WMt=o=0, ^1^ = 0, 

It=o =0» F|| t -. ao = 0. 


p W„ a 

^ 01* P ay ’ 


(3.3.0.14) 


Relining the solution, that is, the solution to higher-order equations, 
does not lead to qualitatively new results, and we will not under¬ 
take it here. 

In conclusion we note that the above result (the law of motion of 
the Si-Si0 2 interface) is in good agreement with the entire body of 
experimental data and with the existing empirical models. In 
Figure 3.16 we have collected the results of numerical calculations 
of problem (3.3.0.1)-(3.3.0.3) (see also Figure 3.1), where the dotted 
curves correspond to the principal terms W 0 and F 0 in the asymptot¬ 
ic solution specified in Theorem 3.3.0.1. All constants are listed in 
Table 3.3.1. 


Table 3.3.1 


(Po 

At 

h 

c* 

Pe 

Figure 

-20 

0.02 

0.025 

1 

10-1 

3.1 

-30 

0.02 

0.025 

1 

10-1 

3.10 


3.4 Oxidation of Silicon 

in a Halogen-containing Medium 

In this section we discuss a simple phenomenological model o£ 
the diffusion of chlorine in silicon. When gaseous chlorine is brought into con¬ 
tact with a silicon crystal, classical diffusion of chlorine into silicon occurs 
(on the whole, chlorine is poorly dissolved in silicon). The situation changes 
drastically when oxygen is admitted and the solid-phase chemical reaction starts. 
A pronounced maximum in the chlorine concentration is formed as a result of 
this process and it is localized at the Si-SiO., interface and moves in space. This 
section is devoted to the study of this process. 
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3.4.1 The Model Problem 

In this section we define a localized asymptotic solution and build 
such a solution lor a nonlinear equation with constant coefficients. 

In the phenomenological model of silicon oxidation in a halogen- 
containing medium, the diffusion coefficient depends on the concen¬ 
tration gradient (see Section 3.1.1.2). Such a model has been studied 
in 13.31], 

Asymptotic solutions with a compact support for quasilinear para¬ 
bolic equations have been built in [3.3], In the one-dimensional case 
the left and right fronts of the weak discontinuity move in oppo¬ 
sition to each other at the same speed, so that the solution support 



Fig. 3.17 

spreads or contracts with respect to a fixed point (the “center”). 
Multidimensional localized asymptotic solutions with a compact sup¬ 
port have a similar property. In this seel ion we build one-sided lo¬ 
calized asymptotic solutions for a quasilinear parabolic equation; 
the maxima of these solutions propagate in space (see Figure 3.17). 
Such solutions are similar to solitary waves (solitons) in the theory 
of wave processes, but have not been previously mentioned in the 
literature. 

Biologists |3.25] and specialists in the field of technology [3.4| 
have long known of the effect of self-motion of structures, that is, 
motion not associated with that of the external active medium. The 
solutions set up in this section describe the self-motion of a dissipa- 
livestructure and may be used for mathematical modeling of pro¬ 
cesses observed in experiments. We will call such solutions solitary 
synergets. 
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Let u‘s consider the quasilinear parabolic equation 

■- *£ -i ( . + ‘& T- (»■>) r C) - 0, 

(3.4.1.1) 

asgfl 1 , [0, 7], 


in which the function F ( u) has four roots, u x = 0, u 2 = a, >0, 
u 3 = c 2 > 0, u 4 = 1, dj < a 2 < 1, and satisfies the following con¬ 
ditions; 

dF/du | u=0 > 0, dFIdu. | u=ai < 0, dF/du U= O2 >0, 

(3.4.1.2) 

dFIdu |t<=i<0, F{u)~u q (q^ 1) as u 0. 


Definition 3.4.1.1 An asymptotic solution to Eq. (3.4.1.1) 
of the solitary synerget type is a continuous function u (x , t, e) 
bounded below by a positive (and independent of e) constant on a 
set with positive measure and such that 

(a) Lu = Q ( x , t, e), where Q is a bounded function (as e —*- 0) 
for which the following estimates (or bounds) are valid: 

g t a ^ -const, 

p, 6 eZ + , 8+p<[l + l/(*- 1)] 

(here [A] stands for the integral part of number A)\ 

(b) the transferred-quantity flux is continuous: 

du k | 1 du I „ 

^ dx ]x-.0t ’ 1 +13 | du/dx | dx ||x|-.oe ~* 

(c) ( duldt)/(duldx ) >0 as | Vu j —max. 

Let us study Eq. (3.4.1.1) with constant coefficients: 

T+mriT. I g)- f (»)-<>■ < 3 - 41 - 3 > 

x£R l , t£[0, T], u>0, 
where F (u) = u q G (u), q'^t 1. 

The function F (u) vanishes four times on the segment u £ 10, 1] 
and satisfies conditions (3.4.1.2). The asymptotic solution of the 
solitary synerget type to Eq. (3.4.1.3) satisfies the following bounda¬ 
ry conditions: 

u I*-,—0, u |x-.+t» duldx |x-,-oo 0. 

(3.4.1.4) 

The part of the solution of the solitary-synerget type corresponding 
to the nonzero boundary condition is constructed by employing the 
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solution of the simple-wave type [3.26-3.281 (see Figure 3.3), and 
the part corresponding to the boundary condition as x —► + oo in 
(3.4.1.4) is constructed on the basis of a simple wave (see [3] and 
Chapter 6). 

When the coefficients are constant, the solution of the solitary- 
synergel type to Eq. (3.4.1.1) can be constructed by employing the 
invariant solutions to Eq. (3.4.1.3). These are determined by the 
solutions x ( T ) of tl |e ordinary differential equation 

, -t 1 ) -F(x)=-0. (3.4.1.5) 

dr </x \ 1-rP | dx/dr \ dr I v ' 

The following lemma holds true: 

Lemma 3.4.1.1 Let 

dF/dx | x =o > 0, dF/dx | x =i <0, dF/dx\ x = ai <0, 
b t <2VdF/d % \ x . ai , Z>, > |-rf77^-Q (I dF/dx U | 3 -1). 

1 

j F(x)dx>0, i = 1, 2. (3.4.1.6) 

0 

For one thing, 6j>2|/ dF dx | x =o if q = l or b = b 0 are the constants 
of the Zeldovich type in the equation 

b <>i£-ik(TWTwdTr J %r)- F(x)=0> ?>1 - 


Then there exists a monotone solution Xi to 


. dti 

_jL| 

■ i 

dX l 

1 dx 

dx \ 

. l + fl ldx,/dTl 

dx 


satisfying the conditions 0^Xi^f> 

Xi( T ) — 0(exp (ft)), / = bJ2 -j- Yb\l4 —dF/dx I x =oi 

as t - 

X, (x) = 1 —exp (Z,t) +o (exp (Z,t)), 

Z, = —b t l2—V b V^ — dF/dx lx— 1 » as T “*■ + °° 


and a monotone solution Xs ( T ) to 


dxi _ d_ ( 

1 dr dr \ 


1 


1 - P {dXi/dr) 


dli 

dr 


)~F(x t ) = 0 


satisfying the conditions a,^Xi( T )^f’ 

X> ( T ) 1 — exp(Z 2 T)-)-o(exp(Z 2 T)) as r-+—ao. 

X,(x) a,+exp( —Z,t)+o(exp(— Z 3 t)) as T-e + oo, 
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with 

i 3 = b 2 !2 + Y 6*74 - I dF/dx lx=a V |. 

h = - V2 + V6i/4-|d^/cfxlx=. • 


Theorem 3.4.1.1 The asymptotic solution of the local-solitary-syn- 
erget type to problem (3.4.1.1), (3.4.1.2), (3.4.1.4) 6as the form 


U\ (X, t, e) = [x, (- 
+ E t m, 

x (l_^(£±M 


+ 6 d W 1 p 

( x + b ' t -rrt ) \ 

e I 

[ a m 'J) 

)][*d' + . M 

) 

- m-z) ) + £,> ( 



(3.4.1.7) 


where nii = const, m, > 0, and the E t (£) are smooth nonnegative 
functions : 4 





if i<0, 

if i>£ oi >0, < = 1, 2. 


(3.4.1.7') 


This solution satisfies Eq. (3.4.1.1) to within O (e N ), where the estimate 
O is uniform in variables x and t, and IV is any positive number. 
Proof. The proof follows from Lemma 3.4.1.1. 

In variables x and t the function Xi constitutes a wave moving to 
the left, while the function y 2 describes the “tail” of solution (3.4.1.7), 
which tail in variables x and i is a wave moving also to the left 
(see Figure 3.3). 

Proof of Lemma 3.4.1.1 We start by sLudying the first-order ordin¬ 
ary differential equation 

Jg_ = [bp _ F ( X)] (1 + p | P 1 ) 2 /p, (3.4.1.8) 

which is obtained from Eq. (3.4.1.5) by substituting p (%) for 
dy dx. In the p, y plane, Eq. (3.4.1.8) has four singular points (Fig¬ 
ure 3.18), namely, 

A (0, 0), B (1, 0), C (a,, 0) D (<z 2 , 0). 

The point A (0, 0) is a nonstable node [3.32) at q = 1. Indeed, the 
eigenvalues of the linearized system of ordinary differential equa¬ 
tions corresponding to (3.4.1.8) are 

K 2 = 6/2 ± V by 4 — dF(x)/d% | x=0 • 

By hypothesis, 

6>2 ]/ dF/dx |x=o . 


4 These functions are used to match yand y 2 with unity. 
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which implies that the eigenvalues X li2 are real and of the same sign. 
The corresponding eigenvectors have the form 
IT = (*■!, 1). = (^ 2 . !)• 

The pattern of integral curves in the neighborhood of point A for 
1 is depicted in Figure 3.18. On curve 1 we have p = F (x) and 



dp <•/■/_ 0 . For q > 1 point A is a saddle-node |3.3M|, and thedirec- 

Iions at which the integral curves emerge from this poinl coincide. 
Point 0) is a saddle, since the eigenvalues have different 

.-signs:_ 

hi 2 ± ■ \dFidy \y- I . 

The corresponding eigenvectors are 

f, 1), r, I), /.„<(!. 

The integral curve 2 must pass in the neighhorhood ol point C as 

show u in Figure 3. IS and majori/.e curve /, on which p — 
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I dFidx I x = a , 1 (flj — X) + O (a 2 - x). Thus, 

^.dF/dx |x=ai» 
from which it follows that 

6 > | dF/d X |x= ai 1“ (I dF/dx |x= ai | 3 - 1). 

At point D (a 2 , 0), which is an unstable focus [3.331, the eigenval¬ 
ues and eigenvectors are 

Kt = bl2±VWi - dFld x \w , 

(Xj, 1), u 2 = (a 2 , 1). 

By the hypothesis of Lemma 3.4.1.1, 

b<2YdF/dx | x =a 2 


and, hence, the eigenvalues are complex-valued, withReX 1>2 posi¬ 
tive. 

The point B (1,0) is a saddle point. 

To study the behavior of the integral curves at inlinity, we exLend 
the Euclidean plane II to the RP 2 projective plane referred to homo¬ 
geneous coordinates X, Y, Z. We will restrict our discussion to the 
case F~ v 0 x q , 4, as •/ —oo, with v 0 — const < 0. 

Equation (3.4.1.8) in the X, Y, Z coordinates has the form [3.33] 


dX dY 
X Y 

p* Q* 



(3.4.1.9) 


where P* = YZ and Q* = YZ*- 1 - v 0 X 9 . 

Equation (3.4.1.9) has the form 

— ZQ*dX + ZP*dY + (XQ* - YP*) dZ = 0. (3.4.1.10) 


If we nullify the expressions that are the cofactors of dX, dY, and 
dZ, we will find the coordinates of the singular point (t> at infinity: 

X = 0, Y = 1, Z = 0. 


At the singular point we must go over to the coordinates 
x = X/Y, z = Z/Y. 


Putting Y = 1, dY = 0, X = x, and Z ■-= z in (3.4.1.10), we arrive 
at the following system of equations 
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In the neighborhood of point z = 0 , x = 0 we have dz dx = zlx, 
that is, point <t> is a saddle-node point. We can calculate the first 
term in the power expansion of z (which specifies the direction of 
entrance into the singular point): 

z = (-^ j 1/<5-11 x («+l)/(9-l>, 

The curve ANB in Figure 3.18 corresponds to solution Xi to Eq. 

(3.4.1.5) . This completes the proof of Lemma 3.4.1.1. The solutions 
X, and % 2 are then used to build the solution discussed in Theorem 
3.4.1.1. 

Remark 3.4.1.1 A priori it is not known whether or not there exists 
a constant b that satisfies all the conditions of Lemma 3.4.1.1. 
When <7 = 1, the conditions in the neighborhood of singular points 
assume the form of inequalities and there exists a certain arbitrari¬ 
ness in the choice of constant b for each case. Numerical integration 
of Eq. (3.4.1.5) has corroborated the possibility of choosing a con¬ 
stant b for which all the conditions of the lemma are met. 

For q > 1, the transformation (3.2.2.3) can be used to reduce Eq. 

(3.4.1.5) to an equation of the (3.2.2.2) type, whose properties at 
0 ~ 0 are close to those of the Zeldovich equation (see Section 
3.2.1). It is then natural to expect that some of the conditions for 
b in Lemma 3.4.1.1 will be of the equation type, with the result 
that there is no guarantee that the emerging equations will be com¬ 
patible. If, nevertheless, for q > 1 there exists a solution y A (t) to 
Eq. (3.4.1.5) that satisfies the required conditions, we can use this 
solution to build a solution to Eq. (3.4.1.1) of the local-solitary- 
synerget type. 


3.4.2 Local Solitary Synergets in a Nonhomogeneous Medium 

In this section we describe a method lor building asymptotic solu¬ 
tions of the local-solitary-synerget type to equations with variable coefficients. 
The existence of such solutions means that the asymptotic solutions of the local- 
solitary-synerget type are stable under slow perturbations of the external medium. 

Let us study the following quasilinear parabolic equation with a 
small parameter acting as coefficients of the derivatives: 


,u - z dt e2 dz [( X ( z > l+idn/dj-ip) dx ] 


\du/dj\p) 

—y(x,t)G(u)u q -:0, (3.4.2.1) 


where x (j Jt ', I £ in, 71, « 6 10, II, 0 < e < 1, < 7 ^ 1. 

The function u q C (u) satisfies conditions (3.1.1.2) formulated in 
Section 3.1.1, and k (x, t) and y (x, t) arc smooth positive functions. 
We start our discussion by giving an algorithm for building the 
asymptotic solution 1 / =- u (x, t, e) to Eq. (3.4.2.1) that satisfies the 
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following conditions: 

u | x --oo -► 0, duldx ]x-v—oo —► 0, 

u|*~+«-*-l- (3.4.2.2) 

A solution that satisfies conditions (3.4.2.2) is similar to the solu¬ 
tion 

Ul (x, t, e) = x, ( X ^ blt ) 

to Eq. (3.4.1.1). The following theorem holds true: 

Theorem 3.4.2.1 Suppose ’ that conditions of the hypothesis of 
Lemma 3.4.1.1 are met. Then the asymptotic solution to Eq. (3.4.2.1) 
satisfying conditions (3.4.2.2) exists and has the form 

u t (x, t, eK lXiW + eWMt, x)]| T=Sl/E 


Pi ( X + ( Pl) 


X 

+ E,( -m.) , 


0 ) 


(3.4.2.3) 


where 6 t = const >1 max (P; (eSjPn)). 

<£[o.t] 

The function S 1 ( x , t, e) has the form 

S t {x, t, e) = p, (t) (x + tp, (t)) + p„ (<) (x + qq (0) 2 
+ e5 10 (a:, t). 

with the functions P : ( t) and cpj (f) determined by the system of equations 

■ =1 > Pi-S L = Y(-<P,.0*i. (3.4.2.4) 

and the function p,,(0 defined thus: 


P..-fPt 


d\ 


J2 _ jffil ^ 

. At 'ft. 


dx |x=-(p " dt JPj 

+ -H-L m Pr l ][2M-cp., 1)1(21-^)]-'. (3.4.2.5) 


<pi 


The junction E 1 (i) is defined in Eq. (3.4.1.7'), and % 1 (t) is the solution 
to Eq. (3.4.1.5). The function S I0 is determined by solving the equa¬ 
tion 


^t + 2M-<Pi. Ofc-%-f + P,-£- 


at 1 8x 

+ 2 PnM— f Pu 0 = 0. 

Finally , the function W 1 is defined in 


dx lx=-q 


l 



288 


V. G. Danilov, V . P. Maslov , and K. A. Volosov 


Lemma 3.4.2.1 The function W x ( t , x) has the form 

1 <*Xi 


w ‘ = c iirr+ 


P?M~ 9l. 0 dx 

T' 


where 


— oo — ao 

(3.4.2.6) 

V — exp {& t j (l+p-^i-) 2 dx} , 

+ 2Pj/v (-<p„ t) {-^ (x-5 10 ) + -^} ] 


dx 


(t 


dX 


') 


i+fHd Xl /dx) dx 
d X i T dS w , / 0Q d(pi , dpi \ x — Sm 1 

~~ir L ~— + \ zpii_ dr + _ dTj pi J 


+ 


dy [ T — ^io r/ r \ | 2PuX( — ipi, t) dXi 

Pi 1 + p( dXl/( j T ) dT 


dx [x=-<pi 

The following estimates hold true'. 

W t ~ O [xexp (2Zx) +exp (Zx)] as x-s—oo. 
W t ~ 0 (x 2 exp (Z,x)) as x->--(-oo. 


(3.4.2.6') 


Let us now prove the above-stated assertions. 

Proof. We construct the monotone solution u (x , t, e) that satis¬ 
fies the conditions 




1» U |x_, 


0. 


In view of the monotonicity of u (x , t, e) we must put | du/Ox | = 
ou ! dx in Eq. (3.4.2. 1). Let us substitute u (x, t , e) = fV 0 (S e) — 
ell'! (S/e., t) into Eq. (3.4.2.1). The result is 


( T -*5|( 

~(- 

■ ex \ i + Po(aiv' 0 /ax) dx 


dW 0 
(dWJdx) dx 
i_ aiv„\:ax 


I (dtt'o/dx) dx 

> (t-5, 0 )-2p, (i|U-(x-5 10 ) i -^) X(-q>„ t) 
dW °) hP!X(-<p„ t) 


n ,.,p. 


r p a 

d II, <>Vf, \ 

l H p (dWJdx)- dx 

dx dx / 
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+ ■ 


p 2 dWt/dx 


aw 0 dHV„ 


8W, 


(i + P(anyax)) 2 ax 

p (dwjdx) anv o 


dx 2 


+ ( 2 ^ + J f i ) 

, <W„ BS 10 


\ + %(BWJdx) dx 2 

\_Lfi v /_ „ <■) gj W 

J^ p ‘ di at <Pl '" div 0 

^o) 


<^s 

o 

CO 

1 

H 

dy 

T — S i0 

Pi dx 

dx x=-q>i 

Pi 


2Pi 


^(-9i, 0-^}+O(6»). (3.4.2.7) 


r ax at i + p(awydx) 

Here we have allowed for the following relations: 

__ itPi 1 e(T —5i„) 

dt ' \ dt ^ “ K “ dt / ipj 

as i 0 


dSi o dq>i 

“aT ~ Pl ' 


+ e —^T 2 - + O ((ex) 2 ) | t =s/e. 


dt 

ggi -fl . 
^“ Pl 


-^e(x-S lo ) + e-% + 0((eT) 2 ) | t=Sl/e 


dx 


(*+<P.) = 6(T p / lo) +0((eT) z ) U= Sl/£ , 

= 2Pn + O (8T) | T=S / e , 

+ 0 «”»]L,/. 1 

r(*•«-[»( 'i+xH-,, "V"’ 

+ 0 «’»]L 


(3.4.2.8) 


=Si/e 


Since the function tF 0 = Xi ( T ) is a solution to 

"dr ( 1 + PfdXi/dT) dx ) V ( tpi. t)F(% ,) =0, 




l + P (dXi/dt) dx 

(3.4.2.9) 

Xl ll-*-oo — ► 0, X, | T ^.+oo —► 1 I 

and the functions p 2 (t) and ep, (t) satisfy system (3.4.2.4), for the 
relationship Lu = 0 (e 2 ) to be valid it is sufficient that 

dcpi BWi . Q 2 , , . f_p_a ( BW 0 aw I \ 

dt dx “ 1_PlM Vl ’ ' \(i + P(3wyax)) 2 at \ dx ox I 

p» (dWj/ax) aw 0 aw 0 _ 1 aw, 

(3.4.2.10) 


P, 

+ 


(i+P(awyax)) 2 i ax ax 2 
p (aw-t/ax) aw. 


l + p (BWJdx) dx 2 

_H W -f 

T-fP(awyax) y( ?1 ’ dw 0 1 J " 


19-0105 
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I 1 Mo ) 

\ i + p(3HyaT) a i J 

^Pii /_ c \ 1 dS- 


)Pi(t-5, 0 )- 


+ 2p, (^U-(t- 5 10 ) + -^) A(-q>„ 0- 


awjax ' 
+ P(<w„/aT) , 
I T ~^10 


) I oa i <*Pi 1 T — ^io 3W 0 

/ rP'*^r + “dr; — pi ar 


+ ii 

x= - q>i 


1 + P(^ 0 /5t) 




atn as 10 

at dt 


(—<Pi. 0- 


The function Xi (?) can be found by solving Eq. (3.4.2.9) and is there¬ 
fore a known function of its argument E. The boundary conditions 
for Eq. (3.4.2.10) have the form 

ff.U-vO, 0. (3.4.2.11) 

The general solution to Eq. (3.4.2.10) has the form 


W, = C i W it + C 2 W i2 +- 


p;m-<pi, o 


[ JL 
) w lt 


(i^^K 


(3.4.2.12) 


7 = * f ~P *Xi , _ 

y ‘ 71 L(H-P (dXi/dx))^ 3 t ^ 1 + P(3Xi/3t) 

Wu-fr,W„-W u j ^dx. 


Xhe fund ion T, or l lie Wronskian of Eq. (3.4.2.10), lias the form 
V — exp {6, J (l + p-gL) 2 ^}, 

and the function */, has the following asymptotic form as x —► — oc: 

Xi- exp(Zx)-f exp(2Zx)-f C> (exp (3Zx)). (3.4.2.13) 

In view of the estimates given in Lemma 3.4.1.1, as x —°o, we 
gel 

7 t = 0 (exp (Zx)), V~0(exp(Zi,x)), (3.4.2.14) 

and the integrals in (3.4.2.12) are divergent for arbitrary functions 
Pu and iS )0 . 
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Nullifying the sum of the coefficients of x exp (lx), x —— oo, we 
arrive at the equation 


-jc-l p,P + 4X(- Vl ,<)p tl P 


/ n o dip, . rifii \ l _. 

_ l zp “*dr + dt ) p, + 


dy 


0. (3.4.2.15) 


This leads to an equation for p tl : 


P..= -[P. 


ax 

dx x=-c 


l 2 - 


(3.4.2.16) 


Let us prove that the denominator in (3.4.2.16) does not vanish, 
Obviously, 


4Z 2 — 2Z&,=^0, l = b i l2 + Vb\li-dFldx | x =o- 


By Lemma 3.4.1.1, 

Vbyi — dF/dx | x =o ¥= 0. 

We nullify the sum of coefficients of exp (Zx) ast-+ —oo and arrive 
at the equation 

-^+2L(-q> 1 , Z)Z 2 p,-^- 

+ 2PnM — *Pi, t) —4p it X( —q)„ t) S i0 l 2 
i Ton dtp, i dp, "j 1S 1# 

+ L zPit ~jr + -srj -jr 

+ |U 4p- = 0. (3.4.2.17) 

Combining (3.4.2.16) and (3.4.2.17) results in an equation for S 10 : 

+ 2PoM— <p,, t) = 0. 


We continue with the study of (3.4.2.12). Estimate (3.4.2.13) im¬ 
plies that if Eq. (3.4.2.15) is valid, function /, has the following be, 
havior as x —*- — oo: 


19 * 


ft = 0 (x exp (2Zx)). 
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Moreover, as t —>— oo, we have 
dX 


U -^r v ~ l = 0 ( T ex P i@ l - b d *}). 
v (^-)" 2 = °( ex i’« 6 ‘- 2z ) T })- 


(3.4.2.17') 


The inner integral in (3.4.2.12) converges as t —► —oo if 3i> — b l 
is positive. In general, the following estimate holds true: 

| V-'fi -gs-dT-= 0(| exp {(3/- b)l}) as £ —>- — oo. 

Let us consider the behavior of the integrand in (3.4.2.12) as I —*- 
+ oo. By virtue of the estimate 

Xi ~ 1—exp (—/,£), 

l t = — b l /2 J r Ybl/4-\-\dF/d% l | Xl=) | , 


we have (as | -► + 00 ) 
dXi 


/. ^-/V = 0{iexp[(-2l i -b l )i]} < 
F (^ L )’ 2 = °{ ex pK&. + SI^t]}. 


(3.4.2.18) 


By virtue of the estimates (3.4.2.18), the inner integral in (3.4.2.12) 
is convergent. We also have the estimate 

oo 

[ J^~ l ~^di=0{i exp [(3/ -b t ) t]}, 


and C 2 = 0 in (3.4.2.12). Then (3.4.2.12) assumes the form given 
in Lemma 3.4.2.1. The above estimates imply that 


Oil 

W — 

‘ ■ 0(1 


0( x-exp(— l t i)) as x —oo, 
(Texp(2Zx)) as t->- —oo. 


We have thus constructed an asymptotic solution of problem 
(3.4.2.1), (3.4.2.2) to within 0 (f, 2 ). 

At this point it is important to note that for 0 < const < Sj 
the function Xi (?> ( T - L e)) I t=s,/e becomes exponentially close 
to unity as e —0, by virtue of Lemma 3.4.1.1. This makes it possi¬ 
ble to setup a global asymptotic solution by matching Xi to unity, 
just as was done in Section 3.4.1 and in 13.31. This matching is per¬ 
formed by employing the functions E- t . The definition (3.4.1.7') for 
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the function E 2 (£) implies that 


^ Pi(z+9i) 


f 0 if Pl(J e +q, i ) <m 1 , 

m ‘) — j ^ if Pi(j+«Pi) > m A ^ 
- e . 62 * 


(3.4.2.18') 


wnere 

max |PJ/(ep u )|. 

<6i0. T] 


The proofs of Theorem 3.4.2.1 and Lemma 3.4.2.1 are complete. 

To build an analog of the solution Xz given in Lemma 3.4.1.1 
we must construct an asymptotic solution with the same properties 

as the exact solution X 2 ( J - ^ —) to Eq. (3.4.1.5). 

Here is an algorithm that can be used to construct the asymptot¬ 
ic solution u (x, t, e) to Eq. (3.4.2.1) satisfying the following con¬ 
ditions 


u (z, 

^ » G) 1 X-*. - oc 1 1 

du 

dx 

u(x, 

G) 1 x-^ + 00 

du 

dx 


(3.4.2.19) 


A solution to Eq. (3.4.2.1) that satisfies conditions (3.4.2.19) 
is smooth. Hence, the algorithm of building an asymptotic solution 
to be discussed differs from the algorithm employed in Section 3.4.1. 
The main difference in the form of representation of the asymptotic 
solution lies in the choice of the representation for the “phase”, the 
function S (x, t, e). 

The formula given in Theorem 3.4.2.1 is similar, on the one hand, 
to the formulas given in this and previous sections and, on the other, 
to the formulas used in wave theory to build asymptotic solutions. 
Just as we did with (3.4.2.18'), let us introduce a continuously differ¬ 
entiable function E 2 that matches the solution to unity. Then we have 
Theorem 3.4.2.2 Assume that the conditions of Lemma 3.4.1.1 
are met. Then the solution to Eq. (3.4.2.1) satisfying conditions 
(3.4.2.19) exists andhas the form 


«.(*. U 6 ) = (*M J t L )+e»M J t L - *' e ))M Ml e +y ~ 

_ ga ( M*+<Pz) + 


where m 2 — max |P|/(e6'B 21 ) |, with 6.' = const >1. The function 

<E[0, T] 

S 2 (x, t, e) has the form 

S 2 (x, t, e) = p 2 (t) (z + <p 2 ( 0 ) + P21 (t) (x+ cp 2 (/)) 2 + eS 20 (z, t). 
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the functions p, (t) and q>, (t) are defined through the system of equations 

=il = (3.4.2.20) 

and the function p :i (0 is defined thus: 

*■--(»*•£- U--55-1—^ ) 

X (2X (—«p,, 0 i, (2i» —(3.4.2.21) 
The function S t0 can be found by solving the equation 

“Tf - /» + 2X (-*, t) P, [±§f -/, + (/,— /.5,o)] 

+P«ifL-,.( 7 o-W 




~r ~p~ ~i~ ^ t (^5 W + 2 P S ,M—<Ps* 0 — 0 » 

where the integrals /„ to I s are calculated by the formulas (3.4.2.30) 
given below. The function IT, has the form 

tv _ p dlt _ 1 _ dXt [ V I ^X, \ ~ * 

1 <h P!X(—9,, () rfx' J \ & t' / 


(J 


/,(l-p(rfx,/<g)) > (dXtm 


<«) dx‘. 


where 

V = exp {ft, j (l- P ^-) 2 dt}, 

/,= [P ,(t-S-)^-L.^ 


+ 2p a ?. (— <p«, 0 {^-(x-S s0 ) + ^f-}] 


_g_/ 

i 

ax, \ 


*( 


V 


<fx, 

r 1 < 

>B *El~l 

<*P, \ x-S„ i 

dr 

L a< V 

- p!1 di 

dt 1 p, J 


gV i x—Sf p , % i 2P tl X ( <y,. 0 dXt 

a* |«—». p. t _p ( d Xj/(jT) d T • 


The following estimates hold true 

O (t exp (2/,x) + exp (/.x] 
0(x : exp (IjX)) 


\V { 


as x -*■ — oo, 
OS X —► -j- oo. 
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Proof. We will set up an analog of the monotone solution it and, 
therefore, we will assume that j dujdx \ = — du/dx. We substi¬ 
tute the function u (x, t, e) -= W a (S (x, t)/e) + e.W 1 (x, t, S (x, t)/ 
e) into Eq. (3.4.2.1) and get 


aw „ 


Lu_|p 2 J* aT ° p-X( <p 2 , t) 3x [ t — p (ai^a/^T) dx 


] 


1- a 1 

1 1 aiy 0 \ 

ax 

\ dx 1 

[ l-p (awyax) ax j 

dx i= 


_ 2 p 2 (lhL ( r-S 20 ) + ^>-) X(-q) a , t) 


r -p a 

aiy 0 aw l \ 

L (l-P(awyax)) 2 ax 

(dx dx / 


+ 


p 2 (ew l /d%) dw 0 aw, 


aw. 


r)IT„ 


(dWJdx) dx 


(l—p(awyax)) 2 at ax 2 1 —p (awyax) d* 2 

gjgwvgi) w. ~i 1 q d cp 2 .. . jf(wg w 

1 —pawyax ax 2 J 1 p ' 2 it dx ^ 2 ’ ” dw 0 1 


/ 9ft d<p 2 ! dp, \ 

r (w-dr+sr) 


dt 

dW a dS 


T iS 2 o 

a? 

p 2 dx 

(?£ 3 


x 5 2 1 


2P 2 i 


•<r, 

X(-q>», 0^} + O(e 2 ). (3.4.2.22) 


■F(W 0 


dx dt 


l—p (awyax) 


Here we have employed (3.4.2.8), with the functions p 2 , p n , 5 10 , 
and 5 X replaced hy p 2 , p 21 , S 20 , and S 2 , respectively. 

Since the function W 0 = (x) is a solution to 

b --dx~— ~dx ( l—p(ax 2 /ax) ~lrt ) — V( —V 2 . t )F(% 2 ) = 0, (3.4.2.23) 


% 2 lx-*—<»—X 2 !x--+oo — ttj I - 0, 

and the functions p 2 (t< e) and q> 2 ( t , e) satisfy system (3.4.2.20) 
for Lu = 0 (e 2 ) to be valid it is sufficient that the following equation 
he satisfied: 


H dcfj 8W j 

Pi irir 


+ 

+ 


P 2 (dWJdx) 


(l—P (awyax)) 2 ax 

p aw t aw. 


l—p (awyax) ax 

, .. dF (W 0 ) 


ax 2 


/ 

-P 9 

/aw 0 aw\\ 

l (1- 

-p (awyax)) 2 ax 

\ 3x dx 1 


1 

a i w 1 

2 

1 — P (dW 0 /dx) 

ax 2 

/ 

=/„ 


(3.4.2.24) 
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dx ( l-p(anyaT) 3 t° ) P 2 dx )«=_,. 

+ 2p 2 (i6lL(T-5 ?0 ) + i|f ) X(-(p 2I t) 

v _! I * dW ° \ 

dx \ l-p {dwjdx) dx I 

I Oft ^2 I \ X S 2 o d\V 0 
”l ZP21 dt h dt I p 2 0X 


I U V I c *- , 20 P CW \ _ Wo d<$20 

0* |jc=_<p, p 2 ' dx 0t 

+ 2fc,M-T,. 

The function Xa (t) can be found by solving Eq. (3.4.3.23) 
The boundary conditions for Eq. (3.4.2.24) are 

w t — 

The general solution to Eq. (3.4.2.24) is 

W — r W 4 - c W _ Wu 

Wi-^iVy lid -^ 2 yy 12 p«x(-(p„ o 


(3.4.2.25) 


x i 4 ( 1 -^*)* 


(3.4.2.26) 


|.-nW • -w„\ i,. 


The function V, which is Wronskian of Eq. (3.4.2.24), has lho 
form 

V -- exp { b t j (1 — P -jj *-) 2 ^ T } • 

As t— oo, the function Xa behaves in the following manner: 

Xa ~ 1 — exp(Z 2 t) — exp(2Z 2 T). (3.4.2.27) 

By virtue of the estimates carried out in Lemma'3.4.1.1, as t -*■ —oo. 
we get 

/ 2 -0(oxp(f 2 T)), V ~ 0 (exp (5 2 t)), 

and the integrals in (3.4.2.26) with arbitrary |3 21 and S !( , are diver¬ 
gent. 
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If we nullify the sum of coefficients of x exp (Z 2 x) on the right-hand 
side f t of Eq. (3.4.2.24). we arrive, as x— oo, at the equation 


ax 

dx x=-q>. 


W!+4X(-(P2. <)fW! 



P21 _L \ t I dy 

p 2 dt ' dt ) 2 ‘ dx *=-p. 



(3.4.2.28) 


From this follows the expression (3.4.2.21) for the function fS 21 . 

The denominator in (3.4.2.21) does not vanish; this can be proved 
in the same manner as in Theorem 3.4.2.1. 

Let us continue our study of (3.4.2.26). From estimate (3.4.2.27) 

it follows that if (3.4.2.28) is valid, then / 2 behaves, asi^ — oo, 
in the following manner: 


U = 0 (X exp (2Z 2 x) + exp (Z 2 x)). 

Moreover, as x —— oo, we have 

fz~llrl V=0 ( Texp K 3 ** - fc s) T ) + ex P {(2*2 — b 2 ) x}), 

V(^y 2 = 0(ex V {(b 2 -2l 2 )x}). 

The inner integral in (3.4.2.26) converges as x —— oo. The follow¬ 
ing is the necessary condition for W 1 to descrease as x —► -+- oo: 

J ( 3 ' 42 - 29 > 

— oo 

and C 2 = const = 0. From (3.4.2.17) follows an equation for detei- 
mining S 20 : 

7s + 2k (- <p 2 , t) p 2 [-^L /, + 2 (/„_ i lSu ) ] 

+p-frL-. 

-(2p 21 ^ + ^)^(/ 2 -/ 3 5 20 ) 

"("P7 ~dx !*=-((>, (^ 5 + 2p 21 X ( q> 2 , t) 1 4 = 0, 

where the integrals /„ to /, are specified as follows: 


! N 
— oo 

_«_l 

r i 

dXa \ 

dx * 

t l-P(dXa/dx) 

dx I 

oo 

5 N 

d 

1 1 

\ 

dx ^ 

[ 1 —P(dXa/dx) 

dx 1 
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/,= jTJV^-dT, / 3 = JiV^dx, 

— OO — OO 

CO 

/ = f TV_!_ Wt 

4 J l-$(d t ,ldi) dx dX ’ 

— OO 


(3.4.2.30) 


h= j NF(x 2 )idx, 7 e = j NF (x 2 ) di, 

— OO —OO 

with 

Tlie integral in (3.4.2.29) has the following properties: 

/ = 0 (t exp {(3Z 2 — 6 2 ) t} + exp {(2Z 2 —Z> 2 ) t}) as t—►— oo, 
/ = O (x exp {(2/ 3 — i> 2 ) x}) as x-» + oo, 

and the following estimates hold true: 

W t = O (x exp (2Z 2 x) -j- exp (Z 2 x)) as x-»—oo, 

W , 1 = 0(T 2 exp(Z 3 x)) as t->+oo 

(lor the case where t —*■ +oo we have used estimates of X 2 ! see 
Lemma 3.4.1.1). 

Thus, we have built an asymptotic solution to problem (3.4.2.1), 
(3.4.2.2) to within O (e 2 ). We can then employ the unity decomposi¬ 
tion technique and match the solution with unity, as in Section 
3.4.1. The proof of the Theorem 3.4.2.2 is complete. The two asymptot¬ 
ic solutions, one built in Theorem 3.4.2.1 and the other in Theorem 
3.4.2.2, can be used to construct a new asymptotic solution, the 
solitary synerget 

n (x, t, e) = n, (x, t, e) u« (x, t, e) 

(see Figure 3.17). 

Remark 3.4.2.1 The algorithm developed in Theorems 3.4.1.1 
and 3.4.2.1 makes it possible to construct any number of terms in the 
asymptotics of the solution of the solitary-synerget type, that is, 
construct the solution to Lu = Q N (x, t, e) (see Definition 3.4.1.1), 
where Q v satisfies the following condition: 

CCa^-o-e, C 8|i = const, 

p-€2+, j J 

(here [n| stands for the integral part of the number a for all A > 1). 


dt S dz^ 
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3.5 Models of Mass Transfer 


In this section we discuss mathematical models of processes of 
precipitation and coprecipitation of ions. From the standpoint of the theory of 
differential equations these models represent boundary value problems for a 
system of quasilinear parabolic equations. In some cases (which are discussed 
in this section) the system consists of two equations: a quasilinear (or linear) para¬ 
bolic equation and an ordinary differential (or algebraic) nonlinear equation. 
The processes described by these models are used, for example, to extract, con¬ 
centrate, and separate radionuclides. Obtaining quantitative as well as qualita¬ 
tive estimates of the parameters of these processes has important scientific and 
practical significance. For one thing, a study of the laws governing the precipita¬ 
tion and coprecipitation of radionuclides is necessary for forecasting the distri¬ 
bution of the nuclides in the ecological chains, which is important in environ¬ 
mental protection and the health services. 

Dynamic precipitation and coprecipitation of ions occur during the filtration 
of electrolyte solutions through a dispersion medium. The parameters may vary 
in time and in space in the process owing to the action of acoustic waves, a tem¬ 
perature gradient, and other agents. 

In this section we build asymptotic solutions for the mathematical models 
of the physico-chemical processes of the heterogeneous and interphase distrib¬ 
ution of ions and analyze variants of the isotherm equation for the precipita¬ 
tion of a metal’s hydroxide both with and without aquohydrocomplex forma¬ 
tion and the isotherm equation for precipitation of salts of polybasic acids. 
The results of such studies can be used in calculating precipitation chroma¬ 
tography [3.9] and in other fields of physical chemistry and chemical 
technology. 

3.5.1 Time-dependent Models of Mass Transfer 

Let us consider the heterogeneous process of filtration of an elec¬ 
trolyte solution through a dispersion medium. The pumping of the substance 
through the medium can be carried out at a variable rate, with the variations 
in the rate caused by some external agent. The electrolyte solution contains 
the ions of the precipitating substance (cations) and the ions of the substance- 
precipitator (anions), and the two enter into a chemical reaction. The ions of the 
precipitating substance enter into the forming precipitate. The solution is fil¬ 
trated by the dispersion medium, on which a layer of the sorbent grows as a 
result. We will assume all along that diffusion of the precipitating substance 
also takes place. 

Here is an equation of mass conservation in dimensionless form: 


&+-(», <>$)• 

e = Pe* 1 , m — const. 


(3.5.1.1) 


Here v is the dimensionless concentration of the sorbate in the so¬ 
lution (the mobile phase), cp the dimensionless concentration of the 
same in the immobile phase, u (y, t) is the linear dimensionless 
transfer rate of the mobile phase, D ( y, t) > 0 the dimensionless 
quasidiffusion coefficient (which depends on the spatial coordinate 
and time in the case of slow perturbations of the medium), Pe the 
diffusion Peclet number, y the dimensionless spatial coordinate di¬ 
rected along the flow, and t the dimensionless temporal variable. 
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This equation is augmented by a simple relationship that de¬ 
scribes the sorption kinetics in dimensionless form: 6 

(3.5.1.2) 

When dynamical equilibrium sets in, the kinetic equation can be 
replaced by the isotherm equation 

9 =/(»>■ (3.5.1.3) 

Then the given system of equations describes equilibrium sorption. 
The isotherm may have, say, the form c p — a — b/v ‘A, with a, 
b, and k constants and a — 5 = 1 in all cases. In this form it is a 
corollary of the mass balance equations for a chemical reaction and 
of the law of mass action, with k a constant equal to the ratio of the 
stoichiometric coefficients of the reaction. A system of equations 
describing precipitation processes has been derived in [3.9] and dis¬ 
cussed in detail in [3.3], 

An example of an exact solution with u = const in Eq. (3.5.1.1) 
was discussed in Section 3.1.3. But if it = u (y, t), that is, if the rate 
of admission or extraction of the precipitating substance varies, 
the self-similar solution set up in Section 3.1 does not satisfy Eqs. 
(3.5.1.1) and (3.5.1.3). The shape of the solution, however, is pre¬ 
served (seeFigures3.5 and3.6), which makes it possible to employ the 
methods developed in [3.3] to construct an approximate solution. 

3.5.2 An Asymptotic Solution to the Kinetic Equation 
for Equilibrium Adsorption (Desorption) 
in the Case of Soluble Precipitates 

In this section we construct an asymptotic solution to the system 
of parabolic equations describing the precipitation process in the case of soluble 
precipitates. 

Let us assume that the rate function u in Eq. (3.5.1.1) depends on 
(y, t), or u —. u (y, t) £ C m , and D(y, t) 6 C", that is, the properties 
of the medium (say, its temperature) vary slowly. Let us also as¬ 
sume that the constants a and b have the forma e~'andb = e~ l — I 
(which means that the chemical substances taking part in the reac¬ 
tion and their chemical compounds have a high solubility). We wish 
to calculate the function r -■ v (<p): 

_ / _b __ / 1 —e 

V a — <p / VI — etp / 

= 1 L Xe (<p— 1) + Xe 2 [— 2 ~-^- ( ( f > — l) 2 

-1-9 (<P— l)] l • • • • (3.5.2.1) 

5 The boundary conditions for Eq. (3.5.1.1) depend on the type 
of kinetic equation and will be given below for each case separately. 
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Substituting this into Eq. (3.5.1.1), we get 

8 (*+i)f-+ Xeu ^ *>£-**£ ("fo* < )fi-) = - e 2 ^( ( P)> 

<P = 0| <P “► 1 0, —*■ 0> 

— oo<y<— yp(t). (3.5.2.2) 

Here op ( t) is an unknown function yet to be defined, 

L >-Hjr+<‘i-‘-k( D <’- »■£))• 

/ (<p) = (<p — 1 ) 2 +<p (<p -!) ■ 

Equation (3.5.2.2) is one with a small nonlinearity. The algorithm 
of its solution is based on the fact that due to the nonhomogeneity 
of the principal part of the equation with respect to the orders of the 
derivatives the nonlinearity generates no resonance terms and can be 
taken into account by regular perturbation theory methods. 

We will seek the asymptotic solution to Eq. (3.5.2.2) in the form 

<t(y, t, e) = [W 0 (y, t, e)-( -tW^y, t, t)] | T=S / e , (3.5.2.3) 

where 6 

[v t eB a , i = o, l, S(y, 0 = P(0(y+1>(*)) + M0 (» + *(*))*■ 

It can be easily verified that in this case a must be equal to unity 
and the W t satisfy the following conditions: 

W 0 (y, t, 0) = 0, lim W 0 (i/, t, t) = 1, 

W^y, t , 0)=0, lim W t (y, t, t) = 0. (3.5.2.4) 

The main result of this section is formulated in 


6 Here B a is the function space inlroduced in [3.3]. It is said that 
a function W (y, f, t) belongs to class B a if 

(i) W (y, t, t) £ (R n X [0, T] X (R \{0})); 

(ii) for all (y, t) g R n X [0, T\ the function W (y, t, t) is continuous in t, 

W ( y , t, t) > 0 for T > 0, and W (y, t, x) = 0 for T < 0; 

(iii) there are functions i|> 0 (y, t) 6 C°° ( R n X [0, T]) and V (y, t, x) 6 C°° 

X [R n X [0, T] X R+N,{0})1, with <F (y, t, x) = O (t“) as x -*■ 0 and to > 0, 

such that 

w (y, t, x) = x a [^ 0 (y, () -(- T (y, t, t)] as x -*■ 0; 

(iv) lim W (y, t, x) = V (y, t), with V (y, t) £ C" and the difference 

X-»-oo 

W (y, t, x) — V (y, t) decreasing faster than any negative power of x as x -*• =o; 

(v) for every multi-index p £ ZJ and every v £ Z+, the derivatives 
i + v 

—-- W (y, t, t) satisfy the conditions stated in assertions (i)-(iv). 

dt v 
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Theorem 3.5.2.1 Let the system of differential equations 

( , +3)-sr + “<-»<‘>. ')-ci-t(i). op«)-o. 

+ 4p, Z? (— 4 - (t), t) — u(— t) 

,]-»• 


—*«) 

P.(0 

P(0 


du 

dy y=-t|>(/)J 


dD 


2 Pl Z ? (-^(lM) + P^U., ( , ) 

— Xp(0_xp (t)«(— (0, 0 + >4M>(-¥(0. 0 = 0 

have a smooth solution. Then there exists an asymptotic solution to 
problem (3.5.2.2) of the (3.5.2.3) type and 


W 


( 1 — exp x if x<0, 

T )=| 0 


0 if 0 , 

jG (exp 2t — exp t) if t<0, 
if t>0, 


where 


G (X+l)(2D(-t(0. 0P*(0 [p(0^ 

P" (— >1(0. 0 —P 2 (0^( —>1(0. 0 — 1 ]. 

Proof. Substituting solution (3.5.2.3) into Eq. (3.5.2.2) and nul¬ 
lifying the coefficients of the like powers of e, we get 

t '° : [>.p-5f + P-*ir L + *“<-*<0. 0P]^ 


-D (->1(0. 0 W' (0 


dT 2 


= 0, 


<?T 


dll 

</T 


■ w [I;o]«+»^.i-«. 'in 

[«*-♦• I„_v 0 


->-£»( — M-. OP 2 


d 2 H , 
dt 2 


d*W 0 

dr 2 


(3.5.2.5) 
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= _^L[^^ + Xp u (-r),, t)] [(A. — 1) (W 0 — 1) + 2W 0 — 1] 

+ XfPD (-ip, t ) ([(X- 1) (W 0 - 1) + 2W 0 — 1] 

+ (^)V+d). 


Here we have used the following relationships: 


V + ^(0 = -y + 0 ((Te) z ) |t=s/e > 

4f - p it+( f+ 2 p. 4f) t+ 0 <(T,)I) L-». • 

f-P + 2 P.T +0 «™»U,' 

The solution to Eq. (3.5.2.5) has the form W 0 = E + i?e VT , where 
E = const and 


(?v-|-l/m) (dty/dt)-\-\u (— ip (r), t) 

>.p(t)B(-i|>(e), t) 


(3.3.2.6) 


This formula and the definition of S 0 imply that we can assume that 
y = 1 without loss of generality (otherwise we can change the 
definition of (5 (t)). The final result is that W 0 is the solution to 


with 


dW 0 d°-W 0 n 
dx ' dx 2 ! 


(3.5.2.7) 


(^+1/m)-^+Xn(-iJ)(t), t)-W(-xli(t), t)P(«H 0. 

(3.5.2.8) 


Equation (3.5.2.7) yields 

[ 1 — expx if t^O, 


W 0 = 


0 


if x > 0. 


(3.5.2.9) 


Nullifying the coefficient of e 1 , we get the following equation 


M>(-*, OP 2 


d 2 W x dW i / / 
dx 2 dx v\ 


(3.5.2.10) 
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where 

-(* +ir)(*+»f-)/» 

+ U>[2AD(-», + 1) 

+ xp*0(-*, *)] + *«* [(pg.-p«(-1>. 0 

-p*Z>(-*, t)-l) (X + l)]. (3.5.2.11) 

By virtue of (3.5.2.8), Eq. (3.5.2.10) can be rewritten thus: 

From this it follows that if the expressions inside the first two 

■. -M ♦ SP.o 



y 

y 0 (0= y 0 (°) _ *c( t ) 


Fig. 3.19 
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then the particular solution W x to Eq. (3.5.2.10) has the form 

W t = G exp 2 t, G = (2D(-ij), f)P 2 )-‘(Pt 
+ pu(-t|), t)-p 2 Z>(-if, 

The general solution to Eq. (3.5.2.10) satisfying the boundary con¬ 
ditions (3.5.2.4) has, therefore, the form 

hFj = G exp 2 t — G exp t 

(note that G exp x appears as a solution to the homogeneous counter¬ 
part of Eq. (3.5.2.10)). The relationships in (3.5.2.12) can easily 
be transformed into those that are present in the theorem, and this 
completes the proof of the theorem. 

The graphs of concentrations q> ( y , t , e) and v ( y , f, e) are depicted 
in Figure 3.19, where y 0 (0) = const = — 1(1 (0) specifies the initial 
position of the phase boundary. 


3.5.3 An Asymptotic Solution to the Kinetic Equation 
for Nonequilibrium Molecular Processes 
that Allows for External Diffusion Effects 


In this section we study a mathematical model of nonequilibrium 
precipitation, assuming that the solubility of the substances participating in 
the process is high: a — e -1 and b = a — 1 = e _1 — 1. 

Let us take the system of equations 


dv , dv , e 3cp d 

dt 1 dy ' m dt dy 





b 


a — <f 



(3.5.3.1) 


Here the boundary conditions for (p are the same as in Eq. (3.5.2.2), 
and the boundary conditions for v are 

1. V !»=-»«)= 1 — Xe —e 2 X(X, ^~ - 1} -. 

Let us assume that - e _2 p, with p == const. This means that 
the rate of the internal diffusion of the substance to the sorbent par¬ 
ticles is fairly high. The solution to the system of equations (3.5.3.1) 
will be sought in the form 

<P = [W / o('/- L x) + e\V l (y, t, x)] |x—s/e, 
v = [Z 0 {y, t, x) + eZ l (y, t, x) (3.0.3.2) 

+ e 2 Z 2 (y, f, t)] |x=s/e» 

where S (y, t) - p (f) (y -j- iji (f)) + P, (f) (y + \p (/))“, Z ; , W t E B\ 
and, as t-> — oo, Wj -- O (Zj) and Z 2 — O (Zj). The conditions 


20-0105 
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similar to (3.5.2.4) in this case are 

0 0) = 0, lim W 0 (y, t, t)=-1, 

(3.5.3.3) 

W t (y, t, 0) = 0, lim W i (y, t, t) = 0, 

t-* -oo 

Z,(y, t, 0)= 1, lim Z 0 (y, t, t)=1, 

Z x (y, t, 0)= -k, limZ i (y,t,T) = 0,i> 1. (3,5,3,4) 

1-+-CD 

z 2 (y, t, 0) = X(X-l)/2, 

and the conditions for the Z ; at e = 0 follow from the expansion 

v | T=0 = (blaf- - = 1 -Xe + e 2 X (X- 1 )/2 + 0 (e 3 ). 

The main result of this section is formulated in the following 
Theorem 3.5.3.1 Under the above assumptions, there exists an 
asymptotic solution to (3.5.3.1) satisfying conditions (3.5.3.3) and 

(3.5.3.4) if the system of equations (3,5.3.26) has smooth solutions and if 
(di|Vd£) _1 (dip/dt + u (— i|), £)) < — (km)' 1 . Here Z 0 = 1 and 

+ (,,-.-W(v,-.) | eip v,T + ( ^ ) , 

(3.5.3.5) 

where 

«--x,(pf)-.6..(pf)-'. 

Vi .2 = ( a + d ± V(a — d ) 2 + 4r6)/2, 

c=-^(ro£>(-i|>, OP). 

d= (^f+«<-*• 

The functions \V t and '/ % will be defined later in formulas (3.5.3.24), 
and the functions |3, and (1, can be found by solving the system of 
equations (3.5.3.26). 

Proof. Substituting into (3.5.3.1) the expansion 16 (a — (p)l x 
1 Xe ((j- — 1) -f O (e 2 ), we can rewrite system (3.5.3.1) as 
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follows: 


dv , dv . e 2 da 

e ar + “ e dl7 + —' - 




dtf 1 , 

e i» t^* 7 ' 


1) - pX (<p - 1) - eX [((X -1)/2) (cp -1) 2 
+ qj((p —l)] + 0(e 2 ). (3.5.3.6) 

The function S(y, t) has the form 

5 (y, t) = p (t) (y + * (0) + P, (0 (y + + (0) 2 . 

It can easily be verified that 

dS _ o i ! dP i on d<l> \ / re Pi (te ) 2 \ 
dt P dt \ dt + " Pl dt ) l p P 2 ) 


dPi (ex ) 2 


dt p ! 


0 ((ex) 3 ) 


x=S/e 


f- = P + 2f.( 


/ ex 

Pi ( Te ) z \ 

It - 

P 3 / 


) 1 ° „s„- 


Substituting into (3.5.3.5) and (3.5.3.6) the formulas for the so¬ 
lutions (3.5.3.2) given at the beginning of this section, nullifying 
the coefficients of the higher powers of e, and allowing for the esti¬ 
mates of the derivatives dS/dt and dS/dx, we get 

e o ; (*£+„(_*, t ))^-D{-W), OP'S 


= 0, 


e-‘: Z 0 -1 = 0. 


(3.5.3.6') 


Obviously, the only solution to the last system of equations is the 
function 

Z 0 = 1. (3.5.3.7) 

Conditions (3.5.3.4) are also met. Substituting the solutions 
(3.5.3.2) into system (3.5.3.1) and nullifying the coefficients of the 
first and zero powers of e, we get 


dx 


i)P 2 ^ = 0, 


(3.5.3.8) 


dx r dt 

The boundary conditions for this system of equations are as follows: 
W'oU=o = 0, lim W 0 = 1, 

Zj | t=0 = — A, lim Z, = 0. (3.5.3.9) 


20 * 
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Integrating the first equation in (3.5.3.8), we get, in view of the 
boundary conditions as t —► —oo, 


(p4r+«(-t. op) z,—£».(—tr. op 2 


m, d< 


(3.5.3.10) 


Thus, for determining W„ and Z l we have the following system of 
ordinary differential equations: 


dW o 

M 

7, 4- 


XPo 


P (dildt) 


PW/A) 0 

p (dlp/dt) 

dZ , 

di\'/dt u 

■ 7. — 

dlf/dt ... 

dty/dt 

dj 

op 

A i 

mOp tV ° 

m/)p 


We denote by A a matrix of the form 



with 


_ Xp 

a ~ p midt) ' 
dtydt 
mDP ’ 


P M/dl) ' 

d (dty/dt + u)/(D$), 


(3.5.3.11) 


(3.5.3.12) 


and D = D (—if, t) and u u (—if, t). Then the general solu¬ 
tion to system (3.5.3.11) is 



C,I, exp — C 2 1 2 


exp y 2 t - 1 - A~ l 


( 


—/.p 0 /(prfi|7d«) \ 

(d\\i/dt)/(Dfim) ) ' 


(3.5.3.13) 


where C } and C 2 are arbitrary constants (i.e. functions of variable 
/), y, and y 2 are the eigenvalues of matrix A , and 1, and l 2 are the 
corresponding eigenvectors of this matrix (we will shortly show that 
y, can be assumed unequal to y 2 without any loss of generality). 

For solution (3.5.3.13) to satisfy the boundary conditions, at least 
one of the eigenvalues must lie positive. Obviously, the formula for 
the eigenvalues is 


a d ± l (a — <f) 5 46c 

Vi .2 — ~ 


(3.5.3.14) 


or, in greater detail. 


1 

Yi.2 = — 


f d\f/dl ■ u (- -1|\ () 

\ op 


t‘X 

P (dip/rff) 


± (/[pX^pdif/df) ; (di\ddt u) /Dp]-4-4p/(mDp) J . 


l'he product cb is equal to ulimDfi 1 ) and, hence, y, =£ y 2 for u >0. 
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Let us assume that the eigenvalues of matrix A are positive. This 
condition is equivalent to the following inequalities: 

a ■■■- d >0, ad — be >0, 


or, allowing for (3.5.3.12), 

— Xp./(ch|)/dt) < (dty.dt -j- u)/D, 
— (dip.'dt -r u)i(d\\> dt) > MmK. 


The second condition implies that a solution that is bounded as 
x —*■ oo exists only if 

£(£+«)<»• 

(Note that this condition is met for the exact solution given in Sec¬ 
tion 3.1.3, where d^ dt ■■■= —C - —um/(in 1).) 

The final necessary condition that a solution of (3.5.3.2) exists is 
formulated in the form of two inequalities: 


I+Wi) < l< 0 ' ? + “>»• 


In this case the solution that is bounded as t—>- — oo has the form 


C°p, ( yi ~ a ) exp Vi' I + C 2 ^V2-« j e xpv 2 T + Qj 

(3.5.3.15) 

The boundary conditions yield the following system of equations: 
(t = 0) / + C, + C 2 =—X, 

l +C i b/(y l —a)-\-C. 2 b/(y i —a)—0, (3.5.3.16) 

(t-» — oo) 1=1, / = 0. (3.5.3.17) 

Equations (3.5.3.12) yield 

C t ——X — C. 2 , C. 2 -= (y, — a — \b) (y., — a)lb, (3.5.3.18) 


It can easily be verified that Eq. (3.5.3.17) is satisfied identically. 

Let us consider the system of equations for the next approxima¬ 
tion: 

P — lw °+ nr)= 

(3.5.3.19) 




d'l/ 0W 2 n . 
dt 0\ 1 


\p, f)P 2 


dx 2 


ft. 
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with 


/« = 


dW„ 


5/ 


dp aw, 

dt dx 


.2^x6 
4 dt TPl ax 


i - ££i I 1 dP az, „ dvji / „ dZj \ 1 

1 * -ar + T dr T -ar + 2 -drl T P*^r)y 

i au I azi , , . .. OQ az. i 

+^-L=-.' I ^T + u( -^ * )2p ‘ T -aFT 


, l atv 0 | 

’ m dt ^ 


dx 

P dW t d$ 

m ax dt 


dD 


az, 


O wt/ u&x 

^ dy dx 


-2D(-*, i)P,^ 

n / i / a d 2 Zj o dD I d*Zi 

-D(-y, t) 


The system of equations (3.5.3.19) can be solved in a manner similar 
to that used in solving Eq. (3.5.2.10). 

Let us transform the expressions for /, and / 2 using (3.5.3.6') 
and (3.5.3.7): 

/, = G, exp {v,t} + G 2 exp {y 2 t} + exp {Vi*} + K 2 x exp {y 2 t} 

+ B o ex P {(Vi + V 2 ) T ) + B , e x P {2?!*} + B 2 exp {2y 2 x}, (3.5.3.20) 

U = ~ l^i (0 exp {Yi*} + N 2 exp {y>t} + <V exp {y,t} 

+ <D,x exp {y 2 t}1i 


where 


Gi = — C,l n ).- 


d(Cjln) 

dt 


CJn Yif-, 


K,= -C t l M-g-p.C.^Yi. 

B,= -X(a + 1 )C\lhl2, i=l, 2. 

B 0 — — A (X +1) Cfi t l H l a , 

^ = + ) + (££*.. 

-pf L, l it- 2D ( — t. OPi'.i) C.Y,} , 

^ = {l(6V 22 + C 2 / 2I /m) + (|^/ 22 

— P ~dy~ t=->t' ^ 2I —2D( —4', 0P|f 22 )C 2 Y 2 | , 

<v 

+ -.-1 Yi 2u (—if, f)P,Yi/P — 'tD( —t|', 0P,Yi 

°'J Ik 
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— P If L—“Vn+i c Oi • 
®.-(4r+!£'’•+ 2 ^ 

+-^-| !/= _ <i 'y2 + 2t , '(—H 5 ) i)Pi7s^P 

— 4Z)( —1|>, «) PiYl —P |~| y= _^Yl)^ 2 

I J_£ / ,£72. 

+ m ° 2t21 df ' 


Zlj — b/{y l tt), /j 2 — If ^21 ^("V 2 ®)f ^22 ^f 

C,= — ^—(Yi —a — Xb)(y. 2 —~a)/b, 

C 2 = (y l — a — lb)(y 2 —a)lb. 

Integrating the second equation in (3.5.3.19) with respect to 
x from — oo to t, we reduce system (3.5.3.19) to a system of first- 
order equations: 


i ^- z W(Plr) + W7 W(Pl)= / ‘’ 


(3.5.3.21) 


where / ( is defined in (3.5.3.20) and 

7a = -r 1 - exp (v,t) + exp (y 2 t) + -^- (t — 1) exp (y,t) 

7i 72 7i 

+ '~( T — l)exp (y 2 t). 

Note that in view of the above remark, Yi ¥= V 2 - Precisely, in view 
of (3.5.3.14) we have Yi > Y 21 which implies that, for —00 < r < 0, 

exp (y,t) + z h exp (Y a t) = 0 (exp(Yit)). (3.5.3.22) 

This estimate shows that the terms in the solution to system 
(3.5.3.21) that have the form t* exp (y 2 t) do not “worsen” the gene¬ 
ral estimate of the solution in the presence of terms of the exp (YiT). 

Hence the solution to (3.5.3.21) that allows for the estimate 
O (exp (YiT)) exists if 

<I>i = 0, tf, = 0, 




(3.5.3.23) 
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where 1* is 1 lie eigenvector of matrix ^4* that corresponds to the ei¬ 
genvalue y,. The solution to system (3.5.3.21) has the form 

UJ r " C *V 1 J ex P (Vi T ) + C 4 ^ 1 J exp (y 2 x) 


l 17 dK,-}fi>Jy, \ 

\ —cK 2 + a<t> 2 ly., J tcx P ( V* t) 


ad 

+ B 0 

+ B, 

h(Y d-A) 


u 

n 


cK^ + a<t> 2 ly, 
exp ((Vi + V 2 ) *) -I- By 


p 


exp (2y 2 x) 


exp(y,x). 


exp (2y,x) 


(3.5.3.24) 


Note Ilia t vector (y,/ — ^4)'* 


( AVv.) " 


is well-defined thanks to con¬ 


ditions (3.5.3.23) (to within the elements of the kernel of matrix 
y 1 I — A)\ we will select a fixed value for this vector. 

The boundary conditions for the functions IT, and Z, have the form 

H 1 I*” 0 W i I*- — -4 ' 0 ' , )r , 

z 2 | t=0 = o, Z 2 | T ._„->0. * 

Substituting solution (3.5.3.24) into (3.5.3.25), we get a system 
of equations for finding C 3 and C 4 : 

C 3 6/(y, — a) + C 4 6/(y 2 — a) -f B 0 d + Byd + B„d 


+ ■ 


(Vj — a) (Vi —Vi) (■: 

C 3 ( C,, — B 0 c — fljC -f- 


1 .1?) (U./y,) ’ '*) =' °’ 

••)<>*• T> ((iV./y,)’ '-) 


(Vi-VsXh 

Solving the system, we get (sec p. 310) 

r (B 0 \ By ,-Bj da be) (y 2 — a) 

4 b (Yi — Yz) 

t 3 - —C 4 ) (B g -j- By B 2 T B b ) c, 

where 

b 


0. 


B 


B 


4 ‘ <1 (Vs- ") (Vi — Y.)(U, I?) 

1 


<P> l; > • 




c (Vi - Yz) (U 

and T; is the eigenvector of .4* corresponding to eigenvalue y 2 . 
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Equations (3.5.3.23) are the equations for linding the unknown 
functions i|> (t), p (f), and p 2 (t). Let us rewrite these equations by 
employing the notations introduced above : 


|1 T. + fL—V. + 2 “ ( -1’’ '>P'T.'P 

— AD( — i), OPiYi 


■viP4r 


dy ' m(7i —a) 


= 0 , 


y, — a d 
Vi 


(^,+C 1 f 11 ) + C,( 


m it 


hi P 


SD 

dy y=->t> 


(3.5.3.26) 


-2 D{- *, t) hl H ) - CJ n k - ± (CM - CMi f = °- 


When the eigenvalues (3.5.3.14) of matrix A have different signs, 
the solution to (3.5.3.11) that is bounded as t —*■ — oo lias the form 
(for Yi >0) 


(W 0 \ /-1\ 

UJ = Uj + UJ exp(Y,T) - 


Another necessary condition here is 
Y! — a — kb — 0. 


(3.5.3.27) 


Other relationships linking rp, p, and p x that are similar to (3.5.3.26) 


can be obtained from the existence condition on 


(£)• The ri s ht - 


liand sides of the system of equations (3.5.3.19) are determined by 
formulas (3.5.3.20), where we must put 

<7,-0, i„=—1/X, i w =—1, C t r=—X. (3.5.3.28) 


A necessary condition for the existence of a solution to the system 
of equations (3.5.3.11) with an estimate U (exp (Yi"t)) as t —— oo 
is (3.5.3.23) (where we have allowed for (3.5.3.28)). It can easily 
be verified that the system of equations (3.5.3.23) augmented with 
Eq. (3.5.3.27) is overdetermined (four equations and three unknowns 
i) (<), p ( t ), and p, ( t)). Therefore, when the eigenvalues of matrix 
A have different signs, the initial problem has no asymptotic solu¬ 
tion of llie (3.5.3.2) type. 
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3.5.4 Equilibrium Precipitation (Coprecipitation) 

Accompanied by Other Intensive Chemical Reactions 

Id this section we build an asymptotic solution for a system de¬ 
scribing precipitation in the case where the source-sink function has zeros. 


In this case Eq. (3.5.2.1) is replaced by 

dv , dv , E dw n d*v .. 

y ' th 


(3.5.4.1) 


This equation is augmented with the isotherm equation of precipi¬ 
tation, cf = q (r). 

Let us consider the case where F (v, y, t) satisfies the conditions 
usually imposed on the source-sink function in the KPP equation, 
which was extensively discussed in Sections 3.2 and 3.6. Thus, we 
liave the problem 


e 


(£+-<»' ->£) 


e* d<p 
m dt 





F(v ' y ’ t] = 0 , 


<p = a — 6T I/ \ f (1)=0, E(A)=0, 

0<,1<1, 0<F<1, 


(3.5.4.2) 


where F can be equal, say, to d (y, t) (A (y, t) — v) (u — i). d >0 
with m, D, and A positive and continuously differentiable functions. 
The boundary conditions have the form 

v L =0 =l 'o(0» *P \v=v» (f) = 

!»=».('> (3.5.4.31 

We divide the differential equation in (3. 5. 4.2) by e and transform 
it to 

t'-b dv o.^iyxr dv , dv 
m). dt I dt 1 “ dy 

+r'F(v,y.t)]=0. (3.5.4.4) 

We seek the solution v in the form 

u(y. t. e) =(M' 0 (v. t , t) -c(f,(!/, t, t))| t=Sf , (3.5.4.51 

with .S’ i x. f, <■) -= P (/) (jt i)') — p, (j. t) (J - 4)- —_ eS t (i, I). 
The asymptotic solution to the given problem is given in the fol¬ 
lowing 
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Theorem 3.5.4.1 Let the system of ordinary differential equations 

*)) =(i—-4 (—m>. *), 

D l ( — ij), t)P 2 = (l — A( — ij), t))d( — 1 |), t), fe 0 = const>2, 


have smooth solutions p = p (t) and i|) = ij) (t). Then there exists an 
asymptotic solution to (3.5.4.4), (3.5.4.3) of the (3.5.4.5) type, with 

W a =W 0 (t, t)s= 1 + (4( — t, f)-l)x(t), 


where x(t) solves the problem 

*>o%— X(l-*) = 0, 
1. 


0 dx dr 2 

X |t-»-oo —>-0, X k-+»- 


(3.5.4.6) 


The function W 1 = W 1 (t , t) is defined for — oo ^ 0 through 

the formula 

T 

W l = (A(-y, t)~ l)-‘^ J (exp ( 5 0 t)) 

— oo 


with b 0 the speed of the wave, the function p, will be defined below through 
formula (3.5.4.24), and S 1 is the solution to the boundary value problem 
for Eq. (3.5.4.23) (see below) satisfying the boundary condition 


$i( x i T) | x =-i|>—X 1 ( 


MO — l 
M-t. 0- 


i) ■ 


(3.5.4.7) 


with x _1 the inverse of x( T )- 

Proof. Substituting (3.5.4.5) into Eq. (3.5.4.4) and nullifying the 
coefficient of e°, we get 


3W „ 
dx 




- D( - y, t) p 2 + F (W 0 , - 1|- (t), t) = 0. (3.5.4.8) 


Nullifying the coefficient of e l , we gel 
b dW 0 


mk dx 
dx ,J dt 


o ^ , n, Q.+DA ( dW 0 / l dp, 2P X di|) \ , o , 

P nr ~ lirljir *' 


, dW i q . q . , ..an, , . 

+ -ar-P- 3 r+P“(- 1 l : ' 0-37- + w(- 




+ (t-S 1 )^ 


dW n 


dy |„=-* St 


-D(-Ij), f)^4p, (t— S,) 
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dnv„ 

dx 2 

(W», y, t) 


dy 


T ~S| 

P 


+ ^. 


af(tv 0 , -n>, Q 

dW 0 


\ -i- M/a.+ n/x / dw » ds i 
/ 1 ° l dr dt 


+ «*<-t. 02 P ^}=0. (3.5.4.9) 

In this equation we have used the following expressions for the de¬ 
rivatives of S (y, t): 

dt L P dt Uf T Pl dt ) P ^ dt 
-f0((e (t-$,))*)] ^ 


|t=S/c 


OS 

dy 


= |> - 2P.e ^ ^ 6 ^ ° ((e (T - 5 ' ))2) ] U/e • 


(lf) 2 =[P 2 + 2 P( e2 P‘ 

-0((e(T-5,)) 2 ] | 


T-S, 


i£i\ 
dx J 


t=S/e 


■§~r = (2Pi — O (e (t — 5,))] | x= s/ ei 

i/ — ^ = le (t — 5,)'P + 0((e(T— 5,)) 2 )1 | l=s/e . 

Let us study Eq. (3.5.4.8) in greater detail. If we put 

W 0 (t, T)=l-[.4(-ip, f)-l)X(T) (3.5.4.10) 

and assume that 


P(t) (at/at — u (— i|i, i)) 
M(-*, t)-\)d(-y, t) 
t) P 2 (‘) 

(A(- if. ()-l)rf(-«f. t) 


•■= — 5 = const >0, 


= —1. 


(3.5.4.11) 


then for the function / (t) we get a simple-wave equation of the 
KIT type (see Section 3.2.1): 




(3.5.4.12) 


We know that a solution / (x) satisfying the conditions 

-/ ( + oo) - 1, y. ( — oo) - It (3.;>.4.13) 

exists if 

b >2. (3.5.4.14) 
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Equations (3.5.4.11) must be considered as comprising a system of 
equations for finding the unknown functions |5 and ij). 

The second term W 1 in the expansion of the solution to Eq. 
(3.5.4.5) and fl, are constructed in the same manner as in Section 
3.6.2 (see below). 

The function % has the following estimates: 

X ~ exp (It) — C 0 exp (2lz) as t->—oo. (3.5.4.15) 


We rewrite Eq.(3.5.4.9) in the form 

aw, , w, r „ ,, „ , 

Hr— b ^r~ ^t(!-2x) = 


A ( — ap, t)— 1 


(3.5.4.15) 

(3.5.4.16) 


W ° |y-tx-t-n/x i dw » / r-i i 2 Pi i / T _£ ) 
\ mX V dt dx o + * l P dt ' 8 dt j ' 


i j dW 0 ( ^ qp t S i . dW 0/ £ x du 

+ 'W~ + ~dT u (~^ f ) 2 P>—g— + -ar( T - 5 i) 


n i ,i- dHV » /a c t o / c , dw 

-Z)(-i, t)_4p i (T-5 1 )-^ ^ ^(x-S,) — 


dy 

aw„ 


dW 0 

dD 

dx 

dy v 


*>*£}■ 

Note (see Section 3.2.1 and Eq. (3.5.4.10)) that the following esti¬ 
mates hold true: 

dW„ „, „ „ 


0 =--Q(exp(/t)) as t-s—oo, 

(3.5.4.17) 

PE 0 — 1 = 0(exp(Zt)) as t—— oo. 

The Wronskian of Eq. (3.5.4.16) has the form 

V exp (6/x). (3.5.4.13) 

The general solution to Eq. (3.5.4.16) is specified by the formula 


dW 0 /dx 
A (—if, t) 


S=r ) (5 


' / dW 0 /dx” dx" 


Vdx' 

(dw„/a x') 2 


+ c^+c M ^-l 


(dWjdx'r- 


(3.5.4.19) 
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The function / has the following estimate: 

f— O (v exp (It)) as t->- — oo. (3.4.5.20) 

Hence, just as in Section 3.4 (see also Section 3.6), for arbitrary 
P] and 5, the integrals in (3.5.4.19) are divergent. 

If in the right-hand side of Eq. (3.5.4.16) we nullify the sum of 
terms with the asymptotic behavior exp (It) as t —► —oo, we get 
the following equation: 

+ t) 2p. (i4 (—1|3, i)-i)S,l/p 

~£-| IS 1 (A(-^, 0-1) 

+ D (01 2 4P,5, (A (- t)- 1) + ^ P5.Z 2 (A(-i,t)-\) 
-P(yl(-^, t)-\)^\ v= ^l-D(~% 0(^(-t|>, 0-1)2?/ 

+ d(-T|>, l) IVP 

+ ^li(il(-*, 0-l) + u(-ip, t)% (A(-V, 0-1)1 

-PD(-i» f 02p-^-M(-if, 0-1)= 0. (3.5.4.21) 

If we nullify in (3.5.4.16) the sum of terms with the asymptotic be¬ 
havior t (exp (It)) as I-*- — oo, we arrive at an equation for p t : 

e-‘ ( §- + 2 Pi 1) 1 + lu ( - m + 1 17 U., 

-D(-y, 04p 1 P--g| v= . it P/ 2 -^^| v= .,(.4(-i|>, 0-0/P 

-d(-n-, 0 L_^P = °- (3.5.4.22) 

Combining (3.5.2.21) and (3.5.2.22) results in the following equation 
for S s : 

£dl^Ll) + _A_p^ M (-^ o-DI-PhK-if, 0-DlfU., 

-D(-\ |), 02p/(-4(-», t)-l) + ~fl(A(-yp, 0-1) 

+ «(-*, t)^-l(A(-y, t)-i)-r-D(-if, 0 2P -- 0. 

(3.5.4.23) 
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Solving (3.5.4.22), we can find (J t (by employing (3.5.4.11)). 

ft _ riiP ./ Iff. I _HE\ a n ad (y . 0 1 ■? 1 (^(-i|),0-l> 

P* LP dt dy dy | B =-it> P dy li/=-\|! P 

-d(-i|>, t)2lVb^rA]~ i . (3.5.4.24) 

This implies that b >2, just as in Section 3.2.1. 

Allowing for Eqs. (3.5.4.21) and (3.5.4.22) yields a new estimate 
for function / as x —— oc: 

f = 0(x exp (2lx)), = O(x exp {(3Z — 6) x}), 

F/(i^o) 2 = 0(exp{(6-2i)T}). 


Let us analyze the exponent in the last estimate. Equation (3.5.4.12) 
implies that l — (b — Y b z — 4)/2, so that b — 2 l = Y b" — 4 > 0. 
Hence the integrals in (3.5.4.19) exist and, by virtue of the boundary 
condition for W 1 at x = 0, 


r = _ i _ 

2 A( — 1|>, i)-l 


o 



C,= 0. 


By virtue of the boundary condition at y= —i|)(t), 

W e (y, OI*=-«i)= 1 + (-4(— ip, t)~ l]x(5,(— ip, t)) = v 0 (t). 


The last equation can be used to determine Sj (— 1 |), t), the bounda¬ 
ry condition (3.5.4.7) for Eq. (3.5.4.23). After carrying out the nec¬ 
essary substitutions and transformations we arrive at the final ex¬ 
pression for the function W 1 specified in the hypothesis of Theorem 
3.5.4.1, with W x = O {x exp (2/x)) as x^ —oo. The proof of the 
theorem is complete. 

Example 3.5.4.1 If d, u, A, and D are constant, that is, if the 
medium has not been excited, then 

u 0 ( t ) = (b/a)\ X (0) = {(5/a)"-1] (A- i)~\ 
x = y+f, = 0=1, 6 = (5,+ u)l[(A— i)d\. 

The function q> can be expressed in terms of v (see (3.5.4.2)). 

Thus, the rate at which the interphase is formed depends on the 
rate of admission u of the substance, the reaction rate, and the diffu¬ 
sion coefficient. Equation (3.5.4.11) yields 

— (1 — A) bd — u, D = (1 — A) d. 

The graphs of these solutions v and <p are similar to those depicted 
in Figures 3.5. and 3.6. 
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M.fi Diffusion of Light in an Active Medium 

In this section we study the asymptotic solutions for a semi-linear 
hyperbolic equation and compare them with similar solutions for semi-linear 
parabolic equations. For a discussed classe of perturbations in th 
medium there can be no asymptotic solution to a semi-linear parabolic equation 
<lhe KPP problem) at the minimal speed of propagation of the wave. 


3.6.1 Diffusion of Light in an Active Medium 

The hyperbolic diffusion equation (the heat equation or telegraph¬ 
er’s equation) emerges in the following problems: (a) diffusion of light in an act¬ 
ive medium, (b) propagation of thermal waves in continuous media, (c) turbu¬ 
lent diffusion, (d) the random walk of particles described by the Fokker-Planck 
equation (K. H. Cramer and S. Chandrasekhar), and in other problems (for a 
complete bibliography on the subject see [3.3, 3.34]). 

Generally speaking, a hyperbolic transport equation appears in problems 
in which we cannot assume the diBusion rate to be infinitely high and the mean 
free path of particles infinitely small and/or in which there are nigh gradients of 
temperature, concentration, and intensity (of the quantity transferred). 


In dimensionless form, for large values of time t = t e, the prob¬ 
lem is formulated as follows: 


l. u 



d l u , d 
dt- £ dx 



t)K(u)^r)-F(u) - 0, 


x£R, t£|0, T], 0<e< 1, t/ > 0, K (u) > 0, (3.6. 1.1) 

F (a,-) 0, fl; - const, i - 0, 1, n,>a 0 , dFidu\ a . #0. 


Here e is a small parameler, which appears naturally if we consider 

the solution to Eq. (3.6.1.1) for large t = t/e (what interests specia¬ 
lists in all applications is whether the solution of a perturbation 
problem “reaches” the limiting wave, which propagates with the min¬ 
imal speed; see |3.23-3.291); F is the source distribution function; 
the functions F (u). K (u), K (u)du-Ox, and X (x,/) are infinitely 
differentiable and positive (the lirst three for u S3 «,); and the func¬ 
tion X (x, t) ^ b ; const >0 characterizes the slowly varying 
properties of the medium. The boundary conditions are 

n|x-.-ao u|x-.-oc n 0 . (3.6.1.2) 

The solution to the problem depends essentially on whether 
equation K ( n) h has a root. 

Remark In what follows wo consider all llie cases. Variant (3.H.1.3) 
can be reduced to the Kl’I’ equation (see p. 333) and corresponds to the 
case when the standard equation has an asymptotic solution of the 
(3.2.1.11) type. In some instances [3.43] when there is an asymptotic solution 
with the property B ~ t exp (t> m i n x/2), x-*- — oo, the method given 

in Sec. 3.0.3 can be used. 
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The following variants are possible: 

(1) K ( u ) =£ b 2 , u £ [a 0 , dj], (3.6.1.3) 

(2) K (a 0 ) = b 2 , or (3.6.1.4) 

(3) K ( ffll ) = b\ (3.6.1.5) 

where b is the speed of propagation of the wave. 

Moreover, the manner in which K ( u ) depends on u also has a 
strong effect on the properties of the solution. 

For one dimension, variants (3,6.1.4) and (3.6.1.5) have been 
extensively treated in [3.31, while for many dimensions the solu¬ 
tion for these variants is constructed in Sections 3.6.4 and 3.6.5. 
In the present section we study the case of (3.6.1.3), where all the 
assertions remain valid for K = l,too. 

Definition 3.6.1.1 A nonnegative continuous solution u (x, t, 
e) to Eq. (3.6.1.1) is said to he a formed wave if 

a 0 ^u(x, t, e)s^a,; u(x, t, e) = n 0 + 6 ( (e), xQQp, 
u(x, t, e) — a,— 6 2 (e), x£Q 2 ; 6; (e) = 0 (e m ), 0, / —- 1, 2, 


where Q ; are regions in R. 

We will seek the asymptotic solution to problem (3.6.1.1), 
(3.6.1.2) in the form 

u(x, t, e)=x(T) + en-’ 1 (t, x)+0(e 2 )| T=s(Xj ,, e)/e . (3.6.1.6) 

Theorem 3.6.1.1 Problem (3.6.1.1), (3.6.1.2) has an asymptotic 
solution of the (3.6.1.6) type , with function x (t) satisfying the simple- 
wave equation 

b §--k ((KM-*)£)-F(x) = o, (3.6.1.7) 

7.|x--co = ® 0 + 0, xlt-+oo= a,— 0, K(x) — b 1 > 0. 

The following inequalities hold true: 

dR/dx\ x=aa >0, dR/d%\ x=ai < 0, 


with R = F(x)(K(x) — 5 2 ) > 0, x€K> a,), and 6>6 mln = 
2 {((^/^Xlx^no) K (o 0 )j x [1 + 4(c//7tfxlx=oo)) -1 } l/2 > and the following 
estimates hold true (see the Remark on p. 320): 


X(T)~q, + ex P- K( £_ b z as T-^-ao, 

l=Q>~ V(b 2 -b* min )(l+4(dF/d X \ x = a .)))/2; 

X ( T ) ~ a t — exp as t^ + oo, 

h = —b/2 + Yb 2 l4 + dF/dx\ x = ai (K (a,) —6-) > 0. 


21-0105 
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The junction S (i, t, e) has the form 

S(x, t, e) =p (t)(x + <p (<)) + Pi (* + q>(0) 2 + eS,(x, t), 

where the functions (3 and cp can be found by solving the system of equa¬ 
tions 

P(t) = (X( — cp, l))“ l/2 > fidtp/dt — i> = const>0. (3.6.1.8) 
The function p, (t) is specified by the following formula'. 

n. dq d$ 1 | o SX I IK (gp) \ 

dt dt K (a 0 ) — b 2 dx |x=- 9 X (a 0 ) — & 2 / 

X {-2\(-q>, t) [6-h 21]}-‘. (3.6.1.9) 


The function S, can be found by solving the equation 

dS i 2lQ di p dS | r , oo / \ 2 1 

— at k (a 0 ) — 6* dt at L dt \ p dt I 1 P) l IT) J 
+ £ I™-/<“•> + 21 ("»• <>T^rP^-O. 

The function W t has the form 


W -c **+- _1_1* f W* f dT - 

W t- L i d x + X(-<p, 0P=dT K UW \ .) V(Af(z)-6=)/ aT • 

- ao -f oo 

The functions j and V will be defined later (see (3.6.1.11') and 
(3.6.1.13')) and the following estimates hold true: 

W * = ° ( 0X P K^-b- ) aS 

3fcmln \Al +4dF/dx l x=ni| 
m ‘" " y S-MdF/dy. I x=0i> 

l! <- ° ( t2cx P A-M- V) <IST — °°* 

3 I, J . 

y 8 + 36 (dFfdy' I /= „ o ) ’ 

ll V 0 ( T,X P KM-b* ) aS T ^-°°' 

3 y i UdrdyT^j 
y 8 -uY(di-/d-/.., „) ’ 


ir, o 


( t ' px p kiJ'-b* ) as T ^ + °°- 
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Proof. The main equations obtained after we substitute solutions 
(3.6.1.6) into Eq. (3.6.1.1) have the form 

, lo dtp d*x 
P dt dx dt I dx 2 

-P 2 M-T. t)±(K{ X )%)-F( t ) = 0, 


(3.6.1.10) 


(ftp dW 
dt di 


-(pi) 


d<p t 2 (W, 


dx 2 

— P 2 M—q>. 


(3.6.1.11) 


where 

x dyfx ^1/ d(p 1 , diSj "| 

1 dTL - p \~dt + ^ll) •~df\ 

-0[2P^ L T + 2 (’- ! .)f (l + 2 P.f)] 


-§[4(Pl)+ 2 P.(f) Z ] 

dX 


dX 

dx 


+p S L - (T ~ ■*«) £ (■ K (*) 5) + eL— * (x) 

+ 2P,M-<P. t)*(X>-g- + 4PiM-«P. 0 (t-5,)4 ( K M%) 
+ X { -< f ,t)JL(K( X )£)(2^). (3.6.1.11') 

Here we have used the following relationships: 

f-Pf+'(l J - 2 P'f)- L T ! -+«T + 0 <W)U,. 

■=i(Pf)+ 2 M1r) ! + 0 <'’> 


at 2 

_a5 

dx 


-0- = 2 P, + O((et)) 


f = P + 2Ae(x-S 1 )- £ |l. + 0((eT) 2 ) 


x-S/e 
t=S/e ’ 


x + <t = 


e tx—Sj) 

f> 


T=S/e 

0((ex)2) 


T=S/E 


The function 7 solves the equation 

6 f-i[^(y-)- 62 )l]-^(x)=o, 


(3.6.1.12) 


21 * 
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and the functions p ( t) and <p (<) satisfy system (3. 6.1.8). Hence, for 
Lu = U (e 2 ) to he valid it is sufficient that (3.6.1.11) be valid and 
that 


H tit--* — 0, VF,| t , + „ .,0. 

The general solulion to Eq. (3.6.1.11) has the form 

w,~c,%+c,% 5 v 

— OO 

__i_ dx l V I dx )~ 2 ( [ 1 (dxldx) dz \ di' (3 6 1131 

P 2 X (— <p, t) di \ Ut’ ) { .' V(/f(x)-6 2 )/ • (a.0.1.10) 

— OO +00 

The function T, or the Wronskian of Eq. (3.6.1.11), lias the form 
V = (tf(x)-6*)-*e X p (b J (3.6.1.13') 


Since, by the hypothesis of Theorem 3.6.1.1, K (a 0 ) — b- is posi¬ 
tive and in view of the results established in Section 3.2, the func¬ 
tion % has the following asymptotic behavior as t — — oo: 

+ ex P _iT + «p 2 /t + ..., l- , 

where 

l = 6/2 - V by 4 - (K K) - 6 2 ) (dFid X | x - t ) 

— 4- (6 — p Vb- —6; n iri) > 0, 

|i = |/l +4(dE/</xlx=a 0 ) 


(see Section 3.2). 

The minimal speed can be found from the condition that the dis¬ 
criminant he nonnegalive: 


6< 6„u n -- 2 


/ 


K (a 0 ) (dFjdx l x= „ 0 ) 
1-: Mdf/dX I ' 


The following estimates hold true: 

/ O (t exp (/t)) as t — s — oo, 

V = °( 0 *P AtJ-t. ) ilS 

and the integrals in (3.6.1.13) are divergent for arbitrary Pi and 

5,. 
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Nullifying the sum of coefficients of exp (lx) as t —»- — oo, we ar¬ 
rive at the following equation 

_7 T i £i / po d(p 1 “I 

1 V~W ~ V \ dt dt ) J 
-‘’Ovr + 2 P'Vr)] 

+ P -g K (Oo) 7+ 2M ( -q>, 0 A- K) r- 4p,X ( —cp, 0 S.A (a 0 )f 2 
+ 2X(-tp, O^K)>P^--0. (3.6.1.14) 


Nullifying the sum of coefficients of t exp (lx) as n-—oo, we get 
7 / i on dtp 1 dtp / dp , dtp ^ 

“T \ir + -P'-w)- zl -drl^r+^'^r/ (36115) 
+ P -g 7 2 a K) + 4p,A (- <p, /)7 2 /c K) = 0, 


from which Eq. (3.6.1.9) follows. 

Combining (3.6.1.14) with (3.6.1.15) yields an equation for finding 

S,: 


dS i too 

^r~ /2 P 


dS ! 
at 




2 1 

J 


+ p^| x= _^K) + 2M-(f, t)lK K)P-^- = 0. (3.6.1.15') 

Let us investigate the denominator in (3.6.1.9) (see also (3.6.1.15)). 
Allowing for Eq. (3.6.1.8), we get 

~T i!r- 4 M^r) 2 + 4 *(- c P’ z )«f(«o) (3.6.1.16) 

= 2*,(—q>, /)l— i-276 2 + 2/A:(a 0 ))= — 2A(— cp, <)[6-2Z]<0. 


We see that the denominator can vanish. 

Let us continue investigating (3.6.1.13). Equation (3.6.1.11) 
implies that if conditions (3.6.1.14.) and (3.6.1.15) are met, the 
function / has an estimate 

f — O (x exy 2lx) as t— oo. (3.6.1.17) 

Moreover, as t—*-— oo, the following estimates hold true: 

/-S-k-'.o („■',,{(.■«- , 

p (l)‘ ! =°(«r{(T53=F- 2i )'})- 
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Let us examine the behavior of the exponent in the last expression 
as t —► — oo: 


■21 = 


6 - 2 / 


> 0 , 


(3.6.1.18) 


A (<*o) — 6 2 AT (a,, —6*) 

2|/V/4-(A (<»„)- 6=) (dF/dx\ y=a j 
*(«.)-6* 

where we have employed an equation that follows from (3.6.1.12) and 
from the results obtained in Section 3.2.1, namely 
A' (a 0 ) — b 2 dF I 

l dy. lr.=o, ’ 


b = l- 


with 




Condition (3.6.1.18) implies that 

31 ~ KM-b* = (x-T-^^^ r ^Tn)/(^(a 0 )-6^)>0, 
with 


,<b< 


36mln(l + 4(dF/dx l x=a >) 


]/8 + 36(dA/d x l x=a .) 

Hence, the inner integral in (3.6.1.13) has the estimate 

, } f (dx/dr) dr n i _ (31 — 6) x \ 

I= ) V(KM- b *)~°[™ X V KM-Pj 

V 

and, as t-»— oo, is convergent for 

. 36 m i„ Y 1 + 4 (dF/dx l x=a J 


(3.6.1.19) 


,<b< 


y 8 + 36 (dF/dx I x=a J 

and divergent for b^(3/|/8) b mla . 

The following estimate holds true: 


I — 0 (t 2 ), b = 


36 m in + i (dF/dX l x=0 .) 


y 6+ 36 {dF/dx l x=a „) 

and, as t—■— oo, the following estimates hold true: 


(3.6.1.20) 


Hdxldl) di 


! ° ) v ( dr ) {j V 7 (A (/) — 6 s ) 


)*' 
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for 


h h^ _ 3 !l mlr+ _ . 

mlD ^ 1/8 + 36 (dF/dX l x=0c ) ’ 
lo — O (t 2 exp at b = - 


3bmlnl^ 


y8 + 36(dF/dXl x=a „> ’ 

I 0 =O ( T exp [ T 2 ) for b> 36 mlnh 

0 V y 8 + 36 (dF/d%\^ =a J 

Thus, C 2 = 0 in (3.6.1.13), which implies the validity of (3.6.1.10) 
and the following estimates (as t -*■ — oo): 

■ i ’~< 6 < y » + 3 e(X!,_.) ■ 

w -~° ■ ’’- yi&ftoj; ; < 3 - 6 -'- 2 ') 

W^O (xexp , 2l . x ) , 6> 3 ^ mln 

V K(a 0 )-b*l y 8 + 36 (dF/dX I x=ao ) 

Let us study the asymptotic behavior of as t + oo. The 
estimate 

X(t) = a ( — exp (— 7 ( t) + o (exp( — 7 4 t)) as t-»- + oo, 

■ *i = — 6/2 + y b 2 /4 + (dF/dx\y^ at ) (K (a,) — b‘~) >0, 

implies that 


/i= s 


/ (dx/dx) dr 
V (K (X) — h*) ' 


■ 0 (texp 


— T 


j as t-> + oo, 


-~+- 


and the integral / 4 converges as x —► + oo. Then we have the fol¬ 
lowing estimate: 

W x = 0 (t 2 exp K ~* X _ bi ) as t-^ + oo. (3.6.1.22) 

We have, therefore, constructed an asymptotic solution to problem 
(3.6.1.1), (3.6.1.2), so that the proof of Theorem 3.6.1.1 is complete. 

The solution to problem (3.6.1.1), (3.6.1.2) is stable with respect 
to smooth perturbations and can be compared to the solution to a 
similar problem for the parabolic equation in Section 3.6.3 (see 
below). 
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3.6.2 Diffusion of Light in an Active Medium (Continued) 

In this seclion we consider another variant of the model used to 
describe the propagation of light in an active medium. 


Let us again take up problem (3.6.1.1), (3. 6 .1.2). Suppose that the 
algebraic equation (3.6.1.3) lias no roots K ( u) =£ b- for u £ (a 0 , a t ) 
and that K (a 0 ) — b~ < 0, for the sake of definiteness. The asymptot¬ 
ic solution to problem (3. 6 .1.1), (3. 6 . 1.2) is of the (3. 6 . 1.6) type. 
The following theorem is valid: 

Theorem 3. 6 .2.1 Problem (3.6.1.1), (3.6.1.2) lias an asymptotic 
solution of the (3.6.1.6) type, with x (t) satisfying the simple-wave equa¬ 
tion 

XIt-+® = Op. K(x)— 6 2 <0. 

The following inequalities hold true: 


(3.6.2.1) 


R = F( X )(K(x)-b'-)< 0,^-| x=n/ 


:o, 


rffl 

dx ■/.=", 


>0 


for x€(«o. a i) and 

b<b mnx -2 ■]/' 


dF/dy, 


I K («i) 


(3.6.2.2) 


4 t dF,d X l x=ni 1-1 ’ 
and the following estimates hold true (see the Remark on p. 320): 


X 


•exp 


as x —*— oo, 


I A («i)— I 

Z,= -bU + Vb-H- | dF/dx | x=n , (K (a t ) — ft 2 )! > 0; 
X-s + exp |X ( 7 j°!,, 8| - “ ^4-00, 


/„ bl 2 + Vb -!4 + (dF!d X | x =<..)l* K)~ 6*1 >0 • 

The function S(x, /, e) has the form 

S {x, i, e) - p (t) (x + q (t)) + p, (/) (x - r 4 (I))- + eS, (x, /) 

(3.6.2.3) 

where the functions p and 4 can be found from the system of equations 

P(/) 1 p -^ 7 - b - const <0, (3. 6 .2.3') 

(- 4 , t ) r dt 


the function p, is defined as follows: 

def dp 


ft f/i — /ft- 1 iifi. >1 £!L -1E_ .—1_ 

Pit'/ \P d( “'0 (tt dl ! K (<, 0 ) — 6- | 

f.A'(« 0 J— J j2>.(— 4 , t)(b— 2/ 0 )|"‘, (3. 6 .2.3") 


-rP-S- 


t/j- I* =» r | K (a 0 ) — b 2 1J 
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and the function S { can be determined by solving the equation 

dS i _ 2/ 0 jS _ d(p dS\ . f~ d / o rfcp \ I oft / *£. \ 2 1 

~dt | K (a 0 ) — 6 2 | dt dt L dt l P dt I “ t “ Pi \dl) J 


-Pjr U_^K) + 2 M-<P, 


kK (°o) 

’ I K(a 0 )-b*\ 


Ptt-o- 


The function W t has the form 




r dX_ 1 dx 

1 dx X (— cp, t) p 2 dx 


\ V 


/dx\- 2 ( 

f / (dX/dT) dx \ 

l dr] / [ 

) V (K (x) —h 2 )/ 


where f and V are defined in (3.6.1.11') and (3.6.1.6) (see below). The 
following estimates hold true: 


W t-° ( T6X1) 1 A'W-W flS t ^+°°’ 

w '=° ( cxp rifer^i ) as 


Proof. The main equations, obtained by substituting solution 
(3.6.1.6) into Eq. (3.6.1.1), have the form (3.6.1.10), (3.6.1.11). 

The function % ( T ) > s the solution to the ordinary diflerential equ¬ 
ation 

b t+i (I* M- 62 l S -)- F (X) = 0. (3.6.2.4) 

XI t -* + oo —— a.Qj xlt-^-oo — a l . 


Note that in this equation there is a “phis” in front of the second de¬ 
rivative. The functions |5 ( t ) and <p ( t ) satisfy system (3.6.2.1), and 
for Lu = 0 (e 2 ) to he valid it is sufficient that Eq. (3.6.1.11) be 
valid and that the boundary conditions 


W / 1 | T -- < *, = 0 , W / ' 1 | T _* +0o — 0 

be met. 

The general solution to Eq. (3.6.1.11) has the form 

ir,. c 1 A + c,f l r (£)-’* 

- OO 


(3.6.2.5) 


_ 1 dx f y/£X\- 2 f f I (dxldx)dx 

P 2 X(-cp, () dx ) l dx\} \ .) V (KM-b*) 

+ 30 + OO 

The function V, or the Wronskian of Eq. (3.6.1.11), is 





(3.6.2.6) 
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Equation (3. 6 .2.4), as shown in Section 3.2, is related to the equa¬ 
tion 

= R=F(e)(K(8)-b t )<0, 

with 0 6 (a„, a,), and has a monotone solution, dB/dt ^ 0, that 
satisfies the conditions 

-«> — 0(J- 

This equation can be studied by the same methods as were applied 
in Section 3.2 (the Zeldovich equation with a nonpositive sink 
function). 

Here the constant 6 is negative (see Section 3.2) and the following 
estimates hold true: 

0 ~o, — exp(— lil) as |-*- + oo, 

Z,= — 6/2 + VWIZ- (dF (0)/de| e «,) I K (a,)-b* | > 0; 

0 ~ a 0 + exp(Z 0 E) as — oo, 

l„ = b/2+ybV4 -f (dF (B)/dB I e =a „)\K (a 0 ) — 6 2 | > 0. 

There exists an inequality that determines the maximal speed: 

L o/ ldf(O)/d 0 | e . ai |if(«i) X l/! 

mai ~ ■ l 4 \dF(B)/de | e=0i |-1 / • 

In view of the results arrived at in Section 3.2, the function x has 
the asymptotic form, as t —► — oo, 


X~a, ex P | a' (a,) —6 s | exp | A' (l v ) — 6 2 | 
and the following estimate holds true: 


(3.6.2.7) 


X ~«o + oxp (- |A . (a y _ fr2 , ) + ••■ ^ i^-foo 

The function y_ is monotone, dx'dj < 0. 

The following estimates hold true: 

/ O (xexp | aS + 

V 0 ( tx l’ | A ( ~) b -fc M ) as + 


and the integrals in (3.0.2.5) are divergent for arbitrary and £,. 
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Nullifying the sum of coefficients of exp K 0 as t-^+ oo, 

I A (t2 0 ) O i | 

we get the following equation: 


r«i i oa \ i 

L w —r \ir + Pl ~drll 


_j. 

I A (<h) 


Ton oo d>p I d$ i rfp d(f \ q 

^TL“P u irlTF + ^'srJJ 


+[i(( , l)+ 2 Mw) ! H£L, 
-Pf-I ')*>.) 


K ( g o) 

P [ K(a 0 )-b* | 


— 4p,X( — (p, t)S i K(a 0 ) 


I K(a 0 )-b 2 | 


+ 2X( —<p, t)K(a 0 ) 


(3.6.2. 8 ) 


Nullifying the sum of coefficients of t exp , „, !° T , „ . , we get 

I A- l a o) — 0 I 

an equation for determining (3 1 (i): 

q— i / a P i on dtp ^ 0 I 0 dty / dji i on d(p \ 

P W< +Zp ‘ rfi / z A> 0 )-6 2 | Ul 1 Zp ‘ dl I 


dx\ x= -,„ | A (a 0 ) — i> 2 | 


Mi^ + 4p ) X(-cp, /) 


i n I ipA' (g 0 ) i)o)/ hK (go) __ n 

+ P <?i 1*=-, | A(a 0 )-fc 2 | +4p ‘ ^ < * > ’ P | A (fl 0 )—6 2 | °' 

(3. 6 .2.9) 

From this follows formula (3. 6 .2.3') for function pj. Combining 
Eqs. (3. 6 .2. 8 ) and (3.6.2.9), we obtain an equation for determining 
Si- 

dS 1 _ 2i 0 P dtp dS t f d (odq\ , / dtp \2~| 

dt | A> 0 )-6 2 | dt at ^ l dt \ P dt ) ^ Pl l dt I J 


dx |oc=—cp 


K(a 0 ) + 2X(—q>, t) 


- p § ■ K (»•> + :2> ( - V. ■> I //'g-I-1 - °- 

(3.6.2.10) 

Let us consider the denominator in (3. 6 .2.3") (see also (3.6.1.15)). 
If we use (3. 6 .2.3'), we get 




hK (a,) 

(<*o)— b- | 


= 2 X(-«p, <) [6 — 2 / 0 ] < 0 . 


ip A (flp) 


g o) 1 

— b 2 | J 


We see that the denominator does not vanish. 
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Let us continue with the study of (3.6.2.5). Equation (3.6.1.11) 
implies that if Eqs. (3.6.2.8) and (3.6.2.9) are satisfied, the function 
/ has the following estimate: 


^ 0 ( TeX|l | 35 
The following estimates also hold true: 

IV- (A) _0 (,«p a. 

The inner integral in (3.6.2.5) has the estimate 

l /l "‘ (5) ( x ex p i? ( ; h»i ) as 

— oo 

and is convergent, since b — 3/ 0 < 0. 

The outer integral in (3.C.2.5) has the estimate 

v (£)"’( S' /-S-c-*)*' 

-f 30 TOO 

Thus, the following estimate holds true: 


WV -0 (i 


I A' (a„) - 


as t —*- -J- oo. 


Let us study the behavior of IE, as t -* — oo. By virtue of esti¬ 
mate (3.6.2.7), we have 

^i T 1 -r .__ 


/ _ 0 (t e x p | j, (a ,j T _(,»| ) as t- 


and the following estimates hold true: 


f (&)'’" °( Tex l , |l>,j-M| ) a? T --°°' 

V (~57)~' = Q ( px P |A>o- I >m ) aS 

Since 6 2/ t >U, the inner integral in (3.6.2.3) is convergent 

— ® 

J IV~ l (-§-) dx const, f, = 0, 
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while for the outer integral we have the estimate 


7 ( = O (exp 


— (6 + 2ii)T \ 
I K (Oj) —6 2 | / 


as t 


— oo. 


Thus, we have the following estimate 

w '=° H j i7£,T-1»i ) as T - 


since —6 — h > 0 because b < 0 . 

We have just constructed an asymptotic solution to problem 
(3. 6 .1.1), (3. 6 .1.2) for K (y_) — ft 2 < 0. The proof of Theorem 3. 6 .2.1 
is complete. 

The results of Theorems 3.6.1.1 and 3.6.2 .1 suggest the following 
Remark 3. 6 .2.1 The following estimate holds true: 

IT’j IT 0 o (1) as | x ! —oo 


if C x = 0. 


3.6.3 KPP Waves in Nonhoinogeneous Media 

In this section we give formulas describing the propagation of Kol- 
mogorov-Petrovskii-Piskunov (KPP) waves in nonhomogeneous media with 
slowly varying properties. It appears that in the class of smooth perturbations 
a wave with the minimal speed is unstable, contrary to the result obtained in 
Sections 3.0.1 and 3.0.2. 


3.6.3.1 An Asymptotic Solution to the Semi-linear Parabolic Equation 

with Constant Roots in the Equation F(u) = 0 

The wave solutions lo the KPP equation (see Section 
3.2.1) have been studied in the classical work of Kolmogorov, Pet- 
rovskii, and Piskunov [3.26]. The equation is 

*(«)=0. (3.6.3.1) 


The invariant solutions to this equation are of the form u (x, t) = 
0 (x -f- bt), where the function 0 = 0 (£) is the solution lo the 
following boundary value problem (we assume that R (0) = 0, 
R (1) = 0, R (u) >0 for u £ (0, 1)): 


, d0 d 2 0 rj n 

b ^r~nw- R{6)=0 ’ 

lim 0 (|) -= 0 , lim 0 ( 1 )= 1 . 


This boundary value problem has a solution if b min = 
2 (dR/dQ | e=0 ) 1/2 (see Section 3.2.1, where we set forth the 
results of [3.25, 3.261). An interesting property of the KPP equation 
is the tendency of the solution to the Cauchy problem to become, 
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as t —*■ oo , an invariant solution corresponding to b = 6 mln . In 
other words, the solution to the KPP equation, u ( x, /), such that 
u (x, 0 ) = a (x), with 0 ^ a (x) ^ 1 , a (x) == 1 , x 1 , a (x) es 0 , 
x «c 0, and da/cLc^O, possesses the following estimate [3.25-3.30] 7 

u (x, t) = 0 (x + tb mia ) — 6 (x, t), 

II 6 ( x < 0 II as t-+ oo. 

X 

In some papers this property is called the stability of a simple wave 
with the minimal speed. 

Let us consider the KPP equation with variable coefficients and a 
small parameter acting as a coefficient of the derivatives: 

Lii = e - e 2 -±- (k (x, t) -g-) - Y 2 (*,' t) R (u) = 0, (3.8.S.3) 

u I X->00 1 » W | X-* — OC 0 , 

where k (x, t) and y (x, t) are smooth positive functions. Parameter 
e in the equation emerges, for instance, if the solution to the initial 

KPP equation (3. 6 .3.1) is considered for large times t~ t e and 

“large” x~ x<e. (Going over to variables x and t in Eq. (3. 6 .3.1) 
and canceling out the wave, we arrive at Eq. (3. 6 .3.1) with k == 1 
and 7 = 1 .) Below we construct asymptotic solutions to Eq. (3. 6 .3.1) 
of the form 

u (x, f) = 0 (S e) + tW 1 (S e, t, e), (3. 6 .3.4) 

where 

S (X, o = p (0 (x + tp) + p! (0 (X + tp") + eS 1 (x, t). 

Essentially these solutions are distorted simple waves, and the exist¬ 
ence of such waves means that the KPP waves are stable under slow 
variations of the properties of the external medium. 

It appears, however, that the solution to Eq. (3. 6 .3.1) of the form 
(3.0. 3.4) exists only for h > h Ihln and, hence, the wave with the 
minimal speed proves to he unstable under such variations of the 
properties of the medium. 

On the other hand, if all the terms in the law of energy conserva¬ 
tion are taken into account, that is, if the term O'-u/dt' 1 is retained, 
the result is a stable wave in relation to this class of medium pertur¬ 
bations. 

In Sections 3.11.1 and 3.(1.2 we gave the result of the investigation 
of the complete equation (it ran he assumed that A (u) = 1). Below 


; Provided that a (i).is not a solution to Eq. (3,0.2.2) for any value 
b > ft,,,!,,. In [3.251 there are references to the- works of It .A. Fisher, Y.A. Kanal. 
P.G. File, J.U. McLeog, D.G. Aronson, H.F. Weinberger, and others (see also 
13.27-3.2U|). 
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we employ this result in connection with Eq. (3.6.3.3). Let us give 
a formal solution to problem (3.6.3.3). We have 
Theorem 3.6.3.1 Let R (u) >0, u £ (0, 1). Then an asymptotic 
solution of the (3.6.3.4) type to problem (3.6.3.3) exists, and the func¬ 
tion & is a solution to problem (3.6.3.2) for b > b mln . The functions 
p (t) and cp (t) are defined through the system of equations 

P 2 A (— qp, t) = y (— <p(<), t ), P-ff- ~ V(—<P(0» l ) b ’ (3.6.3.5) 


and the function p t (t) is defined thus: 


p«(0- 


r fi ^. n l | dy B _n 

l H dx x=-<p dt p ' dx x=-ip “ J 


x[2X(-q>, t)iyb*-b* min Y 


(3.6.3.6) 


where 


6 m m = 2 V dR/dQ\e= 0 , 1= (b-Y V-b^U. 


The function Si can be found by solving the equation 

-^r + 2M-q>. 0P/-^+P-s-L,+2p,M-q>. 0 = 0. 

The function W t has the form 

O-C.-J —1_-( —Op-'-f- 


* S ' v (w )' 2 (]i v "w d ») dl ' < 3 - 6 - 3 - 7 > 


and the following estimates hold true (see the Remark on p. 320): 
W 1 = 0(|exp(21|)) as £-►— oo, b>-~rb m[n ; 

W, = 0(|*exp((6-/)|)) as — oo, b=y=b mln , 

b— l > l\ 

W,=0(cxp((&—/)£)) as £->—oo, b mln < b < ^ & mln , 
W 1 =O(rexp(-f 0 i)) as £->ao. 


Remark 3.6.3.1 An asymptotic solution to problem (3.6.3.3) 
is generally described by formulas given in Theorem 3.6.3.1 only 
for the values of variables x and t that obey the condition 
P (x -p cp) + Pj (x + <p) 2 ~ ( x + tp)- Outside this region the solu¬ 
tion is continued by zero and unity, respectively, just as in Section 
3.4. 
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Proof. Lei us substitute the function (3. 6 .3.4) into Eq. (3. 6 .3.3). 
As in Section 3.4.1, we obtain 

Lu = {P$ /)-g~ y(-% <)«(©)} 

i „ 3W, . dR (8) 1 

J OCk J 

(E- 


+ ® 



aw, 

t P dt 

ai 

r it 

1 

L u 

Ox \\ 


n i>e dx 

W + P ~dt IT *=-* 


+ 2p,M-(p, 0-f- + 4p,(~(f, Dd-S,)^ 


ae 

at 


/ no , ap \ ^ iS, aB , ay D 5, v 

_ { “P> ~di + ■* I “p dT+17 1 'J 


. / d 0 as, . , ,, 

+ e (-aT -pr- > -(- ( P- 0 


a 2 0 

<*? 


2P- 


as, 

dx 


}]+0(e*). (3.6.3.8) 


If p ( 1 ) and q ( l ) are found by solving system (3. 6 .3.5) and 0 is 
the solution to problem (3. 6 .3.2), then Lu — O (e). For the condi¬ 
tion Lu = 0 (e) to be satisfied, it is sufficient that the following be 
valid: 


P-f ^-P 2 M- 


-<p. 0 


aw, 

a ? 2 


T(-q>. t) d -^W^f(t, e), 


(3.6.3.91 


where / stands for the sum inside the square brackets in (3. 6 .3. 8 ). 

The boundary conditions (3. 6 .3.3) imply the following boundary 
conditions for IF,: 


W / ,U--oc = 0, H',|^ + „=0. 

The general solution to Eq. (3.0.3.9) has the form 



+*-•(-*, oe-f 

— ao cc 

(3.0.3.10) 

with 1 F (c) the Wronskian of Eq. (3.0,2,9), 

F c.\p (he)- 

As 1 —► — oo the following estimate bolds true (see Section 3.2): 

0 (?) ~ exp (/E) -)- C 3 exp(2/1)4- (&- Vb*-b* lin ) 12. 

(3.0.3.11) 
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Hence, as 1 —*■ —oo, we have the estimates 

f = 0(l exp (ll)) + 0 (exp (ID), 

V = 0 (exp ( 6 ?)), 

and the inner integral in (3.6.3.10) is divergent as c — oo for 
arbitrary pj and S lt since 21 — b < 0. 

Nullifying the sum of coefficients of exp (Zt) as ? — oo, we 

get the equation 

+ 2 PiM — <P, <)Z— 4p i A.( — tp, t)SJ 2 

-r[ 2 P.S- + ljf-fS-L.- 0 - (3 ' 6 ' 3 ' 12) 

Nullifying the sum of coefficients of £ exp (ID as c —>- — oo, we 
get the equation for p t : 

w f, L. ■+^ <~ »■') p - O 1+-f ] ■i 

+p"-S-L-.-°- i 3 - 6 - 313 * 

Combining Eqs. (3.6.3.12) and (3.6.3.13) yields an equation for S 

-t+M-9. 

+ 2p,X(-cp, 0 = 0. (3.6.3.14) 


The solution to Eq. (3.6.3.13) has the form 


Pi M = 


dA. _ l_ dy 

dx x=-q> P dt 1 " dx x=-cp 


X [4X(—cp, t)/ 2 -2y ^] _1 . (3.6.3.15) 


Let us calculate the denominator in (3.6.3.15). Substituting 
d<f/dt and p from system (3.6.3.6) and the value of Z from the hypothe¬ 
sis of Theorem 3.6.3.1, we obtain 

— 4M—<P, t)P + ^-^ = 2A,(-q>, i)Z^6*-6* mln >0. 


Let us continue with the study of (3.6.3.10). If Eqs. (3.6.3.13) 
and (3.6.3.14) are valid, the function / has the estimate 

/ — O (§ exp 2Z|) as £—oo. (3.6.3.16) 

22-0105 
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Moreover, there are the following estimates (as E -► — oo): 


/F" = 0 (? exp ((3Z-ft)!)), 

V (“^') ~ 2 = 0 (exp ((b — 2l) I)), fe —2Z> 0. 


(3.6.3.17) 


Let us analyze the exponents as t-► — oo: 

b-2l = V»-l& ln >0, 

,- (3.6.3.18) 

3l — b = bl2 — (3/2) Yb 2 — &min > 0 

for fc,„in < b < (3/V"8) b mla . 

Thus, the following estimate holds true for the inner integral in 

(3.6.3.10): 

l 

/ = }/-3-F-‘d|“0(xexp((3Z-6)T)) f 


and for 6 mln < b < (3/^8) mln the integral is convergent as 
£ —► — oo, while for (3/\/8) 6 mln it is divergent as E —► — oo. 
The following estimate holds true: 

/ = 0(P), & = (3/l/8)Z> mlr , 


As t-+ — oo the following estimates hold true: 


U-Sr(} 

- oo +oo 

= 0 (exp ((6 — 2Z)!)), 6 — 2Z > 0, 

&mln < Z>< (3/1^8) 6 mln ; 

/ o =0(gexp(/0), 6>(3/|/8)0 mln ; 

/ 0 = 0 (£ 2 HP ((* - 2Z) 1)), 6 = (3/1/8) fc mln . 

Thus, 6’j = 0 and (3.G.3.7) holds true as t — oo. This implies 
that the following estimates hold true: 

WV- o(exp((ft-/)?)), ^mln <ft<(3/V8)6 mln ; 

H’| =. 0 (|* exp ((6 - Z) |), b = (3/1/8) & mln , 6 -1 > Z; 

(3.6.3.19) 

IF, 0(|exp (2/*)), />> 3/]/8) 

Let us consider the behavior of the integrand in (3.6.3.7) as 
c —*- oo. I’.v virtue of the estimate (see Section 3.2) 

0 ~ 1 — exp (— / 0 E), l„ - 6/2 + Vm 4 +1 rf///r/B| e =,| > 0, 
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we have (as | oo) 


= 0 (| exp ((2l 0 — b) £)), 


J 


=O(exp(b + 2l 0 )l)). 


|-«= 

d6 


(3.6.3.20) 


In view of the first estimate in (3.6.3.20), the outer integral in 
(3.6.3.7) is convergent as | oo. This formula yields the estimate 

W 1 = 0(Pe*p(—W) as |+<x>. 

The proof of the theorem is complete. 

Let us investigate the condition b > b mlD used in the proof of 
the theorem. If b = 6 mln the denominator in (3.6.3.16) vanishes 
and, hence, the equation for finding flj (f) has no solution and the 
function jV' 1 (d0/d|) grows in direct proportion to | \ | as | —— oo. 
Thus, at b = h mln the integral in (3.6.3.18) has no finite value for 
S' < oo and, as can easily be seen, the equation for finding \V t 
has no useful solution (i.e. a solution that decreases as | £ | —► oo). 
One could attempt to construct the next term in the asymptotic ex¬ 
pansion of the solution by employing the method of the “operator- 
valued symbol” [3.3], that is, by writing a partial differential equa¬ 
tion for W 1 (retaining the derivatives e (dWJdt) and e (dWjdx)), 
which is a linear equation with variable coefficients: 

The operator-valued symbol A (d/dx, p) in this case proves to be 
nonhermitian (because of the presence of dWJdx), but a unitary 
transformation can be applied to reduce this operator to a hermilian 
nonpositive operator in the L 2 (if 1 ) space with a weight function 
exp ( — 6£). However, the fact that the equation for Pi (t) has no 
solution at b = b mln means that the new right-hand side does not 
belong to L 2 (if 1 ) with the weight function exp ( — bZ). 

The propagation of a distorted KPP wave at b = b m]n is possible 
only if X = X (t), y = y ( t ), and X/y = const. Then Eq. (3.6.3.13) 
becomes an identity for every ( t ). Note that in this case Eq. 

(3.6.3.3) in variables x and t = \ X ( t)dt is an equation with 

o 

constant coefficients and possesses an exact invariant solution of llie 
wave type. There are also other ways of constructing^the second term 
in the asymptotic solution, but in Theorem 3.6.3.1 we have em¬ 
ployed the method in which the following estimates hold true: 

W JW 0 = o (1) as g->- -oo if C, = 0, 

W l IW 0 =o( 1) as |oo since limPF 0 =l— 0. 

|-»oo 


22 * 
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3.6.3.2 An Asymptotic Solution to the Semi-linear 

Equation with a Variable Root of the Equation F = 0 

In this section we provide a solution to the problem of a parabolic 
equation of the (3.6.3.1) type with a variable root of the equation 
F (u, x, t) = 0. The problem has the form 

e 4f ~ t2 ~L (M*. 0 -§ir)—v( x > t)u(n(x)-u)-.= o, 

(3.6.3.21) 

u( —oo, t) = 0, u(oo, t) = p(x, f). 

The asymptotic solution to problem (3.6.3.21) will be sought in the 
form 

u (x, t, e) = p. ( x ) (9 (5/e) + eVV 1 (5/e, t)|, (3.6.3.22) 

where the function 5 has the form 

5 (x, t, e) = p (f) (x + cp (<)) + p t (t) (x + <p (<)) : 

+ e5! (x, t). 


If |i = p (x, £), the algorithm for constructing the solution is given 
in [3.3], 

Theorem 3. 6 .3.2 Problem (3.6.3.21) has an asymptotic solution of 
the (3.6.3.22) type. The function Q (c) is the solution to 


6 tf— Sr- 10 ( 1 - e )=°- 

0 (—oo) = 0 , 0 (oo) = l. 


(3.6.3.23) 


The functions p and (p can be found, by solving the system of equations 
df 


p ~ = by(—<f^ 0l*( —<P). >•(—<P. OP 2 

~y(— < p* 0f*(— «p)- 

The function p, has the form 

Pi - - _ T Pi- a11 — 

I- 

+p- 


Ox 

0 (W 2 
dx 


dip dn 


_ I dtf_ -j 

dt dx x= —(pj 


X [2>. (— ip, t) n (—q) B\ 

B = l-\/b--b] nin , l^(l>- j/i^4)/2, b mln = 2. 


(3.6.3.24) 


(3.6.3.24') 
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The function S l (x, t) can be found by solving the equation 

Ti'-et-vi'-M-v. i)e<-») 


-N-*)JO-g-L.. —M-q>. W-si™. 

— 2p 4 X( — tp, f)p(— <p)Z = 0. 

The function W t has the form 

W'.(S, 0 = A " 1 ( —q>, t)p- 2 (<)^- 


dx 

d\l 


1 v m 2 ( j ( 3 - 6 - 3 - 25 ) 


with 


/^-{e 

+ 

“(2P, 


ax 

dx x =- 


, E c i d 2 9 , d d0 3X 
, (S — ^l) d |2 + P rff: flT 


|x= - <p 


+ 2PjA. (—<p, t)-f-+4p l X(-<p, t)(l-S t ) d ° e 


dtp , dp 
dt ^ dt 


S-s, d& 

pi! 

P d£ 

' dx x- 


t-S 


d a e 


+ {(5 ! -+fcTr)-?- l <-*.<>-3S 
V = exp(6|) 


2 P^ 


1 ^( 0 )} 

}• 


Proof. The proof of this theorem is similar to the proof of Theorem 
3.6.3.1. Obviously, for p == 1 Eqs. (3.6.3.24) and (3.6.3.25) trans¬ 
form into the corresponding formulas in Theorem 3.6.3.1. At 
b = b min the denominator in (3.6.3.24') vanishes, that is, in this 
case there is no asymptotic solution of the type considered. 


3.6.4 The Zeldovich and Semyonov Waves 
in Nonhoniogcneous Media 8 

In this section we study the asymptotic solutions to the Zeldovich 
and Semyonov equations. We will demonstrate that, in contrast to the above 
solution to the KPP equation, these solutions are always stable in the class of 
smooth perturbations. 


3.6.4.1 The Zeldovich Equation 

The theory of propagation of the laminar front of flame 
(plasma-gas) widely employs a model first proposed by Ya. B. Zeldo¬ 
vich. in this section we briefly discuss an algorithm for constructing 


8 In the English-language literature the Semyonov equation is 
sometimes called the Fitzhugh-Nagumo equation. 
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an asymptotic solution describing the diffusion-thermal structure 
of the flame front in a nonhomogeneous medium. Within the frame¬ 
work of the Zeldovich model, the propagation of a flame front is 
described by the following semi-linear equation: 

c lf“ e2 ^ (M*. t)R(u)= 0, 

x£R t , t€ 10,•_*'], t'> 0. 

The function'*if (u) has two roots: if (0) = 0 and if (1) =0, with 
dR/du | u=0 = 0, dR/du | u=i > 0, if > 0 for u £ (0, 1). (3.6.4.2) 

Let us construct an asymptotic solution to Eq. (3.6.4.1) satisfying 
the boundary conditions 

w|*—» = 0, «|**+oi=l. (3.6.4.3) 


(3.6.4.1) 


An asymptotic solution to problem (3.6.4.1)-(3.6.4.3) can be con¬ 
structed by the method developed in Section 3.6.3 and has the form 
(3.6.3.4). For this reason we give only the result and comments on it. 

Theorem 3.6.4.1 Let the conditions (3.6.4.2) be met. Then problem 
(3.6.4.1)-(3.6.4.3) has an asymptotic solution of the form (3.6.3.4), 
with 0 the solution to 

, d& d 2 6 D n 

dl d£ 2 ^ — 

©U—_«-o, ©| t —,=i. 

The function S (x, t , e) has the form 


S (x, t, e) = (P (f) + ep 2 (f)) (x -f tp (t)) 

+ Pi (0 ( x + w(tW + e5, (t), 

with b 0 the Zeldovich constant (see Section 3.2). 

The functions P (t) and (p (t) can be found by solving the system of 
equations 

P 2 (f)?.(-<p, t) = Y(-cp(f), t), P^f = Y(-<P. t)b 0 , (3.6.4.3') 

and the function p ( (t) is defined thus: 


P,(0 -[p 


oi 

di x— - 


bi¬ 


bs dP 


dt 1 dx i=-irJ 


x|2>.(-«p, f)6*r‘- (3.6.4.4) 

The functions S , and p : can be found by solving the equations 


__R 

dt Ps 


dt 

dX 


+ 2a. (— <p, /) PjP 


+ P+2p i X(-« r . f)-0, (3.6.4.5) 
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J e*P(-& 0 S){(-^- + P,£)-f 2 X (- < P> *)PP,-g- 

— oo 

r Q ax | /t C \ a 2 e , 0 ax | de 

-L p -arU- v (5_5 ‘ ) 'dT +p -arU.,-dr 

-P" & |„.» F (8)«- «]} TT *“ °’ l’- 6 - 4 - 6 ) 

The function W t has the form 

w,-c r orf-j j 

— OO — 00 

(3.6.4.7) 

and £/ie following estimates hold true : 9 

PF 1 = O(iexp(26 0 i)) as ? —*- — oo, 

W^O ^ 2 exp ( — /„£)) as|->oo. (3.6.4. 8 ) 

k=- &o /2 + V6 9 /4 + |d7?/d0| e=1 |. 

Proof. Substituting (3. 6 .3.4) into Eq. (3. 6 .4.1), we get (3. 6 .3. 8 ). 
The solution of the standard equation is obvious (see Theorem 
3.2.2.2). 

Let us now analyze problem (3.6.3.9), following the pattern used 
in Section 3.6.3. Differences appear only in the solution of Eq. 
(3.6.3.13). 

Let us calculate the denominator in (3.6.3.15): 

4*(-<p, f)Z 2 -^--g- = 2X(-q>, t) 1(21 —b 0 ). 

In Section 3.2.1 it was found that b 0 — l for equations of the Zeldo- 
vich kind, whereby 

4X(-<p, f )l 2 —*L=2X(-<p, t)b\> 0. 

Hence, for equations of the Zeldovich kind the equation for finding 
Pj always has a solution. Equation (3. 6 .4. 6 ) follows from the ortho¬ 
gonality condition 

OO 

J /V-‘^ = 0. 


8 See Remark 3.6.3.1. 
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In view of the fact that conditions (3. 6 .4.4) and (3. 6 .4.5) are met, 
llie integral in the orthogonality condition has a finite value. The 
proof of the theorem is complete. 


3.6.4.2 The Semyonov Equation 

In the mathematical model of autocatalytic chain chem¬ 
ical reactions proposed by N. N. Semyonov there emerges a semi- 
linear parabolic equation with a small parameter e acting as a 
coefficient of the derivatives: 


e lT-0-£-)-*(u) = 0, (3 .6.4.9) 

*£/?*, f £[ 0 , T]. 

Here, in contrast to the equations considered earlier, the function 
R (a) has three zeros on the segment [0, 1): 

R( 0) = 0, i?(a,) = 0, fl(l) = 0, a o e(0, 1), 

and 

dfl/d0|e=o<O, dR/dQ\ e=ttl > 0, <H?/d©| e =i < 0. 

(3.6.4.10) 

Let us construct an asymptotic solution to Eq. (3.6.4.1) satisfying 
the following conditions: 

u | _ eo = 1, u| x -»oo = 0. (3.6.4.11) 

Actually an algorithm for solving problem (3.6.4.9)-(3.6.4.11) is 
given in Section 3.4, so that here we only formulate the result. 

Theorem 3. 6 .4.2 Suppose that conditions (3.6.4.10) are met. Then 
problem (3.6,4.9)-(3.6.4.11) has an asymptotic solution of the (3. 6 .3.4) 
type. The function S ( x , t, e) has the form 

S(x, t, e)=-(P(0 + eMf))(z + (p(t)) 

TPi( 0 (z + <P(f)) 2 + E S,(i, t). 

The function 0 constitutes a solution to the problem 10 


dQ 


d-e 


di 


dl- 


■fl(0)-0, 0||-_oo = O, 0||. 


,= 1 , 

(3.6.4.12) 

where b < 2 \and the following estimates hold true 

0~1 _o.\p(/£) as£->--oo, (3 6 4 13) 

H — 0 (e.\p( — / 0 t)) as E —► cc, 


l 1,12 ~ tfb-14 1 </7?/d0|H=o I- 

l 0 - -W2 + V^/4 - : -|<//f/dH|e- , |. 


10 This problem has bcou studied extensively in Section 3.4.2, 
sf also I he Remark on |». 320. 
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The junctions (t) and cp (t) can be found by solving the system of 
equations 


P 2 M—<p. t)=y( —<p> t), p-^- = 6v(-tp. <). 


and ( t) is defined thus : 

P.(0=-[Pi7 


p_d$_ l dy 
x— - cp dt P dx x=-<p 



X [4X (— cp, t)l)/bVA +1 dR/dS |e-o I)' 1 • 


The functions Si and p 2 can be found by solving the system of equations 
(3.6.4. 5 ) and (3. 6 . 4.6). The function W Y is of the (3. 6 . 4. 7 ) type , and 
the following estimates hold true: 

Wi = 0 (|exp(2/|)) as -oo, 

= 0 (l 2 ex p ( — /„!)) as i^+oo. 

Proof. The proof is similar to the one used for Theorem 3.6.3.1. 
We note only that in this case, as in equations of the Zeldovich kind, 
the denominator in formula (3.6.3.15) never vanishes. Indeed, suffice 
it to check the inequality 21 — b > 0, which follows from formula 
(3.6.4.14) for /. 


3.6.5 Propagation of Nonlinear Thermal Waves 

In this section we consider the problem of a formed thermal wave 
whose wavefront can release energy (e.g. see [3.34-3.361). We assume that this 
energy release is caused by an intensive plasma-chemical reaction proceeding 
in a definite temperature interval and that the thermal conductivity coefficient 
decreases as u grows. 

The process of propagation of a thermal wave is described by the 
following equation (in dimensionless form): 

e lf + e2 -^i-- e2V (M a: < 0*(»)V«)-*(»)-0, (3.6.5.1) 

where 

x£R\ tg[0, T], 0<e<l, 0, 

A"(n)>0, F(tfj)=0, a t — const > 0, t = 0, 1, a,>a 0 . 

Here u = TIT 0 , x =- x/x 0 , e = y. 0 tjx\ < 1 is the small parameter 
in the problem, t = t/(f 0 e), t 0 = x 0 /c, with x and t the dimensional 
coordinate and time, T 0 is the characteristic unperturbed temperature 
of the medium at which heat liberation begins, x 0 is the mean free 
path of the radiation in the medium, c is the speed of the steady-state 
thermal wave, and x 0 is the thermal diffusivity of the medium. 

The functions F (u), K («), K ( u ) V u, and A, (x, t) are contin¬ 
uously differentiable (the first three, for u > 0), F (u) is the dimen- 
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sionless source function, K ( u ) is the dimensionless thermal con¬ 
ductivity of the medium, and k (x, t) ^ 6 = const > 0 characterizes 
the slowly varying properties of the medium. When the internal ener¬ 
gy of the gas is proportional to the temperature and the mean free 



path of the radiation is a power function of the temperature, it is 
natural to assume that as u —► a x . we have 

K (u) = a, + K 0 (a, — u)l(K 0 — 1), 1 <.K 0 = const < 2. (3.6.5.2) 

The thermal wave is said to be formed if it is represented by a 
continuous nonnegative solution u ( x , t, e) to Eq. (3.6.5.1) such 
that for a 0 ^ u (x, t, e) ^ 

u(x, t, e) = a 0 -|-6(e), 6(e)>0, 

6 (e) = O (e m ), 0 for (3.6.5.3) 

u(x, t, e) = a, for x£Q,, 

whore Q! and Qo are regions in R 3 . 

In the one-dimensional case, the solution constructed in this 
section is depicted in Figure 3.20. The problem of the propagation 
of a formed thermal wave in the one-dimensional case (x £ /?') 
and with second-order lime derivatives ignored has been considered 
in 13.35, 3.30], where the solution was constructed by matching the 
self-similar part describing the motion of the wavefront of the thermal 
wave with a certain constant describing the temperature in tbe inner 
region, and the graph of this solution resembles the one shown in 
Figure 3.2U. On the whole, however, Ihe constructed thermal wave 
does not satisfy the heat equation with constant coefficients discus¬ 
sed in |3.35, 3.3(51 due to the presence of discontinuous derivatives. 
The method of constructing the asymptotic solution described in 
Ihe present paper i,s close to the one discussed in [3.31. 

The main result of the present section can ho formulated in the 
following 
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Theorem 3.6.5.1 The asymptotic solution to the problem of pro¬ 
pagation of a formed thermal wave is 

u(x, t, e) = W 0 (x, -r)-)-eW\(z, x) + 0 (e 2 ) | X=S(X . < )/e (3.6.5.4) 

with W 0 = y, ( T )i where the function % (t) is the solution to the boundary 
value problem for the ordinary differential equation 

>#+- 8 - 

. . (3.6.5.5) 

Xlx-»-o» ~®<1' Xlx->0 a l> 

and the following estimates hold true: y = a, — 0 (x°) as x-*-0, 
a = 1/(1 — q), a > 0 and % ~ a 0 + exp (Z 0 t) as x —— oo (/„ = 
const). The junction S ( x , t) has the form 

S (z, t) = b (t + i|) (z)) + cpj (z) {t + \|> ( x )) 2 , 


where b ^ 2 YdR/dy | X=0|) and R = F (y) (K (x) — b 2 ), and the 
function t|) ( x) satisfies the equation 

|V a|) | 2 = (b' 1 ^ (z, — 1 |> (z)))' 1 . (3.6.5.6) 

The surface T ( t) of weak discontinuity of the solution has the form 

T (t) = { x : t|) (z) = —t}, 


and the surface T (0) is considered fixed, 


Qj cz { x : T (z) < — t}, Q 2 c; {z: t|) (z) > — t }. 


The necessary condition for the existence of a type (3.6.4.4) solution 
is b = j/F^). 11 

The function \\\ has the form 


J J rym^k ] dx '' (3 ' 6 ' 5 ' 7 ' 


where 


— K (X) ~ h (z, — (z)) + 2(p, | Vt|;| 2 + 2 <V<p, VtJ>>] 


11 This condition means that the speed of the thermal wave is 
equal to the effective speed of sound inside the wave and was first proposed on 
physical grounds by A.S. Kompaneyets. 
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-M*. -*(*))•£-(*(x).g-) 2 t((V*. Vq.) 


(3.6.5.8) 


and !', the Wronskian of the equation for finding IV,, has the form 
V=(K ( X ) - b 2 )~ 2 exp (b J (K *_ bt) ) . (3. 6 . 5.9) 

77)e boundary conditions for W t have the form 
IV t |^.„ = 0, IVj| T=0 = 0. 

The equation for finding cp, (x) follows from the necessary condition 
of solvability, which for q < 1 and k — q > 2 /ins the form 

!/“.[.( v ('Jr) 2 ( 5 

t -oo 

r/ie function f is given by formula (3.6.5.8). 

// we put 


t -OO 

T -oo 

/,= J -v.(t') (J dr, 


(3.6.5.10) 


'a = 1 M 


( V T J_ (ATfyj^L) \ 


— oo 


then 


i,4 j »,<«•>(j "'■y* ) a'. 

T -*oo 

•V,(T)= v(-g-)‘\ .1/ (x) — V (A - (/) — 5 2 ), 

«P,= Jim [{-?-/.-}- 4/* + 2 / t -/.>. lx, -«f(x)) 2 |ViM a 

-/.(x, — 4 (x)) 4- |V^/ 3 } 
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X {& <Vt|i, V X | [ = -((;(*)) 1 2 

+ l(x, — t);(j:))(&V 2 t))+ 2(V(p, V*»/ 2 

+ I 3 b + -tJ)(a:))2(V(p, Vvj>}] . 


(3.6.5.11) 

Proof. The main equation obtained as a result of substituting 
solution (3.6.5.4) into Eq. (3.6.5.1) has the form 
( dW 0 9Wi \ as j sw, . sw, w dS \2 

\ 3t ■*“ dx ) dx ^ l dx 2 1 dx 2 / l dt ) 


, 3W o . 

+ e -dT + 8 


dW c 

dx 


d*S . , n , 


-e(VX(x, t), VS)K(W 0 ) 


dfv, 

dx 


-eX(x, t)K(W„) 


aw Q 
dx 




-k(x, t)-L{K(W 0 )°^-T-BJL(K(W 0 )W l )+...+O(z*)} 

- F ( W «)-*^r W r-^- (3.6.5.12) 

The function S (x, t, e) has the form 

S(x, t, e) = (p(x)(t + t|)(x))4-q>,(a:) (t + t|) (x)) 2 


(see [3.3)), with the following estimates holding true: 

= [> <*> + 2 ^~- + 0 ((eT) 2 )] x=s/e , 

VS = [q>(x)Vt|; + -^- (Vcp + -^- Vt|>) +0((eT) 2 )] 
(V5) 2 =[q 2 |V«[[ 2 T-2eT<Vt(', V<p> 

+ 4et |Vt|)| 2 -H9((eT) 2 )] | t=s/e , 

V 2 S = tpV 2 «|> + 2 (Vtp, Vt|>) + 2<p t (V\p) 2 + 0 (ex) | T=s/e , 
■jjir =2«p 1 + 0(Te)| t _ s/8 . 

Nullifying the sum of coefficients of e° and of e l in (3.6.5.12), we 
arrive at the two following equations 


3W 0 

dx 


<P(*) + 


W, 

dx 2 


<p 2 (x) 


-l(x, (K(W 0 )lg-) '?(VW-F(W 0 )=0, (3.6.5.13) 

<f ^ + <P 2 -?£*-■~ >• (*, - T (*)) -gr (K (W 0 ) WJ q 2 |Vt |-| 2 

-■ w; w r-=~f, (3.6.5.14) 
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— ^ W>)^ (^)) lq>V' 2 i|5 
+ 2<V(p, V«|)) + 2(p 1 (Vt|>) 2 ) 

+ X(x, — \|>(x))2 (<V«p, Vt> + -^|V^|»)]. 

Assuming that 6 = cp (x) and A, (x, — 1 |? (x)) b 2 (Vi|>) 2 = 1, we find 
that the function W 0 = x (x) is the solution to problem (3.6.5.5). 
The change of variables carried out in Section 3.2 (see Eq. (3.2.2.3)) 
results in the following equation: 


dS d*e 


fl(6) = 0. 


/?(6) = (A(a 1 -0)-6 2 )E(0), b> 0, 

©||- +oc = a 0 , d©/di>0. 

This equation was used in Section 3.2 in connection with the case 
where 

dR ((-)) 'd<-) | 0=o = 0 
(see also 13.31). 

Introduction of V = a t — 0 yields the following equation: 

b^-~ + R(V) = °, 

n, — a 0 , V|j_»+oo = 0, dV/dl^O, 

where the function V possesses the following estimates: 

V ~ 1/? as 1 -* oo 

V ~ — <7 0 — exp (l 0 l) as — oo, 

where 

i 0 bit - yJm^dRidB | e=no . 

I’uncliun i|- conslilules a solution to the problem 

— il(a))]-‘. 
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At time t t,he wavefront is described by the reference 12 
T ( t) = { x : it) (x) = —«}, 


which separates the regions 

c= {x: t|) (x) > —<}, c: {x: if (x) — t). 


Employing (3.2.2.3), we can transform these estimates into 
X = «i■— 0(x a ) as x 0 (a = l/(l —g)), 

X~0 o + exp (Z„x) as x -> — oo. 


Thus, there exists a one-sided localized solution to problem (3.6.5.5) 
related to a traveling wave. Let us rewrite the equation for finding 
Wj in the form 


d*Wi 

3t 2 


dWi b—2dK (W,)/dT , d*k (W 0 )/d^+dF(W„)/dW a 
dx K(W 0 ) — b 2 1 1 K(W 0 )-b^ 


1 

K (Wfi,)— b 2 ’ 


(3.6.5.15) 


VF 1 | t _ v+ „ = 0, W t | T _ > _ ao = 0, 


where / is defined in (3.6.5.14). 

The Wronskian of the ordinary differential equation in variable x 
has the form (3.6.5.9). Equation (3.6.5.15) can be analyzed in the 
same manner as in [3.3]. The solution has the form (3.6.5.7). 

The function is found from the necessary condition of solvability 
of the problem and has the form (3.6.5.11). The integrals 1i — 
1, 2, 3, 4 are found by formulas (3.6.5.10). 


3.6.6 Propagation of Nonlinear Thermal Waves (Continued) 

The algorithm for constructing an asymptotic solution changes 
little when the thermal conductivity coefficient increases with u. This modified 
algorithm is given below. 

Let us consider problem (3.6.5.1) for the case where K (u) has 
the form 

K (u) = a, — K 0 (a, — u) h ~ l , (3.6.6.1) 

where and K„ are positive constants. We will seek the asymptotic 
solution to problem (3. 6. 5.1), (3.6.6.1) in the form 

u(x, t, e)^W 0 (x, x) + zW , (x, x) + 0(e 2 )| T= s (J: , t, e)/e (3.6.6.1') 

The main assertion of this section is formulated in the following 


12 Here and in what follows it is assumed that on a surface T (0) 
the trajectories of the corresponding system of ordinary differential equations 
are projected in a unique manner on 7fj(. 
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Theorem 3.6.6.1 Problem (3.6.5.1), (3.6.6.1) has an asymptotic 
solution of the form (3.6.6.1') with W a = x (x), where the function •/ (x) 
is the solution to the boundary value problem 

b %r + b2 -S— S- (*<*> &) -m- =0, (3.6.6.2) 

= a o> Xlx->oo = a l> 

where 

b^2 )/\dR/dQ\e =ai \, R=F( X )(KM-b•), 

and the following estimates hold true: 

X ~ a, —0 (t°) as x —Q a = l/(fr— 1), a>0, 

X ~ a„ + exp (/ 0 x) as x -*■ — oo. (3.6.6.3) 

The function S (x, t) has the form 

S (x, t) = (f (x) (x + f (x)) + (x) (x + ij) (x)) 2 , 

with <|) ( x ) satisfying the equation 

| Vt); |- = (b 2 h (x, —t|) (z)))" 1 . 

The surface T (t) of weak (removable) discontinuity of the solution has 
the form 

T(f) = {x: t|i(x) = —/}, 
with T (0) assumed given, 

13, c (i: if(x)<— t}, Q,cz{x: <j)(x)>—*}. 

The necessary condition for the existence of a solution of the (3.6.5.4) 
type is b = YK (a,). 

The function IF, has the form (3.6.5.7). The function f is defined in 
(3.6.5.8), and the necessary condition for the solvability of the problem 
in the case (3.6.6.1) has the form 

( f(dxldT)dx n 

J l '(tf(X)-6*) 

— 00 

Function <f, is defined in (3.6.5.11) with 

, i x(dyjdx)*dx , ° (dxldxpdx 

J °~" j Tl ’ J M 


i K (x) (d/jdxp dx 

* ~ 3 U 


(3.6.6.4) 
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/ 3 = 
/* = 


s 

— OO 
0 

.[ 


M ’ 

x (dyjdz) (d 2 y/dT*) dx M = V(K(x) _ b 2 ). 


Proof. Equations (3.6.5.12)-(3.6.5.14) remain valid, W 0 = y (t). 
By substituting a x — 0 for y and applying (3.2.2.3) we can transform 
Eq. (3.6.6.2) into 

6^—-J—fl(©) = °. R(Q) = {K(Q)-b 2 )F(Q), 

0|5__ oo = o 11 0|^ + „ = a o , d0/d| < 0. 

This is the Zeldovich equation studied in Section 3.2 (see The¬ 
orem 3.2.2.2). Indeed, the substitution V = a x — 0 yields 


b W~^ + n(V) = 0 ’ 


where i?(F)<0 and V £ [0, a, — a # ], with 

F| E - +0O = a, — a 0 , y|£,_oc = 0, dVld\> 0. 
The function V has the following estimates: 

V = a l — a 0 — exp(— Z,|) as £->-oo, 


where 

h = - b/2 + V b 2 li +1 dR/dV | F=ai _ ao |, 
6>2f|di?/dy| r=0 |, 
and 


V = exp (Z|) as £ — oo, 

where 

l = bl2~Y P7 4 - 1 d/f/dF | v =o | ■ 


From this follow the estimates for y(x): 

y (t) ~ a, — 0 (x“) as t -*■ 0, a=i/(k— 1), 
y (t) ~ a 0 + exp(Z 0 T) as x — oo (Z 0 = const). 

The remainder of the proof is the same as the proof of Theorem 3.6.5.1. 
The necessary solvability condition for q 1 or q < 1 and K ( u ) < 
b 2 has the form 
o 

l‘ f jdX/dx) dx 0 
J V(ff( X )-fe2) 


23-0105 
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The function cpj is defined in (3.6.5.1) in which the 1 1 are calculated 
via (3.6.6.4). As shown in Section 3.2, all these integrals exist. The 
proof of the theorem is complete. 

Let us give some examples of the solution of model problems in¬ 
volving Eq. (3.6.5.5). This equation is similar to the one that de- 



Fig. 3.21 


scribes diffusion of light in an active medium and the heat equation, 
for one thing, the heat transfer in a superconducting matrix (see 
(3.1.2.2) and (3.1.2.1)). 

Suppose that 

*(«,)= ! + /£=!, F (t/) — 2 (4 — 3n + 2): (3.6.6.5) 

In this case a 0 - 1 and a, - 2 are the roots of the equation F ( u ) = 
0, (/ — 12, k 3.2, that is, 

K (u) ~ (m — l)*" 1 1. it -*■ 1; F (u) ~ (ii — 1)''. 

u -*■ 1 0. (3.6.6.6) 

The equation 

* TT 1 e2 ~ pS ^ (■ K (“> £) - F («) -' 0 

has an exact solution of the form u (x, t, e) M' (x). with x = 
x bl. The function H' (t) satisfies the standard equation 

((A'(ir)-^)^)-E(U')=0. (3.6.6.8) 

whose properties were studied in Section 3.2. 

At b 1 the solution to Eq. (3.6.5.5) has the form 

( 1 + (1 — exp( — x — f))- if x> — 1 (C const > (I), 

U-(T) M 1 if T<-1. 
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The graph representing this solution is shown in Figure 3.21. Sup¬ 
pose that in Eq. (3.6.6.8) 

7iT(u) = 4 + ]/2 —u, F(u) = 2/2 —u(9 — 6/2 — u- 3u), (3.6.6.9) 

where a 0 = 1, <z, = 2, q = 1/2, and k = 3/2. Then the solution to 
Eq. (3.6.6.8) has the form 

| 2 if t > 0 

W=\ 0 ,, « .. (3.6.6.10) 

( 2 —(1 —expx) 2 if t<0. 

The graph of this solution is shown in Figure 3.20. 

3.7 Solution of Equations 

of the Ginzburg-Landau Type. 

Waves in Ferromagnetic Substances 

In this chapter we build the asymptotic solution to parabolic semi- 
linear equations of the Ginzburg-Landau type, a solution that describes the 
spin waves in a ferromagnetic substance, one of the initial stages in the devel¬ 
opment of turbulence on the surface of a liquid under parametric excitation, 
and some other phenomena. 

The nonlinear problem of regular structures emerging on the sur¬ 
face of a liquid and of the complication of these structures and their 
stochastization is important to many fields of physics, to such 
phenomena as the Langmuir waves in plasmas, the Tolmien-Schlicht- 
ing waves in fluid mechanics, waves on shallow water, spin waves 
in ferromagnetic substances, and waves on the surface of liquid in¬ 
sulators placed in an electric held or on the surface of ferromagnetic 
liquids placed in a variable magnetic held. Similar phenomena are 
observed when surfaces are exposed to ion and laser beams 13.23]. 

A theory concerning these phenomena and based on the approach 
used in studying capillary waves has been developed in 13.21, 3.22], 
The emergence of structures on the surface of a liquid, the so-called 
Faraday ripples, is due to the parametric generation of counter¬ 
running waves. The conditions under which the complex-valued 
amplitude of such a wave varies smoothly in space have been for¬ 
mulated in [3.23]. The reader interested in the theory of such waves 
can also refer to 13.37-3.391. 

When a pair of such waves interact, the graph of the absolute 
value of the complex-valued amplitude shows, in a certain interval 
of values of the parameters (see [3.23]), a number of sufficiently 
stable grooves, or bands (see Figure 3.7), while as the system evolves 
a sequence of dark bands emerges, and against the background of 
these dark bands smaller structures develop. Apparently, these 
structures can be described in the nonlinear approximation because 
the model describing this system has a small dimensionless parameter. 


23 * 
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Tlie system of equations for the envelopes has the form 


da^ 


± v e 


da^ 


d*Q, 


d*a^ 


• + T a ± 


dt e dx 4 k dz* 2k dy* 

— i(H + Fb + b_) ai + »o ± in« ± | 2 +S|M* + fl(|6 + p+ |&-| 2 )], 

(3.7.0.1) 


db ± 

~sr 


db^ 


d*b a 


d*b^ 


— t g dy 4 i- ay* 1 2k dx* ' r yy± 

= i(H±Fa + a_) ^4-i6 ± [7’|6 ± | 2 + 5|6 T | 2 + 77(| a+ |2+|a-l 2 )). 

where y is the damping constant, a and b the dimensional complex- 
valued amplitudes of the wave, u g the group velocity of the wave, A 
the wave number, and F, H, if, S, and T are constants (see Sec¬ 
tion 3.1). 

The characteristic values of the parameters for steady-stale capil¬ 
lary waves are F = 0.33 u>A 2 , H = [A/(4w)[ c, R = —O.lScoA 2 , S = 
0.625toA 2 , T = 0.0625toA 2 , y = 2vA 2 , u g lky = 3.4, and A = 20 x 
10"-’ m -1 , with X the wavelength and (o the frequency. 

The excitation of a pair of waves modulated across the wavefront 
(i.e. along the y-axis) is described by an analog of the Ginzburg- 
Landau equation [3.23], which in dimensionless variables has the 
form 

~— iae 2 f ii— ihu* — iu |u| + iau = 0, (3.7.0.2) 

where a is a constant equal to p/y (see Section 3.1), i| = t/(km), 
t — ty, u = a [(5 + r)/y] 1/2 , h = Hly = 1-4- A 0 ~ e, l = 
ig (2A>. 2 ym 2 )” 1 , and m an integer. Here e = YI a = U g (2AA 2 X 
yaw s ) -l ] 1/2 is a small parameter (e < 1). 

The boundary conditions are 


+ yfc d 


u|tl-.+oo — 1* 


1. 


(3.7.0.2') 


The following theorem holds true: 

Theorem 3.7.0.1 Problem (3.7.0.2), (3.7.0.2') has an asymptotic 
solution of the form 

u — Yall (w. 1 + (i/’j), 

l=i 

where i], /6 2 , 6 2 > 26, with 6 the period of the structure, 


w- (I) 


’ 2 » i)l o 

cosh j. ’ 5 E 
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and the following estimate holds true: 


— Y2Ne In e < 6 2 < 


1 

m (2 e ‘ Vl ) 1 / 1 



N>t. 


Proof. Equation (3.7.0.2) implies the equation (see Section 3.1.3) 
--^-+co(1-m 2 ) = 0, (3.7.0.3) 

wliere u -- n (1 - /') = (1 i) Yo 2<o (c). Equation (3.7.0.3) has 
two trivial stable solutions <d = ±1 and the solution 

ci) ± = iV^^/cosh |. (3.7.0.4) 


The graph of function (3.7.0.4) is given in Figure 3.9 (curve 1). 
A constructive method of building solutions of the (3.7.0.4) type and 
time-dependent solutions for more general quasilinear parabolic 
equations is discussed in [3.3]. The function (3.7.0.4) is exponenti¬ 
ally close to 0 at a fairly small distance from point q = 0; precisely, 
for w_ the following estimates hold true: 


1 — e iv 4-o(e JV ), N> 1, E > 6 ]/cj/e = — N In e, „ . 

-l + e^ + o/e*), N> 1, |< (Vine ( 


Similar estimates exist in relation to solution a>-r. 

Equation (3.7.0.3) is invariant with respect to the translation 
group; hence, the function 

W+ (n/e) = 1 exp ( (n+iii) vm t 

l + ex P ((q + Th) V 2/e) _ 

(3./. 0.6) 

o)_ _ y 2/cosh (E -f |,), = const 

is also a solution to this equation. The graph of function w_ is shown 
in Figure 3.9 (curve 2). Obviously, it is easy to select constants .V, 
6, and 6j in such a manner that all the necessary conditions are satis- 
lied. The function u (q/e) -f u ((q — qj)/e) is also, to within O (e jV ), 
an asymptotic solution to (3.7.0.2). The graph of this function is 
shown in Figure 3.8 (the cross section x ■— const). Apparently, the 
sequence of grooves can be described by the formula 

n 

(1 -f i) 3! w.(E-|-||) (3.7.0.7) 

r=i 

where E ; — /£ lt Ej = 6 e, 6., < 26, and 6., is the period of the struc¬ 
ture. 

The steady-slate distribution of the amplitude, that is, the graph 
of the functions | u | = a | Wj |, / = 1, 2, is shown in Figure 3.7. 
The functions 


u—(Y a/2) (Wj -f iW f) 


(3.7.0.8) 
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are asymptotic solutions to Eq. (3.7.0.2) to within O ( e N ) uniformly 
in variable q. The solutions thus constructed are stable within a 
certain interval of parameters. Their stability has been studied in 
[3.231, where the solution to Eq. (3.7.0.2) was sought in the form 
u — u s ,.. st 4- ij' (q, t) and a linearized equation for was studied. 
The solution of this linearized equation was sought in the form of 
plane waves. The characteristic, modulation period in variable q 
must not exceed 6, — [(2/i 0 )' l/< /rrt] (nu g /(yX)) 1/ -. Thus, the value of 
the period has the following upper and lower bounds: 

— V 2A r e Ine < 6 2 < [(2e N i)~ ,/4 /m] (w^/fyA.)) 1 / 2 . 

In conclusion we give the following 
Theorem 3.7.0.2 The semi-linear equation 

= ^ C °° (3.7.0.8') 

(e is a small parameter), has an exact two-phase solution of the form 

U (j, t, e) =- l-3exp(±l 2r/e) - (3.7.0.8") 

1 + A exp (± VZxIt) + B exp {{±x/ \ r 1 - 3f/2)/e) 

with A and B constants. 

Proof. The proof of this theorem is given in [3.31 and can be carried 
out by directly substituting into Eq. (3.7.0.8') a function of the form 
u (x, I. e) = F ( x , t, e)'G (x, t, e). 

Function (3.7.0.8") depends on two “phases” (functions), ±V-x/e, 
and (zbx 2 — At 2)/e, and satisfies, say, for the plus sign in the expo¬ 
nents, the following conditions: 

*- I, r 1. 

'I'wo-phase solutions to semi-linear parabolic equations have, appa¬ 
rently, not been studied up till now. 

M.<S Asymptotic and Characteristic Exact Solutions 
to Semi-Linear and Quasilinear Parabolic 
and Hyperbolic Equations 

(Wave Type Solutions; Synergels Bounded as e 0) 

A number of papers and books by the authors of the present article 
(primarily 13.3]) and other investigators, say [3.2(1-3.30, 3.37-3.401, devoted to 
Ine study of properties of semi-linear and quasilinear parabolic and hyperbolic 
equations involving a small parameter e have made it possible to clearly specify 
some classes of solutions to such equations. Mere we give the solutions that 
■re characteristic only of two olasses. 
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In this section we deal with nonlocalized synergets of semi-linear and quasi- 
linear hyperbolic and parabolic equations that are bounded as e 0. For com¬ 
parison, in Subsections 1.6, 1.7, and 1.8 we give without proof the formulas for 
localized solutions to singular parabolic equations bounded as e 0 [3.3). 
None but the one-dimensional case will be considered. 

1.1. Semi-linear parabolic equations with constant coefficients: 

if—§--■^( z ) = 0 * •*■(*)€£* [«,. «,]. (3.8.0.1) 


The equation .f (z) = 0 has two roots: z - a t , i — 1, 2. (The scaling 
transformation z = u (a 2 — a t ) + a t reduces this equation to 
F (u) = 0 with roots u — 0 and u = 1.) The characteristic exact 
solutions have the form u ( x , t) = 0 (1), £ = ax + fet. Depending 
on the properties of F («), Eqs. (3.8.0.1) are defined as follows: 

1.1. A. Kolmogorov-Petrovskii-Piskunov equations (KPP equa¬ 
tions): 

C(0)=0, f(l) = 0, -£-[_„><>, (3.8.0.2) 

A.l. F=u(l-tz v ), 0 = [el/(l-j-e5)] 2/v , a-= v/Yfi+2^, b = 
(4 +v) v/(4+2v) (see also p. 184 in [3.3]). 

A.2. F==(u — 1) (1 — (1 — u) v ), 0=[(l+e5) 2 / v _ e 2£/v ]/(1 + e E) 2/v , 
a — v/|^4 + 2v, b=. —v(4 + v)/(4 + 2v) (see also p. 184 in [3.3]). 

A. 3. F = u(\ — u v ), 0 = w«(i), a - = 1, 6>0, v>0, A 0 l = 

(i) 

j [m(1 — a»*v/2)]-i A 0 = [-(2 + 6 v) + (16- 126 + 6 2 v + 6 3 v 2 )‘/ 2 ]x 

[4(6— l)]- 1 , 6=— 6v/2 (see [3.371). 

1.1. B. Zeldovicli equations: 

F (0) = 0, F (1) — 0, -^1 =0, 4^1 <0. (3.8.0.3) 

du |u—0 du |u=1 v 

B. l. F (u) — u 2 (l — u), B^ll-e-i/l^j-t, a = +1, 6 = 1/1/2 
(see p. 198 in [3.3[). 


1.1.C. Semyonov equations (Filzhugh-Nagumo equations): 
F (0) = 0, F (a,) — 0,F (1) = 0, a, £ (0, 1), 


. < 0 . -£• 


> 0 . - 


(3.8.0.4) 


du |u=i 


C.l. Two wave-type solutions: F — —pu :> -]- (p -j- v) u 2 — vu, 
<Zi = v/p < 1, u = (1 r e^) _l , a - ±}^p/2, b —v —p/2 (seep. 193 
in [3.31); u = a, (1 + e 5 ) -1 , a — ±v (2p) _1 / 2 , b = v (2p — v) x 
(2p) _1 (see p. 197 in [3.3]). 

1.1.D. If condition F £ C 1 [0, 1] is not met, Eqs. (3.8.0.1) may 
have localized solutions. 
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D.l. II r { 0)-0, F W = 0, . -Jf |„,>o. 

F= — YU«(1 — u (t-i)/ 2 ) t y<0, 0< 9 < 1, iheD 


l 0 i 


-exp [~T+T Y - /6 ]) 2/<1 ~ n) if T<0 ' 


0 = < ' i+? 

if t>0, 

6 = [- 2(1 + 9 )-‘y)‘/ 2 , a = — 1 (see [ 3 . 40 ]). 


D.2. If F (0) = 0, /’(1) = 0, 


dF 


dF 


du ]u=o=-°°' lirUi” 0, 
F= u ln 2 u [6 — Jn u(2 + In u)[, fc=const, a = l, then 


e 


-( 


exp ( — 1/|) if EjsO, 


0 


if £<0 


(see p. 73 in (3.3)). 

1.2. Semi-linear parabolic equations with variable coefficients: 13 

(M*. *>-£-)-*(*’ 0^(«) = 0, (3.8.0.O) 

u( — OO, /)= 0 , M (oo, t)=\. 


The basic formulas for constructing asymptotic solutions: 

“(*, e)=[0(|) + efF 1 (E > /)]|- 6=S/t (3.8.0.6) 

S(x. t, e) (P (t) + ep 3 (/)) (x + <p (<)) 

+ P 1 (0(i + <p(0) 2 + e‘5„ (3.8.0.7) 

= 0|«. + „ = 1 (3.8.0.8) 

0-exp(/|) + o(exp(/|)) as ► — oo, 

0- 1 — exp( — Z 0 |)-fo(exp(— / 0 |)) as |->-oo, 

P Z M —<P(0. l)= V(— <P (0. 0i P ^7 Y(-t ('). <)l>, (3.8.0.9) 

P,m- 

ir-H-J 1 -*'-' 1 ' '>*'"• ,:,R ' O IO) 

»Mi. 0 /)P' 2 (0-f- 

1:1 Mure and below we assume that the variable coefficients in 
the equations are smooth functions of x anil t and vanish nowhere. 
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X I (i /F % dl ’’ ( 3 ' 80 ' 11 ) 

— oo a 

de 

^5(0)} 


dk 

dx x =- 


de 

dt 


+ 2p,M-<p. *)-§- + 4M(-<p. 0(1-5.)-g- 

6—Si 


i i-s, de 

i il 

J P dl 

‘ dx 3 


F = e.xp (6E), (3.8.0.12) 

+ 2p l ?.(-( P , 0 = 0, (3.8.0.13) 

5 «pM){(^ + |1,A)^ 


— X (— tp, 0 2pp s 


d 2 0 


, q dQ dX 

+ P^T 

-5(B)- 




i S-Si de 

J P dl 


-Si dy 
3 dx X=: . 


J} 


dqj 
dt 1 dt 
d6 


dl 


dt = 0. 


(3.8.0.14) 


1.2. A. Kl’P equations (see (3.8.0.2)). The asymptotic solution to 
problem (3.8.0.5) has the form (3.8.0.6). Function 0 can be found by 
solving problem (3.8.0.8), with l — \b — (b- — 6'min) 1/2 ] 2. l„ — 
—bl 2 — (6-/4 t I dFldB |e=i |) 1/2 , Pa =0, and S, — £, (x, t) in 
(3.8.0.7). For functions P and (p we have system (3.8.0.9). Function 
P, is defined via formula (3.8.0.10), where B — l (b 2 — 6niin) ,/a , 
and 6 > 6„,j n = 2 ( dF/dO |<-; =0 ) 1/2 . For function S . (x, t) we have 
Eq. (3.8.0.13), with Y — dS^dx. Function VF, has the form (3.8.0.11), 
where a = —oo (see Remark, p. 320): 

VF, = O (1 exp {2/E}) as E -► — oo, 6> (3/1/8)6 n]in ; 

IF’] — O (E 2 exp {(6 — L) E}) as | —► — oo, 

b — (3 iy 8) 6 mln , 6— f> l; 

Wi = O (exp {(6— /) £}) as % -*• — oo, 

*mm<*<(3/V8)6 lnln ; 

IF, = O (E 2 exp {— / 0 E}) as E -► 


OO . 
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1.2. B. Zeldovicli equations (see (3.8.0.3)). The asymptotic solution 
to problem (3.8.0.3) has the form (3.8.0.0). Function 0 (E) can be 
found by solving problem (3.8.0.8), with 6 - 6 0 the Zeldovicli con¬ 
stant, / = b 0 , l 0 —b 0 /2 -j- (b- 4 - | dF dtt |@ =1 |) I/2 , and S, = 
S, ( t ) in (3.8.0.7). For functions p and q we have system (3.8.0.9). 
Function p, is delined via formula (3.8.0.10), where H — b' 0 . For 
functions S j (/) and p :) (t) we have the system of equations (3.8.0.13), 
(3.8.0.14), with Y p 3 and / == b = 6„. Function IF, is delined in 
(3.8.0.11), where a —oo, while in (3.8.0.12), 

W { =O(le\p{26 0 5}) as £ — oo; 

IF, = 0(£ 2 exp {-/„£}) as E-oo; ^--P 3 . 

1.2. C. Semyonov equations (see (3.8.0.4)). The asymptotic solu¬ 

tion to problem (3.8.0.5) has the form (3.8.0.0). Function 0 can be 
found by solving problem (3.8.0.8), with l = 6/2 + m, m = (6 2 /4 + 
I dF/dS | e=0 I) 1 / 2 , /„ = -6/2 -: (6 2 4 | dF d0 | H , I) 1 ' 2 , and S , = 

iS, ( t ) in (3.8.0.7). For functions p and ip we have system (3.8.0.9). 
Function p, is delined via formula (3.8.0.10), where H 2ml. For 
functions 5, (t) and p o (t) we have the system of equations (3.8.0.13), 
(3.8.0.14). Function IF, is delined in (3.8.0.11), where a - —oo, 
while in (3.8.0.12) dSJdx = p a and 6 < 2 ( dF/dH | H . „,) 1/2 . Function 
IF, has the following estimate: 

IF, ^0(1 exp {2/E}) as E-» — oo; 

IF, O (E 2 exp { —/ 0 E}) as E-<-oo. 

1.3. Quasilinear parabolic equations: 

The exact solutions to the equation 

p( w o)^-ir[ K ( w °^)^r]-F ("- 0 ) = ° 


are related to the solution 0 (|) to the equation 



di‘ 


F (H) A' (h, ^-) =0 


through the relationship 



dlVp \ dlV 0 
d T / rft 


d H 
dl 




(3.8.0.14') 


where 
H I 


E (11 0 ) is the inverse of function H (E) calculated at point 

U* 
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1.4. Quasilinear parabolic nonsingular equations: 
ep(u) c ( x. t) (u, )\(x, t) |j]~v(x, t)F(u) = 0, 

P(«)>0, K (u, -g-)>0, (3.8.0.15) 

U (oo, f) = l, u(—oo, t) — 0. 


The basic formulas for constructing asymptotic solutions: 

u(x, t, e)=[fr„(T)4-eW r i(T, t))| t =s/e, (3.8.0.15') 

S(x, t, e) = (P (f) + ep 3 (<)) (x + (p(l)) + p, (x + tp^+e^j, (3.8.0.16) 

bp(W 0 )^--^[K (W 0 , ™*.)™±]-F{W 9 ) = 0, (3.8.0.17) 

W{ oo) = 1, H'(— oo) = 0, 

P 2 X( —cp, t) = y( —cp(p), t), (3.8.0.18) 

c(-«p (0. t)$^Jp- = by ( —<pW. t), 

MO- - [P«(0, °)-e-|„_,— 0 p(0) 

-Pi 17L...e(°>'+■&L_„il I2M■-». 0B!-. 


w !(x, t) = C 


(3.8.0.19) 

(-». Of-(0^j_K(-^)-(S/^ 


dH ’ 0 

dx 


■ I 


/=-{p(T- 5.)-g- + pn 


e\ 


(3.8.0.20) 

? H~ 2p t nX (-— cp, t) 

oe<vc 0 > 


+ ii 

^ dx 


x-S l 


(W.)} 


+ {(^+P3l)^ C (-T. OpW 
-M-f.0 2P^-§}, 


(3.8.0.21) 
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v = K->(w 0 , ^)[J {6p(ir 8 )-«. (Wv „,)} 
n = K(w 0 , 

( -^r-Pa-J) P(0)c( —cp, 0 + X( —«P, *) IrfJC (0, 0)7 
+ fiK (0, 0) ~ I + 2p,M-<p, t)K(0, 0) = 0, (3.8.0.22) 

I X= — (p 


j ^{(^r + P3^f)p(^o)c(-<p, t)ii^ a -2X(-q.,0PP,n-g. 

— OD 

- pu -£■ (T - 5,)- [p £ | T= . ¥ - 2P,X (- «p, t)] II 2 

- 4P,X ( -q>, 0II ^ (T -5,)+ p p ( wg II 

" l"P' dl ' dt I p 1 (T — dx 


-J Ilf (I7„)(T-J 1 )-g-| x= _JrfT = 0, (3.8.0.23) 


.1/ 


exp [ - \ (ftp(PFo)A'- 1 

(w t . 

rflFo \ 
dx J 

— A' 1W dW " 1 

1 J_( 

dw 0 dK (w a , ft) \ i 

A { dx 1 

dx l 

dx r)\i / J “ J 


1.4. A. Equation (3.8.0.13) with f satisfying (3.8.0.2). The asymp¬ 
totic solution to problem (3.8.0.15) has the form (3.8.0.15'). For 
function 1F„ (t) we have problem (3.8.0.17). with p n = 0 and 5, = 
S s u, t ) in (3.8.0.10). For functions p and q we have system 
(3.8.0.18). Function p, is defined via (3.8.0.10), where 

B -- 2/|bV*-(0)/4-A:(0, 0)(df.W 0 |w„=o)] ,/2 , 

*> W (2/p(0))|A'(0, 0)(dF/tW,|,v.-o)l ,/ *. 

/ (h — y Ifi —b*„ in ) p (0) (2K (0, 0))-'. 

For function .S', (j\ /) we have Eq. (3.8.0.22). with 7 p :l . Finally, 
function IF, has the form (.3.8.0.20), where <i oo (see p. 320). 

1.4. B. Equation (.3.8.0.15) with F satisfying (3.8.0.3). The asymp¬ 
totic solution to problem (3.8.0.15) has the form (3.8.0.15’). For 
function I!’,, (t) we have problem (3.8.0.17), with b b„ the Zeldo- 
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vich constant for Eq. (3.8.0.14'), and S 1 = S x (t) in (3.8.0.16). 
For functions (3 and <p we have system (3.8.0.18). Function f> 1 is 
defined via (3.8.0.19), where 

fi = (^oP(0)) 2 ^- i (0, 0), l = 6 0 p (0)/K (0, 0). 

For functions S x (t) and p 3 ( t) we have the system of equations 
(3.8.0.22), (3.8.0.23), with Y = f3 3 . Function W x and Wronskian V 
are defined via (3.8.0.20) and (3.8.0.21), with a = —oo. 

I.4.C. Equation (3.8.0.15) with /"satisfying (3.8.0.4). The asymp¬ 
totic solution to problem (3.8.0.15) has the form (3.8.0.15'). For 
function W 0 we have problem (3.8.0.17), with 5] = S x ( t ) in 
(3.8.0.6). For functions (3 and q> we have system (3.8.0.18). Function 
(3, is defined via (3.8.0.19), where 

B = 2ml, + 0), 

m = [6*p* (0)/4 + K (0, 0) dF/dW 0 \ Wo=a ] > 


For functions S x (t) and (3 3 (t) we have the system of equations 
(3.8.0.22). (3.8.0.23), with Y = (3 3 . For function W x we have 
(3.8.0.20), with a = —oo. 

I.4.D. The asymptotic solution to the boundary value problem 
for the KPP equation with a variable root of the equation 
jF (x, t, u) = 0, that is, 

e Tr~ e2 4r (*•(*. 1 )“(i*W-»)=o, 

n|x—+aD — P (^O lx-*oo» oo—0, 0 p 1, 
has the form 

u (x, t, e) = p ( x) [0 (5, e) + eVF, (5/e, /)], 


where function S has the form (3.8.0.7), |3 3 = 0, S x = S x (x, t), 
function 0 (|) solves problem (3. 8 . 0.8), and functions (3 ( t) and 
q: ( t ) are found by solving the following system of equations: 

P-7r =/> Y(—<f> 0p( —<P). M —<P. <)P 2 = V(—T. f)p(~<P)- 


Function ft, has the form 

dm 


«)!>(-»>i| M . 


i a (yp 2 ) 

6 dx 
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where B = l (b 2 — b* min )'i 2 , / = [b - (b 2 - 4)V*I/2, and 6 min = 2 
(see Subsection 1.4.A). Function is found from the equation 

—glp(-q>)f + 2 M-<p, n(-q>) 

+ 2M-V. 0^-| B __ T /P + 2p,X(- Vt On(-<PK-0. 


Function VFj lias the form (3.8.0.11), with a = + oo, and / is defined 
by the formula 


/-{K-9) ( 2 P.^ + 1) 

i dH I i — 5i « dip dS 
1 dx x = — <p ft P /## /ff 


d<p , <*P \ £ —Si de 


-2X(—q>, f)-£ 


rfx I=- 


de 
dl 


P <f£ 

, . „ if9 3X I 


p 




JC= _ q) - 2 PA( —<P, 0 F(—<P) 


— 4p, (i)M — cp, t)n(—(p )(l — S i ) 


d 2 e 

4 2 


-1^10(1-0) 


s (yp 2 ) 

dx 


x=-(p} 


r dB 

dSt 

i dl 

at 


(—tp)—2A (—cp, t) p (—<p) P-^r ^n-}, V = exp (b£). 


The asymptotic solution to a problem involving the Zeldovich or 
Semyonov equation with a variable root p = p (x, t) can be con¬ 
structed by reasoning along similar lines (see p. 87 in [3.31). Another 
asymptotic solution to the semi-linear parabolic equation is given 
in' 13.301. 

1.5. Hyperbolic quasilinear nonsingular equation (for the one¬ 
dimensional case see [3.31, while the multi-dimensional case has been 
considered in Sections 3.6.5 and 3.6.6). 

The boundary value problem: 


‘-£-1 o*(«)-£-)-.r(«)=--0, 

.f ( a i) — 0, I- 0, 1, K(u)>0, = u\ x ^. co = a 0 . 


(3.8.0.24) 


The basic formulas for constructing asymptotic solutions: 

u(x, t, e) = x (t) + f K', (t, t), (3.8.0.25) 

S (x, t, f)=-.p(l)(Jc + q>(0) + P.(0(-r + «P(0)*+e5 1 (j, t) (3.8.0.26) 

h if - p -L. [ | K ( X ) - ft* | -g- ] - .f (x) - 0, (3.8.0.27) 
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X ( — 00 ) = a o> X ( +- 00 ) = a i» 

p2(Z)X(-tp, t) = 1, (3-^ = 6, (3.8.0.28) 

Pi(*) = {-f (3.8.0.29) 

+ P^K) | x __ v \K ( a o) —^l" 1 } {— 2X(— <p, t)(6 + 2/n)}-‘, 

35, 2ip dtp dS r d (a dtp \ 

P dt |K (a 0 ) — b 2 1 dt dx ^ L dt l P dt ) 

+^(ttT]+^ k wf-S-L.. 

I 2^ ( Cp, t) IK (flp) n OS 1 rj 

I iST(ao) —6*1 P 


Wd T, <) = C 1 -g-+X-‘(-tp, /)p- 2 (<)-^ 


x F (^f) _2 () f lk V ^ K (x)-W '*)rfT', 


(3.8.0.30) 


/ = 


<*X T T -^i / <*P , on *F \ , 35, -1 

“ dT L p l dt + Pl dt J ^ dt J 

- 4S-^ ^ + 2 - S .l-5T (4 + 2 Hi ^) ] 
-1 [-s- (P tt) + ^ ( £-)’] + P h- s, > f-#■ I, 


(3.8.0.31) 


+ 4pA(-tp, 0 (t-5,)^- + >-(-<P- 0 2(3^^, 


y = (^( X )-6 2 )- 2 exp (fc J [Tf (x) — 6 2 ] -1 dt) , H = K ( X ) -£■. 

(3.8.0.32) 


1.5.A. The asymptotic solution to problem (3.8.0.24) with 


iff 

du 


W=a 0 


> 0 , 


iff 

du 


<0, A(x)-6 2 >0 


for x 6 [a 0 > ^i) has the form (3.8.0.25). For function % we have prob¬ 
lem (3.8.0.27), with 
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For functions p and 4 we have system (3.8.0.28). Function Pj is 
defined via (3.8.0.29), with (.1 = 1 and l -- b !2 — {( 6 2 — fcmin) X 
[1+4 (d.F/dx | x =„ 0 )] } 1/2 2. For function 5, we have Eq. (3.8.0.30). 
Finally, function IF, is defined via (3.8.0.31), (3.8.0.32). 

I.5.B. The asymptotic solution to problem (3.8.0.24) with 


dF 

du 



> 0 , 


d.r 

du 


<0, K (x) — fc 2 < 0 

U=<2| 


for x 6 l<J(u a J has the form (3.8.0.25). For function / we l ,ave 
problem (3.8.0.27), with 

(I d ,F Idy^ 1 y=o, | /t:(a 1 )(4|</.r/rfxlx=a 1 |-l)- 1 l‘ /2 . 


For functions p and 4 we have system (3.8.0.28). Function p, is 
defined via (3.8.0.29), with p = —1 and 

7 = 6/2 + [6 2 /4- (d.F/dx | x =J \K K)-6 2 |]*/*. 

For function S, we have Eq. (3.8.0.30), and function is defined 
via (3.8.0.31) and (3.8.0.32). 

The asymptotic solution to problem (3.8.0.24) involving equations 
with the function jF satisfying (3.8.0.3) or (3. 8 .0.4) can be built by 
reasoning along similar lines (see [3.31). 

1.6. Quasilinear singular parabolic equations'. 

K (0) = 0, K (u) > 0 for u>0, (3.8.0.33) 

u ( — oo, 7) = 0 , u(oo, 7) = 1 . 

1.6.A. Characteristic exact solutions to Eq. (3.8.0.33): 

A./. K{u) = (2-q)u'- q , ,F = ti ^ f (1-u 2 <‘-«) 

X [ 

0 < 4 < 1, ro = (3—2?) (2— q), 

u |[t«n (_£±^n£s_)for x —ar 0 + 67>0, 
lo for .r — j 0 + 67 sj 0 
(see p. 33 in [3.3]). 

A.2 Du™, F = u q {\ —u v ), m, q> 0, m + q= 1, v>0, 

U -X(E)lj=(axiM)/e, o=1. 6=(4 + v)v/(4 + 2v), 
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D = v 2 /(4 + 2v) (see p. 78 in [3.3]). Function % (£) is given by the 
integral 

f X m ~ 1 dx _ v| 

J l-X vl2 2 ' 

j4.3. K(u) = 2u, F = u[\ — 2u(l + 21ntt)lnu]ln 2 w, 

fexp( — x' 1 ) if t > 0 , 
«=X(i)ll=(*+ 0 /e. X= | 0 if T< o. 


A.4. The asymptotic localized solution to Eq. (3.8.0.33) (the 
“product” of exact solutions): 


.[ W r(£±*L)(i_E l)+ £ 1 ][V(- 


-E 2 ) + , 


where W (|) is an exact solution to problem (3.8.0.33), and E 1 and 
E 2 are infinitely differentiable functions, 


j 0 if x < —bt — a 0 , 

jl if — bt — a 0 -\- 6 lf 0<6, <1, 

( 0 if x7>bt- 1 - Yi— a o> 

1 if £ < £>t + yi — a Q— 6i 


(see [3.3] and Section 3.7). 

1.7. Quasilinear parabolic singular equations with variable co¬ 
efficients: 

A.l. The asymptotic localized solution to the boundary value 
problem 

e w—Sr ( 1 *) K (“) -fr) - F <“■ *)=°. (3.8.0.34) 

*(0) = 0, F (0) = 0, F (1) = 0, 

K (u) ~ u k ~' and F (u) ~ y 2 (x, t)u q as u->-0, 
u( — oo, f) = 0, u(oo, f) = 1 , 
has the form 

u=[VF 0 (5/e) + e^ 1 (5/e, t)). 

Let us put K (u) = u A ' 1 p (u) and F = y 2 ( x i 0 « 5 G ( u ), with 
p (0) ^ 0, G (0) = 7 ^= 0, and G (1) = 0. Function W 0 (t) satisfies the 
equation 

b ^-^r( K ( w o)^)-F(Wo) = o, 

^o( T )lr=o = 0, VF 0 (t)| t ^„->1—0. 


1/2 24 — 0105 
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Function S (.r, t, e) lias the form 11 

S(x, t, e) = p(t, e)(x-(p(<, e)) + p,(t, e)(x + q>(i, e)) 2 , 

where functions p and <p are defined via the system of equation. 

Pl / X(-q ) , f) = v(~ <P, t), P-^- = V 2 (~f. t)b- 


For function W 0 tlie following estimates hold true: 

M' 0 (t) = O (x“) as x 0, 

W 0 = 1-exp j- 1 ^) M(exp(-i^f)) asx+oo. 

Here 

(a) if A — q >2, q ^ I, and F (it) >0 for u £ (0, 1), then 
a = i/(k — 1) and l x = — bj 2 [ 6 * 4 dR/dB |e=il 1/2 » with b 0 
the Zeldovich constant in the Zeldovich equation 


dB 


d*e 


d\ d? 


/?(0) = O; 


(b) if fc -r q = 2, q < 1, and F (it) >0 for u £ (0, 1), then a = 
(A- - l)- 1 = (1 - q)-\ l = —b !2 + [6-/4 - dR/d& | e =il 1/2 and b > 
2 (dR'dQ | e =„) I/ -; 

(c) if A q > 2, q < 1, and A (u) <0 for u £ (0, 1), 
then a = (1 — q)~\ 1 1 = bit - [6 2 /4 - dR/dQ | e = 1 l 1/i , and 
6 < -2 (dR!d& | e =i) 1/2 , where R (0) = p (0) e h +i- l G (0) = 
K (0) F (0). 

Function W l (x, f) has the form 


t)p- 2 (<, e) ^ 


X 


J( 


V 

{dWJdx')* 


S 


10 . I) W/^) 

77T (H'„) 



(3.8.0.35) 


Here 

(a) if I. A + 7 >2, then the lower limit n in the inner 
integral in (3.8.0.35) vanishes; 

(b) if q < 1 and A - q = 2, then a — 0; 

(c) if q <C 1 and A - 7 > 2, then a = -foo. 


Functions V and / are defined thus; 

V - K~- (IF,,) exp (6 \ A '- 1 dx). 


11 Here and below, if [unctions (j, cp, and (h are independent of 
f at t 0. we must put fi (I. 0), cp (t. 0), and P, ((, 0) in all formula". 
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tAIH’.i 


T 

dW„ 

dy 2 ( x, t) 

T 

dx + 

dx 


-|>-£ + #] 

+*>•£■ I 

The following estimates hold true: 

PF,=0(T° +i ) as t—>-0; 

W t = 0 ^t 2 exp ( —^y)) as 
Function Pi is specified by the condition 


(i) J /(*, T)-^F- , /i:- I (W' 0 )dT = o 

i) 

if /c + t; > 2 and q ^ 1 
or if A — 5 = 2 and q < 1 
or by the condition 

09 lim{i v {^y 2 {\ f^V-LK-'(W o a))dt)dT'}= 0** 

0 +oo 

if A- -f- q > 2 and <7 < 1, and is given by the following formulas: 

(1) if A -f q >2, q > 1, 

or if A -f 5 = 2, q < 1, then 


Pi0. e) = { 2 /,X(-«p, 0 + 4/ 0 a (— tp, 1 ,-l-f -/,}' 1 

{ ft T I ft T I 

~P 7 »lFU=-.r _ ^irU=- v 

4_i.iL I _i; ivil \ 

+ P iii 1 p 3 cti U = -J ’ 

7 »= S° ^ -i ( K (^«) 7 2 = f nk (w 0 ) ^ 


7 *= \ IT dT ’ 7 3= $ NtF{W 0 )dx, 


16 The condition (ii) can be rewritten in the form of (i). 
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(2) if A- + g>2, q<i 1, then 
p,(t, e) = lim [{2M 2 X(-<p, i) + 4M 0 X(_q>, 


1 / A ..2 I \ -1 


where 


M, dy* 

P dx x=-<pJ J 1 


S v (ts*-)(S "M* -ir ( K <"'•> #) *') *• 

0 oo 

M *=SM^r 2 (S*( T '> T '^ dT 'K 

0 oo 

*.= S V (^T 2 (S *')dx, 

0 oo 

X X 

M 3 =$ F (J N(T')T'F(W 0 )dT')dT. 


For the multidimensional* case see [3.3). 

1.8. The equation 

<>£-)-•<..<>£ 

— Y 2 (j, <) u ? {A(x, t )—ui*]v = 0, (3.8.0.36) 

u (—oo, /) = 0, u(oo, t) = 1 

u’ii/i a variable root oj the equation §- (x, t, u) — 0. 

The asymptotic localized solution to it has the form 

u(x, t, e) = W ([S/e + eg (S/e, t, e) -|- C> (c 2 )], t, e) 

= A' 1 * 1 (x, t)x(S/e + Eg(S/E, t, e) + 0(e 2 )) 

if A- > 1, q >0, k + q ^ 2, p >0, and function A (j, t) satisfies 

ld__6 (ji t)4 L = °. (3.8.0.37) 

at ox 
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which is the limiting equation as e —► 0, with u* A. The function 
% (l) solves the boundary value problem 


1 d*x h 
dli dV 


-vx^l-x* 1 ) =0, xli=o = 0, xU~» = f, 


dx h 

dl 


1=0 


= 0 . 


Function S ( x , t, e) has the form 


(3.8.0.38) 


S(x, t, e) = P(t, e)(x + (p(f, e)) + P,(f, e)(x + (j>(f, e)) 2 , 

where functions p and <p can be found by solving the system of 
equations 

p^(i-9)/n-i (_q,, t ) <P. t))=by 2 ( — <P> *)’ 

' ' (3.8.0.39) 

P 2 7.( —q>, f) ( — cp, f) = y 2 ( — t). 


For function x ( T ) the following estimates hold true: 

X = C 1 l“-C 2 |®+P + o(i“+e) as 1-^0, 

X = l — exp (—l 0 l/k) + o (exp (—l 0 t/k)) as |-»-oo. 


(a) If k J r q^>2, q^i, and v = 1, then a = (k —1) * and p = 
1 + (q— 1) (k— 1)-* and l 0 = — fc 0 /2+[6*/4 — (d/?/d0| e =i)] 1/2 , where b 0 
is the Zeldovich constant in the equation 


bo 


dS 

dl 


d 2 e 
dl 2 


R (0) = 0; 


(b) if fc+q = 2, q<l, and v=l, then a — (k —1) _1 = (1— q)~ l , 
l 0 = — 6/2+ [by4-(dRldS/ e=l )}'/\ b> 2 (dR/d &| e=0 ) 1/2 = 2 Yk, 


0 akz (k + 1) - zb + [(afcz 2 (k + 1) - zb)* + 4 kz (q + kz*a*k — 6az)] l / 2 

P — 2 kz* ’ 

b±(b l~ k Ak)llt (see Remark 3.2.2.1', p. 270); 

(c) if k + q >2, q < 1, and v = —1, then a = (1 — q)~ l , P = 
(A: - 1) (1 - q)- 1 - 1, l 0 = b/2 - [bV 4 - (dR/dB | e =i)l l/2 . and 
6^2 ( dR/d@ |e=i) l/a , where R (0) = v/c0 ft+l!_1 (1 — ©a). 

Function g (x, t, 0) has the form 

x I 

g(x, t , 0)-= — exp (1(1)) [^/(q, t) exp (-/(q)) dq] d?, 

(3.8.0.40) 
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with 

'<H>- s 

and function / defined thus: 


,(E ' 0 08’M-t. <)<«>/« 

<)|(f + 2|>,&) 

<1 0 ] 
+ ^(—<p, 7) 2p,X { — cp, t) 


+p-e l U-/ w ‘ ( - 

+ 2A (— <p, t) - 5r - 


d/A 

“if 



+v ‘$ l |x=- w t x?(1 ~ x,im ' ,/i1+I(_<p ’ 
-6(-cp, Olf f- 


+ ')#}• 

If A- + <7 > - and q ^ 1, then the lower limit q in the inner integral 
in (3.8.0.40) is zero; if q < I and A - q — 2. then a = 0. 

If q < 1 and A -j- q > 2, then a = oo. 

For function g (t, /, (I) the following estimates hold true: 


S’ O (t 2 ) as t — ► 0; 
g = <9 (t- exp ( — / 0 x A)) as t -► oo . 

Function (1, (7, e) is defined thus: p, ((, e) = p, if a = 0. p, = 
lini p, if a — — oo, 

T-0 

fC' [-J -''“(-T. o(^--6(-<r, o)/, 

— 4/.( —<p, '■ ( —(|, 7) 

— 2/. ( - , l) /;,. I* “(-T, ()]"' 
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where if a = 

/ 

/, 

/ 

/ 

while if a - 
formulas 

1 


X 




ax 


- J 7 > 


. ow ,, a^ 

+ 2X(— cp, Q 


0, the integrals are evaluated according to the formulas 

■ = 5 if 6XP ( _ tS t- h dl')l^dl. 


J Hf)* exp (--tS f. l - k dV)dl, 


(3.8.0.41) 


»“ 5 -fr exp ( ~f S 

o 

x i 

5 = 5 exp ( - i- 5 X ‘-* dr ) fc* (1 -x“) 4, 
o 

= +oo, the integrals are evaluated according to LWe 

■ -J-* (4}^«)W’[jf- 

0 S 

S' 

X eip (—X. ( x ,-ft ag) r -^ 7 - C’C] Xt 

•-s (-*)•*[$ ( 4 fl‘ 

o l 

S' 

xop(-i| X 1 *<i|) <!?']*- (3.8.0.42) 
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x exp ( —$ X l ~ k di) l' <*!'] d%, 

g^ks-s- 

0 ■ l 

V 

X exp ( —j- 5 X^^i) 

Let us describe the case where function A (x, t) does not satisfy 
Eq. (3.8.0.37) and A: >1, ip >0, k q 2, and p >0. Then the 
asymptotic to within O (e 2 ) solution to problem (3.8.0.36) exists and 
has the form 

u(x, t, e) = A 1 ^ (x, t)x(ij + 0(e 2 )). 

Function x solves problem (3.8.0.38), and functions fi and cp are 
defined via system (3.8.0.39). In view of the fact that function 
g (E, t, x, e) can not be expanded in a Taylor series at point 1 = x 
in such a manner that the uniform (in x) estimate of the remainder 
term remains valid, g (E, t, x, 0) has the form 

£ £ ~ 

g(\, f, x, 0)= — jj exp (/(£)) [( 7(t]) exp (— / (q)) dq] dE, 


0 a 



o 


as £—>oo, the following estimate holds true uniformly in x, 
t, and e: 

g( I, t, X, 0) ~ (exp co 0 (x, t), 

where 

to 0 (x, /) = lim g (|, t, x, 0); 

T-*oo 

finally, 

g - 0( | 2 ) as £-*-0. 


Function / is determined by the expression 
^ ‘ '' ItVU-'l tUdWdl) 

x{-lf + 
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+ 1 AM* (-*0|>£|__.+ 4p,* (-HP, t)] 

+ AV*(- V , t) 2PM-V, *)*£■ 



dA hlti 

dl 

dx 


+V ^|x=-®T X?(1—X>1) Aq '^' (—tp ’ J ) 

+ «(-«P. p, 05 

+ ° +a(-T, 0 a ^ - (p - t - ) ]}. 


If q > 1, A: + q > 2, then the lower limit a in the inner integral 
is zero. 

If <7 < 1 and k + q = 2, then a = 0. 

If <7 < 1 and k + q > 2, then a = + oo. 

Function Pj (t, e) is defined thus: p t (f, e) = p t if a = 0, 
Pi (f, e) = lim p if a = + oo, 

x-fO 

p,={2il‘^(_ 9f *)/,[■§— 6( —cp, t)]p-‘ 


— 4X(—tp, f) J 4 fe /t 1 (—cp, t)/ 4 —2X(— cp, t) I 3 A hl ' y (—cp, 


X 


+ ^fc/p(_ (p, f)/ 4 p. 

+ p/ 3 [yl^(-cp, t) 


ax | 

dx | x= — (p 

OX I 

dx x=-t 



If k + g > 2 and g ^ 1 or /c + g = 2 and q < 1, then a — 0 
and the integrals I m are evaluated by formulas (3.8.0.41). 

If q < 1 and k + q >2, then a — + oo and the integrals I m 
are evaluated by formulas (3.8.0.42). 


25-0105 
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1.9. Quasilinear hyperbolic equations: 

£ -W + Sr '~ * ~k ( (*. *)K («*) £) ~ f (*0 = °. (3-8.0.43) 

’f (a,)=0, i — 0, 1, 0<a 0 <a,. K(u)>0, dKIdu^O 

for u£(a 0 , a,). 

The boundary conditions: 

w |x — -ao = a 0» Wx-*oo" a l. 

The basic formulas: 

u ( x, t, e) W (S/z-\-eg (S/e, t, x) + 0(e 2 )), (3.8.0.44) 

S(x, t, e) = p (t) (x + <p (f)) + p, (f) (x -j- <p (t)) 2 , (3.8.0.45) 

= £ = *+«£. (3.8.0.46) 

a 0 <H'-<a 1 , W 11 =0 = a 0 , W x ^ m = a v («T(H ) — 6^)|_ =# = 0. 

= 6/X(-(p, t ), p (t) = l/X-‘(-q>, f). (3.8.0.47) 

fl ( e )=°. where R(H) = (K(e)-P).f(e), 

(3.8.0.48) 

T 6 

g (t. *. 0) = - \ (exp / (I)) [ \| f (t), t) exp [ — / (t))] dt)] d£, 

0 a 

(3.8.0.49) 

s 

/(|) -21n [A-(H')^-6*-J]+ \ b(K(W)-b'-)-'dl, 


+ 2 '5 1 HM**+4) + t [-£-(»*) 

+ 41^ (if )*H4r (*<"’’ " 

+I , £LJ- K < K '>% (2P.x<-». «»+p^[_ .)}■ 


£ — f? (T-) as t —► 0, 

£ — O(t- exp | — / 0 t (A’ (a,) — /> 2 ) _, |) as t —*■ oo, (3.8.0.50) 
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Here 


where 


o dtp dp j r d / q d<p \ . dp d(p ”1 j 

~ ~dt~dt lk l~dt \"“dT / '~dF~df J il 

a> = 

o 

/,= f 

o 

h = 5 (^yK(W)M i (Ddi, 

b 

0 

o 

l 

7l/ 1 (|) = (^(hF) —6 2 ) exp[- { b(K(W) — b*)-* 

/„= (m(?)($ (■%■)* 

O I 

/i=5 MAI') dt')dZ, 

o k 

T oo 

/*=-- )>(!)(<; (^r ) 2 M i {l')K{W)dl')d\, 


19 Below we will discuss which formulas for/, (3.8.0.52) ( 
should be used in each specific case. 


(3.8.0.51) 


(3.8.0.52) 


*]. 


(3.8.0.53) 


(3.8.0.53), 


25* 
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h = 5 " <B (\' -Sr iH* W IF) A/ ‘«')«') ^ 

o S 

t OO 


A/ (?) = (A (HO -6 2 ) -2 exp ( - ^ b (K (IF) -6 2 )" 1 d|) . 

A.l. Suppose that 1 < k < 2, g >0, p >0, and A' (u) — 

K ( a 0 ) + p (u — flo)*’ 1 and .F («) ~ (u — a 0 )i as u a 0 , with 
d..f!du \ u=a , < 0. The asymptotic solution to problem (3.8.0.43) 
has the form (3.8.0.44). Function IF (?) is a partial solution to prob¬ 
lem (3.8.0.46), function S has the form (3.8.0.45), and functions 
P and cp can be found by solving system (3.8.0.47). 

The asymptotic expansion of W as ? —*- 0 has the form 

fF = a 0 + C,? a + o(? a ), a = (A—l)- f , (3.8.0.54) 

and the following estimate holds true: 

PF~a, — exp(— |l,(A(a,) — 6 2 )“‘||) as i-*■<». 

(3.8.0.55) 

If <7^1 and A: 4- g = 2 or g<l and Ar + g = 2, then l, - 
-—6/2 + IbV 4 - (dR/dQ | e =o, )l*' s . 

If g < 1 and k + g > 2, then /, = 6/2 - [6 2 /4 - (dR/dQ | e = a ,)l 1/2 . 
If k + g = 2, then 6 > 2 ( dR/dQ |e= a „) 1/2 (see Remark 
3.2.2.1'). 

If A; + g > 2, then 6 = 6 0 is the Zeldovich constant. 

The necessary condition for the existence of a solution of the 
(3.8.0.44) type is that 6- = K (a 0 ). Function g (t, t , e) is defined 
via (3.8.0.49) and possesses the estimate (3.8.0.50). 

If g > 1, k + g >2, or g < l, A- + g = 2, then the lower 
limit a in the inner integral in (3.8.0.49) is zero. 

If g < 1 and k g > 2, then a = -(-oo. 

Function Pj = P, is defined via (3.8.0.51), where 

(a) ifg^ 1, k g > 2. or g< 1, A- + g = 2, then the integrals 

are evaluated via formulas (3.8.0.52); and 

(b) if g < 1, A- -f 7 ^ 2, P| = lini P, then the integrals are 

T -*0 

evaluated via formulas (3.8.0.53). 
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A.2. Suppose that p < 0, q >0, k + q Js 2, K (u) = K (a 0 ) + 
p (u — a,,)* -1 , & ( u) ~ (u — a 0 ) g , and dj-tdu | u=a , < 0. The 
asymptotic solution to problem (3.8.0.43) has the form (3.8.0.44). 
Function W (!) solves problem (3.8.0.46), function S has the form 
(3.8.0.45), and functions p and <p can be found by solving system 
(3.8.0.47). 

The asymptotic expansion of W as ! -+• 0 has the form 
W = a 0 + C,! a + o (!“), a = (1 - q)~\ 
and the following estimate holds true: 

W ~ dj — exp (—| (K (a 2 ) — 6 2 )' 1 | |) as ! -*■ oo. 

The necessary condition for the existence of a solution of the 
(3.8.0.44) type is that 6 2 = K (a 0 ). Functions g and Pj are defined 
in the same way as in Subsection A.l, that is, by (3.8.0.49) when 
a = oo and by (3.8.0.51) when a = 0. 

A.3. Suppose thatg > 0, p < 0, K (a) = K (a x ) — p (aj — u) h ~ l , 
2F (u) ~ (ai — u)«, and dJF/du | u=0l) > 0. The asymptotic solution 
to problem (3.8.0.43) has the form (3.8.0.44). Function W (!) solves 
problem (3.8.0.46), where a 0 ^ W a lt W ->■ a 0 , W ||-> 0 = 

a u and (K ( W ) - 6 2 ) {dW/dl | 6=0 ) = 0. 

If k + q = 2, then b > 2 (| dR/dW [ w = a ,l) 1/2 . 

If k + q > 2, then 6 = 6 0 is the Zeidovich constant in Eq. 
(3.8.0.48). 

The asymptotic expansion of W has the form 

W = a j — Ci!“ + o (!“), a = (k — l)-\ (3.8.0.56) 

and the following estimate holds true: 

IF~a 0 + exp(|Zi(is:(a 0 )-&2)- 1 |!) as g-*-oo; (3.8.0.57) 

here ii q^i,k + Q’>2 or q<.i,k-\-q = 2, then l x — —6/2 + 
[6 2 /4 - (dR/dQ |e= ao )l 1/2 . 

The necessary condition for the existence of a solution of the 
(3.8.0.44) type is that 6 2 = K (a,). Function g (t, t, e) is defined 
via (3.8.0.49) when a = — oo, while in formulas (3.8.0.52) and 
(3.8.0.53) the integration limit oo should be replaced with —oo. 

A.4. Suppose that p >0, 0<g<l, k + q> 2, K (u) =* 

A - (%) — p (<Zj — «) fc ~\ JF ( u) ~ (a 2 — u)», and d^FIdu | u=0j > 0. 

The asymptotic solution to problem (3.8.0.43) has the form 
(3.8.0.44). Function W (E) solves problem (3.8.0.46), where a 0 ^ 
W<a lt W | 5 —-v oo, W | s=0 = (K (W) - 6 2 ) (dWIdt | 6 _„) = 
0, and 6 >2 (| dRIdW | w =a 0 l) 1/2 . 

The asymptotic expansion of W as | 0 has the form 

W sti a x - + o (!“), a = (1 - q)-\ 
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and estimate (3.8.0.54) holds true. Functions g ad p t are defined 
in the same way as in Subsection A.3. The necessary condition for 
the existence of a solution of the (3.8.0.44) type is thatb 2 = K (a,). 
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